Math 222 Solutions to Exam 2 April 12, 2001

1. (15) Define the following terms. With each term include an example of what you are defining. No
example, no credit.
(a) Linear transformation from a vector space U into a vector space V.

A linear transformation, L, from U to V is a function with domain U and co-domain V' such
that

L(Z+y) = L@)+L(y)
L (o) aL (%)

An example of a linear transformation from R? to R? is

L (xl, .IQ) = (0, O) .

(b) Length of a vector Z in R®.

If ¥ = (21, T2, T3, T4, T5), then ||7|| = /27 + 23 + 23 + 23 + x2. A specific example is

11(1,1,0,0,0)|| = V2.

(¢) Vector projection of & onto ¢, where & and ¢ are two vectors in R™.

The projection of Z onto § equals |x|4||y2y4 An example in R? is
)
. 3
PrOJ(l,O) (35 4) = I (15 O) - (35 O) :

2. (10) Let # = (1,2,—5,1) and § = (3, —1,1,2).

(a) What is the length of 27

The length of # equals

Vit4da+25+1=+31.

(b) Are the vectors & and ¥y perpendicular?

The dot product of Z and ¢ equals 3 —2 — 5+ 2 = —2. Since the dot product is not equal to zero,
the vectors are not perpendicular.



3. (25) Let V = {(x1,22,23,24) : 1 + T2 + 24 = 0}.

(a) Find a basis of V.
The coefficient matrix of the system of equations x1 + zo + x4 = 0 is

[1 1 0 1]

The free variables are zs, x3, and x4. Thus, a basis of V is

{(-1,1,0,0), (0,0,1,0), (—1,0,0,1)}.

(b) Find an orthonormal basis of V.

Call the vectors in the basis from part a. ¥1, U2, and v3 respectively. Then an orthonormal basis of

Vis
. U1 1
uy = = :_(_1515050)
ol v2
Uy — (Vg - 1) U 0,0,1,0) — 0u
g = 2oleri)n O0LO-O0h @, )
U2 — (T2 - @) da]|  [|T2 — (02 - d@y) t |
S5 173—(173'131)1?1—(03'52)52
U3 = — = —
U5 — (U5 - 1) d1 — (Vs - ta) Uz
1
U3 — —=1t1 — Oty 1
S V2 = —(-1,-1,0,2)
|3 — (U5 - iy) Uy — (U3 - Uz) Ua| 6
(¢) Find the projection of # = (1,1,1,1) onto V.
The projection of Z onto V' equals
Proj, @ = (&-t1)ui + (& ts) us + (T Us) us
= 0y + s + 0tz = 1o
(0, O, ]‘,O)
(d) Find the distance from ¥ = (1,1,1,1) to V.
The distance from Z to V' equals
H'f_PrOJV'fH = H(lalalal)_(oaoalaO)H

= H(la L0, 1)”
= V3.



4. (20) Let L : P3 — Ms 5 be defined by

(a) Compute L(1).

(b) Find the matrix representation of L with respect to the standard bases of Ps and M 5. These bases

ettty ([ O [0 LT[0 0T 2 0]} oot
L(l)—[é é]’L(”—[g 3]”3@2)—[2 8;13]'

The coordinates of these vectors with respect to the standard basis in M o are

NN N O

0
4
o4
8/3

DN DN =

Thus, the matrix representation of L with respect to the standard bases is

NN N O

DN DN =
0]
S~ = = O
w



. (15) Find an equation for the straight line which best fits the set of points {(—2,2), (-1,0), (1,1), (3,2)}.

If y = mx + b is the equation of the line, the coefficients m and b should satisfy the system of equations

—2m+b 2

-m+b = 0

m+b = 1

3m+b 2

Writing this as a matrix equation we have A¥ = ¢ where

-2 1 2
-1 1 L 10
A= EEE and = 1
3 1 2

This system does not have a solution, so the normal equations are used to find the least squares solution

Fo= (ATA) AT
(15177 =2 -113]]0
14 11 11 [1|

= f{/5599 151//553 ] [ ] - [ 772//5599 ] '

ot W

Thus, the best straight line fit to the data is

7T
= e+ B n 011924+ 1.22.
Y= 59" " 59 v



6. (15) Suppose that L is a linear transformation from R? into R?. Let ¥, = (1, —3) and 7> = (3,1). Suppose
that L (171) = 171 and L (172) = —172.

(a) Describe this transformation geometrically.

The vectors ¢, and 2 are orthogonal and hence are linearly independent. They therefore form a
basis of R?. Since L leaves ¢ fixed and sends ¥ to —1i, it is clear that L reflects R? through the
straight line passing through the origin in the direction of #;. For if 7 is any vector in R?, we write
r= CL1’L71 + &2172. Thus,

L(:f) ar L (171) + as L (172)

= &1171 - 012'(72 .

(b) Find the matrix representation of L with respect to the standard basis of R?.

We first need to write €; and €5 as linear combinations of ¥; and ¥>. The matrix
1 3
r=[ 4 1]

is the transition (change of basis) matrix from the basis {¢, U2} to the standard basis. Thus, the
columns of P! will be the coordinates of the standard basis with respect to the basis {7, 2}

41 [1 -3
1—_
P _10[3 1]

Thus,
13 1. 3. 1
L(e) = gL@)+ gl(@) = 5t = 5% = 75 (=8, =6)
_3 1 3 1
L&) = 2L+ L) = g - gL
(€2) 1OL(01)+10L(02) 07~ g% 10( 6,8)

Thus, the matrix representation of L with respect to the standard basis of R? is

—8/10 —6/10 1 [ —4/5 -3/5
—6/10 8/10 ]_ [ -3/5 4/5 ]



