Math 222 Solutions to Final Exam May 9, 2001

1. (15) Define each of the following. You must give an example of each term you define.

(a) Linear transformation

A linear transformation is a mapping L from a vector space V into a vector space U
such that

L(Z+y) = Z)+ L (y), for all Z and 7 in V,

L(
L(aZ) = aL(Z) for all scalars « and Z in V.
An example is L (z,y) = x. so L is a linear transformation from R? to R.

(b) Eigenvalue

An eigenvalue of a matrix A is a number A for which there is a non-zero vector z such
that
AZ = \Z.

IfA= [ 90 ] , then the eigenvalues of A are 9 and 1.

0 1

(c) Null space of a matrix.

Let A be an m x n matrix. The null space of A is the set of Z € R" such that AZ = 0,,.

IfA:[O 0

01 ], the null space of A is the span of (1,0).

2. (10) Let A be an n x n matrix. Suppose A\; and Ao are two different eigenvalues of A, and that
71 and 79 are eigenvectors of A\; and Ao respectively. Show that the set {#, Z5} is linearly
independent in R".

Suppose ¢171 + coZ> = 0. Then multiplying this equation by A we get the following system

121 + coTo

L Oy

CANT] + ATy =

Multiply the first equation by A1, subtract it from the second equation, and get

C2 (/\2 —/\1)52 = 6

Since both #5 and (A — A1) are not zero we must have co = 0. This implies that ¢; = 0. Thus,
the vectors #; and Zy are linearly independent.



3. (15) Let A be a 2 x 2 matrix, which has the following eigenvalues and associated eigenvectors.
AL =
Ay = 1, ¥p=(1,1)
(a) Let # = (2,1). Compute A? 7.
First write & in terms of the eigenvectors.
1 4
r = (2,1)= —5171 + 5172. Thus,
1 4
AZ—» — __AZ—» _AQ—*
T 3 U1 + 3 V2

1 126+44
- T3\3) 1T 3™

1 4
= ——(=2,1)+=(1,1
57 (=2 1)+ 5 (1L 1)

_ (B3
o \277 27

(b) Let ¥ = (2,1). Compute lim A™Z.

1 4
lim A7 = lim A" (——171 + —172)
o . 1 n— 4 n —
= nleOO <—§A U + gA v2>

. 1/1\" . 4_
= amo(T3l3) g
4 4 4
= —’U2 = —y =
3 33
This problem can also be solved by determing the matrix A from the formula A = PDP~!,

where /
-2 1 1/3 0
P—[ 1 1] and,D—[ 01].

Then we have A" = PD"P~1 =P [ (1/3)0 (1) ] P



4. (30)Let A=]1 1 7

(a) Find the eigenvalues and eigenvectors of A. Hint: the numbers are not complicated, so if
you start getting messy answers look for an algebraic mistake.

T9-A =7 7 ] 9—X 2-\ 7
det (A—AI) = det 1 1-Xx 7 = det 1 2-X 7
1 1 9 10 9-2
T8—A 0 0
— det 12— 7 :(8—/\)det<[26/\ 9EA]>
10 9-»]

= 8=XN2-XN)O-X)

Thus, the eigenvalues are 8, 2, and 9. The eigenvectors of these eigenvalues are calculated

below.
A=38
1 -7 7 10 0
A-8I=|1 -7 7|=]101 -1
1 -1 1 0 0 0
An eigenvector associated with A = 8 is (0,1, 1).
A=2
T =T 7 1 -1 0
A-2I=]1 -1 7| =10 0 1
1 -1 7 0 0 0
An eigenvector associated with A =2 is (1, 1,0).
N 0 -7 7 10 -1
A-9I=]1 -8 7|=]101 -1
1 -1 0 0 0 0

An eigenvector associated with A =9 is (1,1, 1).



(b) Find matrices D and P, where P is non-singular, such that

A=PDP.
Two possibilities for P and D are:
0 11 8 0 0
P=]111 D=0 2 0
1 01 0 09

(c) Find a matrix B such that B% = A.

B = AY>=pDpYsp!

gl/o 0 0
S 0 2t/s 0| Pt
0 0 9l/°
[0 1 1 gl/o 0 0 -1 1 0
= |11 1 0 215 0 0 1 -1
101 0 0 9/ 1 -1 1

[ 1.551 —0.403 0.403
0.0361  1.112  0.403
| 0.0361 —0.0361 1.552

Q

5. (10) Suppose that A is a 5 x 7 matrix with real entries and rank equal to 4.
(a) A can be thought of as a linear transformation from R™ to R". What are the values of m
and n?
m=7Tand n =5.
(b) What is the dimension of the null space of A.
The dimension of the null space is

dim (nullspace) = dim(R™) — rank (A)
= 7—-4=3

(¢) Must the equation AZ = b always have a solution for any b € R™?

The equation will always have a solution if and only if the dimension of the column
space of A equals n. In this case we must have 4 = 5, which is certainly not true. Thus,
there is a b for which the equation AZ = b does not have a solution.



6. (10) Let U = {u, s, U3, Uy} be a basis for Py. Let P be the transition (change of basis) matrix
from the basis U to the standard basis of P;. That is,

1 01 1
o o1 0 41
[©]g, = P &), where P = 100 2
1 21 0

Remember, the standard basis of Py is {1, t, t2, t3}.

(a) What is the vector ws?

The coordinates of iy with respect to the standard basis form the second column of P.
Thus, iy =t + 2t3.

(b) What are the coordinates of ¢3 with respect to the basis U?

We need to find a, b, ¢, and d such that

3 = atly + bio + ctiz + diiy
= a(1++)+b(t+2°) +c(1+) +d (1 —t+2t7)
= (atctd)+b—d)t+(a+2d)t* + (a+2b+c)t?

This leads to the system of equations

at+c+d =
b—d
a+ 2d
a+2b+c =

Il
_ o o o

The solution to this system isa=—2,b=1,c=1, and d = 1. Thus,
—2

1
[ts] U~ 1
1

We could also have computed the inverse of P. That is,

2 4 1 -2

-1 -1 0 1

-1 _
P= 0o -2 -1 1
-1 -2 0 1

The last column of P~ contains the coordinates of ¢3 with respect to U.



7. (10) Let L : Py — Ms; be a linear transformation such that

p(1)—p(2)
L) = [ () dt ]

(a) Find the kernel of L.

The kernel of L consists of all p such that L (p) = 0. Thus, if p (t) = a + bt + ct?, then

p(1)—p2) = (a+b+c)—(a+2b+4c)=0
/lp(t)dt _ 2(1—1—%:0
-1

1
The solution set for this system is spanned by <_§’ -3, 1>. Thus, the kernel of L is the

1
span of the vector 3= 3t + t2.

(b) Find the image of L.

Since the dimension of the kernel of L is 1, we know that the dimension of the image
of L is 3 — 1 = 2. Thus, the dimension of the image of L is the same as the dimension of
the co-domain of L, or the image of L is all of M 1.



