Exercises Chapter VI.
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1. Calculate the lengths of the following vectors:

a. ||(1,2)|| = v/5. b. [|(=1,3,6)|| = VI + 9+ 36 = /46
c. [1(1,1,2,8)]| = VI+ 1+ 4+ 84 = /90.

2. Find all unit vectors that are parallel to the vector (1,2, —4).
If x = (21,29, 23) is parallel to (1,2, —4), then (z1,x9,23) = A(1,2,—4). The length of
this vector is |A|v21. If z is to have unit length then A = £1/+/21. Thus,

(1,2,—4)

3. Compute the dot product of each of the following pairs of vectors:
a. < (1,0),(0,1) >=0. b. < (a,b),(b,a) >= 2ab
c. <(1,2,1),(3,-6,2) >=3—124+2=—7

4. Sketch each of the following pairs of vectors. Compute their inner product and determine
the cosine of the angle between them.

a. (1,0), (1,0)
Y
[
‘ < (1,0),(1,0) >=1, and cosf = 5 =1.
b. (1,0), (1,1)
Y
T
1

< (1,0),(1,1) >=1 and cosf =

i
o



c. (1,0), (0,1)

1
< (1,0),(0,1) >=0 and cosf = 0.
d. (1,0), (—1,1)
Y
q -
_ _ -1
< (1,0),(—=1,1) >= —1 and cosf = =
e. (1,0), (—1,0)
Y
..
—1 ‘ 1
< (1,0),(—=1,0) >= —1 and cosf = —1.
f. (1,0), (=1,-1)
Y

!

T

4 1
_ _ -1
<(1,0),(=1,-1) >= —1 and cost = 5.




5. Find the cosine of the angle between each of the following pairs of vectors:
1 1

VBVID  5V2

a. (1,2), (3,-1), cosf =
b. (1,0,—4), (6,1,2), coslt) = ——
c. (-2,3,0,1),(1,2,8,-2), cosf) = ——

16. Suppose that x is perpendicular to every vector in some set A. Show that £ must then
be perpendicular to every vector in S[A].

Suppose a vector y is in S[A]. Then there are vectors {a;}_, in A, and constants ¢; such
that y = Zle c;a;. Using the linearity of the inner product we have

k k
<,y >=< x,ZCiai >= Zci <z,a; >= 0.
=1 =1



19. Let be an isosceles triangle with equal angles at O and B.

O B

Show that the line drawn from the vertex A to the midpoint of OB is perpendicular to
OB.

Assume that the point O is at the origin (0,0). Draw the line from point A to the
midpoint of line OB. Let # denote the value of the equal angles, and suppose A has
coordinates (a1, as), the midpoint has coordinates (b/2,0), and B has coordinates (b, 0),
with a1 > 0, as > 0, and b > 0. See the figure below.

(a1, az)

9 b/2 b

We have the following expressions for the cosine of the angle 6:

cosf = = (a1, a2), (8/2,0) > _ = (a1 —b,as),(=b/2,0) >
Vai+ a3(b/2) V(ar — b)% + ad(b/2)
ai (b— CLl)

Vai + a} (a1 —b)?+ a3

0 = a2b(b—2a;)

Since a3b # 0, we have a; = b/2. Thus, the vertex A sits directly about the midpoint B.
From this it is clear that the line from A to the midpoint is perpendicular to the base of
the triangle.
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1. Compute Proj,x, where x = (7, —8) for each of the following unit vectors:
a. (1,-2)/5"%  Projx = £(1,-2).
b. (2,3)/(13)"/%:  Proj,a = =12(2,3).
c. (1,0): Proj.x = 7(1,0).

