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Consider positive solutions u of the scalar curvature equa-
tion

−∆u +
n(n − 2)

4
u︸ ︷︷ ︸

Lu

= Ku
n+2
n−2 in Sn (1)

where K is a positive function in C1(Sn).

Definition. The singular set Su of a weak positive solution u
of (1) is the set of all Q ∈ Sn such that u is unbounded in every
neighborhood of Q.

Elliptic theory =⇒ u is C2 in Sn − Su.
In particular, if Su = {Q}, then u is C2 in Sn − {Q}.
Theorem A [CGS]. Equation (1) with K ≡ 1 in Sn does not
have a weak positive solution whose singular set consists of a
single point.

Theorem B [Schoen]. Equation (1) with K ≡ 1 in Sn has
a weak positive solution u whose singular set is any prescribed
finite subset of Sn consisting of at least two points.

Theorem C [CGS]. If u is a C2 positive solution of Lu =
u

n+2
n−2 in a punctured neighborhood of some point Q ∈ Sn then

u(P ) = O
(
|P − Q|−(n−2)

2

)
as P → Q.

Our main result is

Theorem 1. Let ϕ: (0, 1) → (0,∞) be any large continuous
function. Then every positive function κ in C1(Sn), n ≥ 6, can
be approximated in the C1(Sn) norm by a positive function
K ∈ C1(Sn) such that for some Q ∈ Sn there exists a weak
positive solution u of (1) with singular set {Q} satisfying

u(P ) 6= O(ϕ(|P − Q|)) as P → Q.
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Remark 1. Theorem 1 is not true when n is 3 [Chen and
Lin] or 4 [T, Zhang]. Open question: Is Theorem 1 true when
n = 5?

Remark 2. When κ ≡ 1 in Sn, n ≥ 3, the analog of Theorem 1
concerning the approximation of κ in the C0(Sn) norm instead
of the C1(Sn) norm is true [T, Zhang] and [Leung].

Remark 3. By a result of C.S. Lin, the point Q in Theorem
1 must be a critical point of K.

To prove Theorem 1, choose Q ∈ Sn such that ∇κ(Q) = 0.
Under the stereographic projection of Sn onto Rn∪{∞} taking
Q to the origin in Rn, we see that Theorem 1 is implied by the
following theorem concerning the equation

−∆u = K(x)u
n+2
n−2 in Rn − {0}, n ≥ 6. (2)

Theorem 2. Let ϕ: (0, 1) → (0,∞) be any large continuous
function and let ε > 0. Suppose κ:Rn → R is a C1 func-
tion which is bounded between positive constants and satisfies
∇κ(0) = 0. Then there exits a C1 function K:Rn → R sat-
isfying ‖K − κ‖C1(Rn) < ε and K(x) = κ(x) for |x| ≥ ε such
that (2) has a C2 positive solution u(x) satisfying

u(x) = O(|x|2−n) as |x| → ∞

and
u(x) 6= O(ϕ(|x|) as |x| → 0+.
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Idea of proof of Theorem 2. By scaling, we can assume
κ(0) = 1. Since ∇κ(0) = 0, we can assume κ ≡ 1 in some
neighborhood of the origin, because if κ̂ is related to κ as shown,
then

‖κ̂ − κ‖C1(Rn) < ε/2

provided δ > 0 is
sufficiently small.

Let wσ(r) = [n(n − 2)]
n−2

4

(
σ

σ2 + r2

)n−2
2

. Then

−∆wσ(|x|) = wσ(|x|) n+2
n−2 for x ∈ Rn and σ > 0

and

wσ(0) → ∞
wσ(r) → 0, r 6= 0

as σ → 0+.

These functions wσ(|x|) are sometimes called bubbles.

Let B2ri
(xi) be a sequence of disjoint balls in Rn − {0}

such that xi → 0 and ri → 0.
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Let ui(x) = wσi
(|x−xi|) be a bubble centered at xi. Then,

provided σi tends to 0 sufficiently fast, we have

ui(xi) = wσi
(0) > ϕ(|xi|),

û(x) :=
∞∑

i=1

ui(x) ∈ C∞(Rn − {0})

and

−∆û ∼ û
n+2
n−2 in Rn − {0}.

We try to find u0: (Rn − {0}) → (0, 1) such that

u := u0 + û and K :=
−∆u

u
n+2
n−2

satisfy the conclusion of Theorem 2. The function u0 will be
obtained as a positive solution of

−∆u0 = H(x, u0) in Rn − {0} (3)

for some appropiate function H:Rn× [0,∞) → (0,∞). We will
use the method of sub and super-solutions to solve (3).

H is chosen as follows: First define a C1(Rn) function k
by

k(x) =
{

κ(x) − εi, if x ∈ Bri
(xi)

κ(x), if x ∈ Rn −⋃∞
i=1 B2ri

(xi)

where εi → 0.
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To force K close to κ, we require

k ≤ K ≤ κ in Rn − {0}
⇐⇒ k ≤ −∆u

u
n+2
n−2

≤ κ in Rn − {0}

⇐⇒ k(x) ≤
H(x, u0(x)) +

∞∑
i=1

ui(x)
n+2
n−2

(
u0(x) +

∞∑
i=1

ui(x)
)n+2

n−2

≤ κ(x), x ∈ Rn − {0}

⇐⇒ H(x, u0(x)) ≤ H(x, u0(x)) ≤ H(x, u0(x)), x ∈ Rn − {0}

where

H(x, v) := k(x)

(
v +

∞∑
i=1

ui(x)

)n+2
n−2

−
∞∑

i=1

ui(x)
n+2
n−2

H(x, v) := κ(x)

(
v +

∞∑
i=1

ui(x)

)n+2
n−2

−
∞∑

i=1

ui(x)
n+2
n−2

for x ∈ Rn and v ≥ 0. So H will be chosen so that

H(x, v) ≤ H(x, v) ≤ H(x, v) for (x, v) ∈ Rn × [0,∞).

Then we check, when n ≥ 6, that ‖K − κ‖C1(Rn) < ε.
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