Math 221-500 Solutions to Final Exam May 7, 1999

1. Let f(z,y,2) = 322 — 2y + 2%. Let S be the surface which is the locus

of points which satisfy the equation f (x,y,z) = 0. Find an equation
for the plane tangent to S at the point (1,2, —1).
Since S is a level surface of the function f, the gradient of f, Vf =
(6x,—2,2z) is normal to the surface. Thus, at the point (1,2,—1)
the vector (6%,—2,22’)‘(172,71) = (6,—2,—2) is perpendicular to the
surface. An equation to the tangent plane is given by

(r—1,y—2,2+1)-(6,—-2,—-2) =0
6r —4—2y—22=0
3x—y—2z=2

2. Find the area of that part of the plane 2z — 3y + 4z = 5 which is cut
out by the cylinder y? + 922 = 4. Just set up the integral, no need to
evaluate it.
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for (y, z) satisfying y? 4+ 922 < 4. The Jacobian of the transformation
equals

A parametric representation of the surface is r (y, z) = <
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Thus, the area of the surface is
2 Via=y?/3
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3. State the following theorems.

J:

(a) Green’s theorem.
Let R be a bounded region in R?. Let C denote its boundary and
suppose that C' can be described as a positively oriented piece-
wise smooth simple closed curve. If F'(z,y) = (P (z,y),Q(x,y)
has continuous first partial derivatives in an open region contain-
ing R, then
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(b) Stoke’s theorem
Let S be an oriented piecewise-smooth surface that is bounded
by a simple, closed, piecewise-smooth boundary curve, C', with
positive orientation (right hand rule). Let F' be a vector field
with continuous first partial derivatives in some open region in
R3? which contains the surface S. Then

//curl(F)-dS:C/F-dF

S

(¢) The Divergence theorem.
Let  be a solid region in R? whose boundary surface, 052, has
positive (outward) orientation. Let F' be a vector field with con-
tinuous first partial derivatives in some open region in R* which
contains the region 2. Then

/Q//dz‘v(F)dvzil/F-dS

4. Let S be that part of the sphere of radius 2 which is centered at the ori-
gin and lies above the plane z = 1. Let F (z,y,2) = (z —y,2z + 1,z + ).

(a) Find a parametric representation for S.
r(0,¢) = (2sin ¢ cos b, 2sin ¢ sin b, 2 cos @)
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(b) Find the area of S.
In spherical coordinates we have dV = p?sin ¢dpdpdf, which
means for constant p = 2 that the surface element dS = 4 sin ¢dodo.
Hence,

2 cos~1(1/2)

area = /d9 / 4sin ¢ do
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(c) Use Stokes theorem to find the flux of curl(#") across the surface
S.
Stokes theorem implies that the flux of F' across the surface S
equals the flux of curl(F) across the bottom of the spherical cap.
That is that part of the plane z = 1 which lies inside the sphere.
i j k
curl (F) = det | 0, Oy 0,
r—y 224+1 xz+y
=(-1,-1,1)



Computing the flux of curl(F') across S we have

flux ://curl(F) -dS
S
:Z/l/curl(F) -dS
_?K[(_1,—L1)-anq1)dA

= / / dA = area of a disk of radius v/3
z=1

=3m

5. Let S be the surface of the preceding problem. Let 2 be the re-
gion which is bounded by S and the plane z = 1. Let F' (z,y,z) =
(r—y,22+ Lz +y).

(a) Find the volume of (2.
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(b) Find the outward flux of F' across the boundary of Q.

outward flux = / F-dS
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6. Let f (z,y,2) = 2% + ¢ — 2z.

(a)

Find the rate of change of f at the point (1,1,1) in the direction
given by 7 = (1,3, -5).
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(b) In which direction does f have the greatest rate of change at the

point (1,1,1)7
The direction for the greatest rate of change of any function is al-

ways in the direction of the gradient. In this case, in the direction
(1,1,-1).
Find the maximum and minimum values of f on the region z? +
v+ 22 <1
Since the gradient of f is never zero we know that there are no
local extrema in the open set 22 +y?+ 22 < 1. Hence the extreme
values of f must occur at some point in the set 224+y?+2%2 = 1. To
find these points Lagrange multipliers are used. Here g (z,y,2) =
2+ y2 + 22.
Vf+AVg=0
(2¢,2y, —2) + A (22,2y,22) =0 =
20 (1+X) =0
2y(1+X)=0
—2(1-X2)=0

There are two cases, A = —1 and A # —1.

For the case A\=—1: 2z = —1, x = y = 0. Which gives us
£(0,0,—-1) = 2.

For the case A # —1: =y = 0, and 22 = 1. This gives us the
two points (0,0,+1). f(0,0,1) = =2 and f(0,0,—1) = 2.

So the maximum value of f is 2, and the minimum value is —2.