3. Let x = (7,-5). Let U = {(1,5)/v26, (—=5,1)/v/26}.
a. Show that U is an orthonormal basis of R2.
Each vector in U has length 1, and the dot product of (1,5) with (—5,1) is zero.
Thus, U is an orthonormal basis of R?.

b. Find Proj,;z, where u; is the jth unit vector in U.
The projections of x are:

Proj, = _18u
0], = —u
! V26

—40
Proj,,z = ——u

V26

c. Compute the coordinates of £ with respect to U.
The coordinates of & with respect to the basis U are:

=[5 7w

6. Let V = {(2,-3,1),(2,3,5), (—9, —4,6)}.

a. Show that V is an orthogonal set of vectors.
Just compute the various dot products. For future reference the lengths of the
vectors in V' are computed.

||’U1||: V14a ||'l)2||: \/38, ||’U3||:\/1 3.

b. Let x = (7,—3,4). Compute the projection of x onto the direction given by v,
where v; is the jth vector in the set V.

27'0 Proj,. x 251) Proj,.x 27
- (o) —_ fe) _
14 Ot = agtn POl = ag
c. Compute the coordinates of (7, —3,4) = z with respect to the basis V.

ey = 27 25 —97
V7147 387 133 |

Proj, x = v3,



7. Find the angle between the following pairs of vectors:

a. (1,1), (0,1) b. (1,1,1), (0,1,0)
c. (1,1,1,1), (0,1,0,0) d. (6,7,—2,3),(—1,-2,1,1)

a. cosf = \/Li — 0= arccos\/i§ =7

b. cosf = \/Lg = 0 = arccos \/Lg ~ 0.955 rad.

c. cosf = \/LZ = 0= arccos% =3

d. cosf = \/Ele\gﬁ = 0= arccos\;T% ~ 2.382rad.

10. Let u be an arbitrary unit vector in R".

a. If z is the zero vector, show that Proj,z = 0.
Proj,x =<0,u >u=0u=0.
b. If £ and u are perpendicular, show that Proj,x = 0.
Proj,x =<z,u >u=0u=0.
c. Show that Proj,x is a linear transformation from R"™ to R™.
Proj,(x+y) = <z+y,u>u=<z,u>ut+ <y,u>u=Projz+ Proj,y
Proj,(ax) = <az,u>u=a<z,u>u=aProjx

d. What is the dimension of the kernel of this linear transformation?
Since the dimension of the range of the projection mapping is one, the kernel must
have dimension n — 1.

11. Let V = P5. Let f and g be any two polynomials in V. Define (f,g) = fol f(t)g(t)dt; cf.
problem 8 in Section 6.1.

a. Find a unit vector w that points in the same direction as f(t) = t.

1 1
u=——f= —t=1/3t.
Hf” <f01t2dt> /

b. Find the projection of 2 onto the vector u of part a.

1
Proj,t* = <t2,U>u=(/ tz(\/gt)dt) \/§t:§lt.
0

c. Find the cosine of the angle between the vectors 2 and t.

<t %> iy t*dt /4 V15

W™ ()™ (rar) ™~ VBB

cosf =



13. Let V = P,. Define the inner product as we did in problems 11 and 12. Let f’ denote
the derivative of f.

a. Find all polynomials in P, that are perpendicular to their derivatives.
The inner product of f with its derivative is

<ffs = /f —5 | G =5 (P - 7o)

= 2(f( ) = £(0)) (f(1) + £(0))

Thus, f is orthogonal to its derivative if

JA) = f(0)=0 or f(1)+f(0)=
Note that this is a non-linear condition. So the subset of such polynomials will not
necessarily be a subspace. The general polynomial in P, has the form ag + a1t + ast?.
The two equations above say that p must have one of the following two forms:

p(t) = ap + ait — ayt®>, or p(t) = a, + ait — (2a0 + a1)t?

b. For any two polynomials f and g in V, compute (f,g’) + (f’, g).

(f.9)+(f.9) = /f(t dt+/ f(t /E(f(t)g(t))’ dt
= (gl = F(1)g(1) — f(0)g(0)
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1. Use the Gram—Schmidt procedure to construct an orthonormal basis for each of the fol-
lowing subspaces of R3:

a. W ={(z1,29,23): o1 — 1z =0}
One basis for W is {(1,1,0),(0,0,1)}. Using Gram-Schmidt we have

1
w = —(L1L0) v =(0,0,1)=Proj, (0,0,1) = (0,0.1)

<

1
= =(0,0,1
Uz "U H (7 7)

Thus, an orthonormal basis of W is {L(l, 1,0), (0,0, 1)} .

V2
b. W = S[(1,-1,2),(6,1,1)]
Since the vectors used to generate (span) W are linearly independent they form a

—

basis of W.
1
U, = %(1, —1,2)
) 7 1
v, = (6,1,1) —Pr03u1(6,1,1) =(6,1,1) — 6(1,—1,2) = 6(29, 13, -8)
Wy = —(29,13,—8)
2 - \/ﬂ ) Y

An orthonormal basis of W is {\/Lg(l, —1,2), \/110W(29’ 13, —8))} .

2. Construct an orthonormal basis for R? from the following basis,
{(0,5,1), (0,1,-5), (1,-2,3)}.

(0,5,1) (0,1,-5)

U = ., u
1 \/%2\/%

-7 —17
V3 = V3 — PI’Ojul’Ug - PI'Oqu’Ug = (17 _27 3) - (%(07 57 1)) - (%(Oa 17 _5>>
~ (1,0,0).

Thus, an orthonormal basis is {((2’/52’%), (0’\}’2;65), (1,0,0)}.



4. Find the distance from the point (1, —2,3) to the plane 2z; — 3z5 + 623 = 0.

A direction normal to the plane is given by the vector n = (2, —3,6), and (0,0,0) is a
point on the plane. The vector

z=(1,-2,3)—(0,0,0) = (1,-2,3)

can be thought of as starting at a point on the plane and terminating at the point
(1,—2,3). Thus, the projection of  onto n can be thought of as a vector starting on the
plane, which is perpendicular to the plane, and terminates at the given point. So the
length of this projection will give us the distance from the point to the plane.

2+6+4+18 26
ro.]'n,x 49 ( Y 37 6) 49( Y 37 6)

2 H_QG

—(2,-3,6)

distance to plane =
49

5. Find the distance from the point (1,—2,3) to the plane 2z, — 3xy + 623 = 2.

The computation is exactly the same as in the previous problem. Set n = (2, —3,6) and
x=(1,-2,3)—(1,0,0) = (0, -2, 3).

24
Proj = —(2,-3,6
r0j,Z 49(, ,6)
24 24
dist to pl = [|—(2,-3,6)|| = —
istance to plane "49(, , )H -

9. Find an orthonormal basis for the kernels of each of the following matrices:
1 2 b 1 -1 2 1 0 -1 3
13 6 4 6 3 “l1-=31 01

a. Matrix has rank equal to 2, so kernel has dimension 1. A basis is {(2,—1)}, and an

S e X))
orthonormal basis is { NG }
b. Matrix has rank equal to 2, so kernel has dimension 1. A basis is {(—3/2,1/2,1)},

.. =312
and an orthonormal basis is { Y] }

c. Matrix has rank equal to 2, so kernel has dimension 2. A basisis {(1,3,1,0), (—3,—10,0,1)}.

Using the Gram-Schmidt procedure we construct an orthonormal basis { (1%0), (0’:/114?’1) }




10. Find an orthonormal basis for the ranges of each of the matrices in problem 9.
12 e (1,3)
a. The range of A = {3 6} equals S[(1,3)]. An orthonormal basis is {W}

b. and c. The ranges of the matrices in parts b. and c. are equal to R2. Thus, an
orthonormal basis for their ranges is {e;,es}.

13. Let V = P,. Define (f,g) = [, f(t)g(t)dt. The set B = {1,t,¢*} is a basis for V.
Construct an orthonormal basis for V' from B by using the Gram—Schmidt procedure.

