MARKOV-NIKOLSKII TYPE INEQUALITIES FOR EXPONENTIAL SUMS ON
FINITE INTERVALS

TAMAS ERDELYI

ABSTRACT. Let Ay :={Xo < A1 < -+ < An} be a set of real numbers. The collection of all linear
combinations of of e*0? e}t .. e*! over R will be denoted by

E(A,) := span{e* eMt i)
Motivated by a question of Michel Weber (Strasbourg) we prove the following couple of theorems.

Theorem 1. Let 0 < g < p < o0, a,b € R, and a < b. There are constants c1 = c1(p,q,a,b) > 0
and ¢z = c2(p, ¢, a,b) depending only on p, q, a, and b such that
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Theorem 2. Let 0 < g < p < o0, a,b € R, and a < b. There are constants c1 = c1(p,q,a,b) > 0
and ¢z = c2(p, ¢, a,b) depending only on p, q, a, and b such that
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where the lower bound holds for all 0 < q < p < oo, while the upper bound holds when p > 1 and
0<g<p<oo

1. INTRODUCTION AND NOTATION

Let Ay, := {0 < A1 < --- < Ay} beaset of real numbers. The collection of all linear combinations
of of et eMt . Mt over R will be denoted by

E(A,) = span{ekot Mt eA”t} .

Elements of E(A,,) are called exponential sums of n+ 1 terms. For a real-valued function f defined
on a set A let

[fllLaa = Iflla = sup{|f(z)| : x € A},

1/p
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whenever the Lebesgue integral exists. Newman'’s inequality (see [2] and [6] is an essentially sharp
Markov-type inequality for E(A,) on [0,1] in the case when each A; is non-negative.

Theorem 1.1 (Newman’s Inequality). Let A, := {0 < A1 < -+ < A} be a set of nonnegative

real numbers. Then
2 1Pl (=s0,0]
- A < sup <9 Aj .
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and let

An L,, 1 < p < oo, version of the upper bound in Theorem 1.1 is established in [2], [3], and [4].

2000 Mathematics Subject Classification. Primary: 41A17, Secondary: 30B10, 26D15.
Key words and phrases. exponential sums, Nikolskii-type inequality, Descartes’ Rule of Signs.
1



2 TAMAS ERDELYI

Theorem 1.2. Let A, := {Ng < A1 < -+ < A\,} be a set of nonnegative real numbers. Let
1<p<oo. Then

Q1 (—o00) <9 [ DX | 1Rz, (—o0.0)
=0

for every Q € E(A,,).
The following Ly[a,b], 1 < p < oo, analog of Theorem 1.2 has been established in [1].

Theorem 1.3. Let A, := {Ag < A1 < -+ < A} be a set of real numbers, 1 < p < 00, a,b € R,
and a < b. There is a constant ¢; = c¢1(a,b) depending only on a and b such that

1P| o] P
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Theorem 1.3 was proved earlier in [4] under the additional assumptions that \; > §; for each j
with a constant § > 0 and with ¢; = ¢;i(a,b) replaced by ¢; = ¢1(a,b,0) depending only on a, b,
and 0. The novelty of Theorem 1.3 was the fact that

Ap={ <M < - <\ }
is an arbitrary set of real numbers, not even the non-negativity of the exponents \; is needed.
n [5] the following Nikolskii-Markov type inequality has been proved for E(A,) on (—oo,0].

Theorem 1.4. Let A, := {Xg < A1 < -+ < Ay} be a set of nonnegative real numbers and
0 <q<p<oo. Letp bea non-negative integer. There are constants co = co(p,q, ) > 0 and
c3 = c3(p,q, p) depending only on p, q, and p such that
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where the lower bound holds for all 0 < ¢ < p < oo and p > 0, while the upper bound holds when
u=0and0<qg<p<oo, and when p>1,p>1, and 0 < q < p < o0. Also, there are constants
co = ca(q, 1) > 0 and c3 = c3(q, 1) depending only on q and p such that

P«JF% /Hr%
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forall0<g<oo, u>1, andy € R.
2. NEw RESuLTS

Motivated by a question of Michel Weber (Strasbourg) we prove the following couple of theorems.

Theorem 2.1. Suppose 0 < ¢ < p < o0, a,b € R, and a < b. There are constants ