Math 323 - 502 Solutions Exam 1 March 4, 2009
1. (15)
a. Define the null space of an m x n matrix A4.
The null space of 4 = NS(4) = {X¥ € R" : AX = 6}
b. Define what it means to say that the set of vectors {551 y Sc'k} is linearly dependent.

The set {)_c’l, e, Sc'k} is linearly dependent if there exist constants ¢;, 1 < i < k, not all of
which are 0 such that

k

N
E C,'SC'I' =0.
i=1

c. If4 =[a;;]isanm x n matrix and B = [b;;] is an n x p matrix. How is the i-j entry of the
matrix AB computed?

Denote the i-j entry of 4B by c; ;, then

n
Cij = Zai,kbk,j :
k=1

i,j2

2 4 2 8

-2 -4 0 -6
2. (25)LetAd =

4 8 4 16

2 4 1 7

a. Find the ;educed TOW echeloﬁ form of 4.

The reduced row echelon form of 4 equals

1 203
0 011
0000
0000

b. Find a basis for the null space of 4.

Since A4 has rank 2 and 4 columns the null space of 4 has dimension 2. Moreover x, and
x4 are the free variables. The equations specifying x; and x3 in terms of the free variables are

X1 = —2x2 —3x4, X3 =—Xx4.

{(-2,1,0,0), (3,0, -1,1) } .

c¢. Find a basis for the row space of 4.

So a basis of NS(A4) is

Since the row space of 4 is the same as the row space of its reduced row echelon form, a
basis for the row space of 4 is

{(1203),(0011)}.



d. Find a basis for the column space of 4.

Since the first and third columns of the reduced row echelon form of A form a basis for its
row space, the corresponding columns of 4 form a basis for the column space of 4. Thus, a
basis for the column space of 4 is

|
[\S)
— A O N

e. Does the equation 4¥ = [ 1, 1,1, 1] " have a solution?

This equation has a solution if and only if the vector [1, 1,1,1 :|T is in the column space
of A. That is, do there exist constants a and b such that

2 2 1
-2 0 1
a +b =
4 4 1
2 1 1
By checking the first and third rows we see that there cannot be a solution. For these rows
imply
2a+2b =1
4a+4b =1,

and this is impossible.

(20) Determine whether or not the following statements are true or false. If true supply a proof and if false
explain why the statement is false.
a. The set {(xl, xg,x3> € R? : suchthatx; +x, = 1} is a subspace of R>.

Since the zero vector, (0, 0, 0) , 1s not in the given set, that set cannot be a subspace of
R3.

11 11 01
b. The set , , spans M.
10 00 10

00

Ths set does not span M», as the vector |: :| cannot be written as a linear

combination of the vectors in the given set.



4.

(30)Let V= {X € R* : x1+x3—x4 = 0andx; +2xs —2x3 +x4 = 0 }.

a.

Show that V' is a subspace of R* and that the set S = {(—2, 3,2, O), <1, -1,0, 1)} isa
basis of V.
Perhaps the easiest way to verify that ¥ is a subspace of R* is to realize that it is the

1 0 1 -1

null space of the matrix 4 =
1 2 -2 1

The two equations which describe V' can be solved for x; and x» giving

X1 = —X3 +X4
x2 = (31— 2v) .
Thus, if X = <X1,XQ,X3,)C4> € V we must have
3= (—x3 +x4, (3 - 200), X3,x4>
= (=3 3x3,3,0) + (v, — x4, 0,x4)
=x3(-1,3/2,1,0) +x4(1, = 1,0, 1)

-(3) 2320 w00, 2100,

Thus, {(—2, 3,2, 0) , (1, -1,0, 1)} is a spanning set of ¥, and since these two vectors are
linearly independent the set is a basis of V.

If ¥ = <x1 , X2, X3, x4> is an arbitrary vector in V" what are its coordinates with respect to the
basis S.

From the work of part a. we see that the coordinates of X with respect to the basis S are
[(erox2,x3,x4) ] = [%,xd .
Show that the set B = {(1, 0,2, 3), (0, 1,2, 2)} is a basis for V.

Since the two vectors are in V, are linearly independent, and dim(}) = 2, the set B must
be a basis.

Find the change of basis matrix P such that for vectors ¥ € ¥ we have

R]S = PR]B .
The columns of the matrix P must be the coordinates of the vectors in B with respect to the
basis S.
[(1,0,2,3)],=[1,3]
[(0,1,2,2) ], =[1,2].
Thus,

[]



(10) Lei A be an m x n matrix, X € R", and b € R™. Show that the equation AX = b has a solution if and
only if b belongs to the column space of 4.

If the n columns of the matrix 4 are denoted by a, 62, ey a, the product of A%, where
X= |:x1, X2, t0, Xn :| T, can be written

N

N - -
Ax = x1C1 +XQC2 + .- +x,,C,, .

Thus, asking if the equation AX = b has a solution is equivalent to asking if there are constants x; such
that

- — - -
X1C1 +XZC2+ +xnCn =b.

That is, the equation has a solution if and only if b is in the column space of 4.