1
U = ———> =1

<f01 12 dt) i

1
vy =1t —Proj,t =t

Uy = 2 =Vi12(t- 1
<f01(t 1/ dt> 1/2 12 (t 2>

1
vy = t* — Proj, t* — Proj, t* = > — t + 5
= Y3 V5 (12—t 1
us = 172 == - +6

( St —t+ 1) dt)

16. Let V = S[(1,0,1),(1,1,1)]. Show that (—1,0, 1) is perpendicular to every vector in V.

Let z; = (1,0,1) and @5 = (1,1, 1). We first observe that the vector (—1,0,1) is perpen-
dicular to both of the &'s.

(-1,0,1),z1) =—14+1=0 ((—1,0,1),z9) =—-1+1=0.
If x € V, then there are constants ¢; and ¢, such that x = ¢121 + cax2. Thus,

(=1,0,1),2) = ((=1,0,1), 121 + cas) = c1((=1,0,1),2,) + en((—1,0, 1), z2)
= 0+0=0

10
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5. Find an orthonormal basis of eigenvectors for each of the following matrices:

w1 2]

The eigenvalues are A = —1 4 2v/2. Eigenvectors associated with them are: (1, -1+
v/2) and (1, —1 — v/2) respectively. These eigenvectors are orthogonal, so to get an
orthonormal basis we just need to normalize them.

(1, -1+ 2) (1,—1—+/2)

1= 2 =

4— 22 4+ 2v/2

Eigenvalues and eigenvectors are: 6 and 4, with e; and es, respectively. The eigen-
vectors e; are an orthonormal basis of R2.

o[ 2]

The eigenvalues and their associated eigenvectors are: M, (—=2,—1 + \/3) and

2
5_2‘/5, (=2, —1 — v/5). The eigenvectors are orthogonal so we just need to normalize

them.
(=2, —1++/5) (=2,—1 —/5)

u, = Uy =

10 — 2v/5 10 + 2¢/5

6. Find an orthonormal basis of eigenvectors for each of the following matrices:

8 —1 1
a. —1 8 1
1 1 8

The eigenvalues and eigenvectors are:

A T)
6 (—1,—1,1)
91(1,0,1),(—1,1,0)

Notice that the eigenvector associated with 6 is orthogonal to the two eigenvectors
associated with the eigenvalue 9. Using the Gram-Schmidt algorithm we construct
from this basis of eigenvectors an orthonormal basis of eigenvectors.

(—1,-1,1) u (1,0,1) u (—1,2,1)

N Y R

u, =

11



-2
b. 3
0

O = W

0
0
2

The eigenvalues and eigenvectors are:

A T

2 (0,0,1)
1+3v2 ] (1,1++2,0)
1-3v2 | (1,1 -+2,0)

An orthogonal basis is:

1,1 2 1.1 —+/2
wy = (0.0.1), wp= LLTVZO o (11-v20)

] 3
4422 4—2/2

8. For each of the matrices A of problem 5 find P and D such that PTAP = D, where D is
a diagonal matrix.

a 1 2
1o _a3 |
The eigenvalues are: A = —1 £ 2v/2, and an orthonormal basis of eigenvectors

of this matrix is {(i’/:z:/f?’ (1’/412£)} respectively. Thus, we have
- +

1 1
Ho 1+ 2v/2 0 p_ |Vi2e Vien
- 0 -1 2\/§ ’ T =142v2 —1-2v2
Via-2v2  \/4+2v2

b. [g 2] This matrix is already diagonal. So set D equal to it, and P = I5.

C. { _:1)) _; } . An orthornormal basis of eigenvectors of A is:

u = (_2’_1_’_\/5) Uy = (_2’_1_\/5)

10 — 2v/5 10 +2v/5

with eigenvalues 5+2‘/5 and 5_2‘/5

respectively. Thus,

545 = -
22 V10-2v5  y/1042V5
Dz[Q 5_\/5],andP:
2

0 —14+5 —1-V5
V10-2v5 /10425

12



9. For each of the matrices A of problem 6 find P and D such that PTAP = D, where D is
a diagonal matrix.

8 —1 1
a. | -1 8 1
1 1 8
The eigenvalues and an orthonormal basis of eigenvectors are given in the table
below.
A Ty
—L,—L1)
V3
1,0,0) (—L,2,])
V2 7 /6
Thus, the matrices are:
=1 1 =1
6 0 0 V3 V2 Ve
—1 2
D=0 9 0, P= 7 0 7
0 09 11
V3 V2 V6

13
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21

1. Let A= |0 2

3 4

a. Determine the range of A, and show that (1,1,0) is not in the range, i.e., the equation

Az = (1,1,0)7 does not have a solution.

