
Math 323 Solutions Exam 2 Nov. 4, 2011

1. (20) Let A =

 2 0 5
0 4 11
−3 1 2

.

(a) Calculate the determinant of A.

det

 2 0 5
0 4 11
−3 1 2

 = det

 2 0 5
12 0 3
−3 1 2

 = − det

[
2 5
12 3

]
= −(−54) = 54

(b) What is the 2, 3 entry of A−1?

(−1)2+3detM3,2

detA
= −

det

[
2 5
0 11

]
54

= −22

54
= −11

27

2. (10) Let L : V → W be a linear transformation. Suppose A is the matrix representation of L
with respect to bases BV and BW of V and W respectively.

(a) What is the relationship between the kernel of L and the null space of A?

The basic equation describing the relationship between L and A is [L(xxx)]BW
= A[xxx]BV

.
This tells us that xxx is in the kernel of L (L(xxx) = 000) if and only if the coordinates of xxx
with respect to the basis BV are in the null space of A.

(b) What is the relationship between the range of L and the column space of A?

A vector ŷyy is in the column space of A if and only if there is a vector x̂̂x̂x such that Ax̂xx = ŷyy.
So we see that a vector yyy is in the range of L if and only if the coordinates of yyy with
respect to the basis BW are in the column space of A.



3. (25) Let L : P2 → P2 be a linear transformation, where L(ppp) = ppp′ − 2ppp. Let S = {1, t, t2}.

(a) Find the matrix representation of L with respect to the basis S.

L(111) = −222 L(ttt) = 111− 2ttt L(ttt2) = 2ttt− 2ttt2 .

Thus, the matrix representation equals

−2 1 0
0 −2 2
0 0 −2


(b) Is L one-to-one?

Since the rank of the matrix is 3, this tells us the dimension of its nullspace is 0, which
means the kernel of L has dimension 0. Thus, L is one-to-one.

(c) Is L onto?

Since the dimension of P2 is 3, we know the column space of the matrix representation
is R3. Thus, L must be onto P2.

4. (20) Let K = {1− t + t2,−2t + 3t2, 1 + t2}.

(a) Find the change of basis matrix P such that [ppp]S = P [ppp]K, where S = {1, t, t2}.

P =

 1 0 1
−1 −2 0

1 3 1


(b) If A is the matrix representation of a linear transformation L from P2 → P2 with respect

to the basis S, what is the matrix representation of L with respect to the basis K. Your
answer should be in terms of A and P .

Let Â denote the matrix we’re looking for. Then we have

[L(xxx)]K = P−1[L(xxx)]S = P−1A[xxx]S = P−1AP [xxx]K .

Thus, Â = P−1AP .
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5. (25) Let P =

2 3 5
0 −6 7
0 4 11

, and suppose F = {fff 1, fff 2, fff 3} is a basis of R3.

(a) Suppose P is the matrix representation of a linear transformation L : R3 → R3, with
respect to the basis F . Find L(fff 2) in terms of the basis vectors fff i.

The coordinates of fff 2 with respect to the basis F are (0, 1, 0)T . Thus, the coordinates
of L(fff 2) are given by

[L(fff 2)]F =

2 3 5
0 −6 7
0 4 11

0
1
0

 =

 3
−6

4

 ,

and
L(fff 2) = 3fff 1 − 6fff 2 + 4fff 3 .

(b) Suppose P is the change of basis matrix such that [xxx]S = P [xxx]F . Then fff 3 =?

The coordinates of fff 3 with respect to the basis F are (0, 0, 1)T . Thus, the coordinates
of fff 3 with respect to the standard basis are2 3 5

0 −6 7
0 4 11

0
0
1

 =

 5
7
11

 .

Thus, fff 3 = (5, 7, 11).

(c) What is the first column of P n.

Notice that the first column of P has a 2 in the 1,1 position and zeros elsewhere. Thus,
if A is any matrix, the first column of AP must be 2 times the first column of A. Hence
the first column of P n must equal 2n

0
0

 .
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