Math 323 Final Exam Solutions Dec. 12, 2011

L. (40) W= {zeR 12, +23=0, vy +x4 =0}. For the following questions use the standard
inner product on R*.

(a) Show that W is a subspace of R*.
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LetA:{1 00 1

] . The set W is the null space of the matrix A, and hence it must be a

subspace.

(b) Find an orthonormal basis of W.

Since the rank of A is two, W is a 4 — 2 = 2 dimensional subspace of R*. A basis of W is
given by the set {(0,1,0,0),(—1,0,1,1)}. Note that these two vectors are orthogonal. Thus,
one orthonormal basis of W consists of the two vectors

(—1,0,1,1)

U = (O,l,0,0), Ug = .
V3
(c¢) Find the projection of b= (1,1,1,1) onto W.

: : : 1 1 (=1,0,1,1)
Proj,b = Proj, b+ Proj, b= lu; + —uy = (0,1,0,0) + —~—"—""2
Jw Ju, Jus VL ( ) 7 7
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2. (40) Let L be a linear transformation from P into P,. Suppose that

1
A= -2
—1

o w o
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is the matrix representation of L with respect to the standard basis of Ps.

(a)

L(1—2t%) =7

The coordinates of 1 — 2t with respect to the standard basis, {1,¢,#?}, are [1,0, —2]. Thus,
the coordinates of L(1 — 2t*) = with respect to the standard basis are

101 1 ~1
Al(1-2Y]s=[-2 3 1 0| = | —4
-1 0 5| |2 ~11

Thus,
L(1—2t*) = —1 — 4t — 11¢*.

What are the dimensions of the kernel of L and the range of L?

The matrix A has rank equal to 3. Thus, the range of L has dimension 3, and the kernel of
L has dimension equal to 0.

What is the matrix representation of L with respect to the basis B = {t,t*,1} of P,.

Let
v =1, ’UQZtQ ’03:17

then L(v;) equals
L(’Ul) =3t = 3’01, L(’Ug) = 1+t+5t2 =V +5’l)2+'U3, L(’Ug) = 1—2t—t2 = —2’01—’02+’03 .

Thus, the matrix representation of L with respect to this second basis is

3 1 -2
0 5 -1
01 1



3. (30) Let D = {(zi,5)} = {(~1,1),(0,1), (1,3), (4,2)}.

(a)

Show that there is not a quadratic polynomial, ¢(z) = ag + a1z + asz? such that ¢(z;) = y;
for each pair (z;,y;) € D.

If there were such a polynomial then its coefficients a; must satisfy the equations
ag—ay+ay=1, ay=1, ag+a+a =3, ag+4a;+ 16a; =2.

This leads to the matrix equation

1 -1 1 1
1 0 0 1
Ab = 1 1 1 3
1 4 16| |2

A quick calculation shows that the rank of the augmented matrix is 4, but the rank of A
is 3. Thus, this system has no solution. A picture demonstration that this system has no
solution can be see by plotting the data points. Note the quadratic polynomial, which best
fits the data is included in the plot.

It’s clear that there is no parabola, which passes through these 4 points.

What equations should be used to find that quadratic polynomial, g, which is the best least
squares fit to the data?

The system to be solved is Az = Projug4)b. The reason for this is that the solution to
this equation is such that Az is as close as possible to b. This system is equivalent to the
‘normal’ equations, which are AT Az = ATb, which leads to the following system and least
squares solution

4 4 18| |ao 7 ao 1 647 1.787
4 18 64| [a1| = |10 - a| =355 324 | =~ | 0.895
18 64 258 |aq 36 as —75 —0.207



4. (20) Which of the following are true statements. If a statement is true supply a proof, and if it’s
false give a counter example.

(a)

The bilinear form (f,g) = f(0)g(0) + f(1)g(1) is an inner product on C|0, 1].

This bilinear form satisfies all of the requirements to be an inner product except that it is
not positive definite. Let f(¢) = sin(nt). Then

(f, ) = sin?(0) + sin’*(7) =0
Since the sine function is not the zero function, we do not have an inner product.

Let B = {(1,1),(1,0),(—1,3)}. For any £ € R? there is only one way to write  as a linear
combination of the vectors in B.

These three vectors are linearly dependent, which means that the zero vector can be written
in more than one way as a linear combination of the vectors in B. So the statement is false.
An example of this follows

0 = 0(1,1)+0(1,0) +0(—1,3)

= —3(1,1) + 4(1,0) + (—1,3)

The matrix A = represents a linear transformation from R* — R2, which is onto.

==
=W DN

This too is false. A represents a linear transformation from R? — R*.



5. (20) Let Q(z) = 22? — 4z 29 + 223,

(a) Find a symmetric matrix, A, such that Q(z) = (z, Az), where (z,y) represents the standard
inner product on R2.

Qx) = 2x° —4dx 29 + 2235 = 11(22 — 4as) + T2(27)

= <(£C1, 1'2), (2371 — 41’2, 21‘2»
A -2 -4
= (x,Azx), where A = {O 2} :

The symmetric matrix we are looking for equals

A

A+ AT 2 =2
2 =2 2

(b) Plot the set of points Q(x) = 1. The eigenvalues and eigenvectors of A are

0,(1,1), and 4, (—1,1)

Set u; = (1—;) and uy; = (7\};). These two vectors form an orthonormal basis of R?. Moreover

Au; =0, and Auy = 4u,. Thus, if £ = ciu; + cous, we have

Q) = (ciuy + coug, A(cius + cous))
= (c1u1 + coug, coduy)

42
= 4c;,.

Thus, the equation Q(z) = 1 becomes c; = j:%. A plot of these points is shown below.
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