The range of A is the span of the two columns of A. To see that z = (1,1,0)7 is not
in the range of A, note that the augmented matrix of this system has rank 3. That
is, the rank of A and the rank of the augmented matrix are not equal, which means
that the equation Az = (1,1,0)7 does not have a solution.

. Compute AT A and show that it is one to one.

2 1
ATA = E (2) ﬂ 0 2| = Ei ;ﬂ det (AT A) =77
3 4

Since the determinant of A7 A is not zero, this matrix is one-to-one.

. Solve the equation AT Ax = ATb, where b= (1,1,0).

1 |
ATAx = AT |1 :{2 0 3] | :ﬂ
0 0

The solution to this system of equations is: = (0,1/7).

. If z is your solution from part ¢, show that ||Az — b|| is smaller than ||w — b]| for any

vector w in the range of A.
We know that [[Projz,4b —b|| < [lw —b| for all w € Rg(A), and since Az =
Projp,4)b, we have the desired inequality.

14



2. Determine the straight-line least squares fit for the following data: (1,1), (2,—3), (4,0),
(5,1), (10,3).
We want to find m and b such that the data satisfies the equation y = max + b. This
leads to the following system of equations for the unknowns m and b:

m+b=1, 2m+b=-3, 4m+b=0, dSm+b=1, 10m+b=3.

Writing this as a matrix equation we have

— = = = =

Note that A has full rank, i.e., 2, which means that AT A is invertible. And the best
possible values of m and b are given as solutions of

1 1

3 -3
AA[Z)]_A 0 _{1 1 11 1] 0 _[2]

1 1

3 3

22 5|10 2

points and the straight line least squares fit is shown below.

That is, {146 22} {m] = {30} , and m = 53/123, b = —184/123. A plot of the data

Y

15



4. Consider the system of equations:

31‘1+4.’L‘2+8.T3:0
T — x3=1
2I1+ I2+4$3:0
T1+ 29+ x23=0

a. This system is overdetermined (more equations than unknowns) and may not have
a solution. Show that if there is a solution, it is unique.

The coefficient matrix

3 4 8
10 -1
A= 21 4
11 1

has rank equal to 3. Thus, its null space is just the zero vector and hence A defines
a 1-to-1 linear transformation.

b. Show that this system does not have a solution, and then find z in R? such that Az
is that vector in the range of A closest to (0,1,0,0).

The augmented matrix of this system has rank equal to 4, which does not equal the
rank of the coefficient matrix. Thus, the system does not have a solution. To find
x, we only have to solve the normal equations:

(1) 15 15 32 1
AT Ax = AT 0 or 15 18 37|z = 1|0
0 32 37 82 1

Solving this system we get x; = 128/243, xo = 29/243, 3 = —22/81.

16
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3. Compute the inner product and the cosine of the angle between each of the following pairs

of vectors:
a. (—4,5), (1,2)
((—4,5),(1,2)) = —4+10=06, cosf = b
) ) Y Y 205 *
b. (=2,3,7),(2,—4,5)
((=2,3.7),(2,—4,5)) = —4— 12435 = 19, cosf — ——2—
Y Y Y ) ) ) \/6_2\/E *
c. (—1,-2,3,5), (1,1,0,8)
(—1,-2,3,5),(1,1,0,8)) = —1 — 2140 = 37, cosf — —" _
Y Y Y Y ) 7 Y 7 \/@\/@ N

17



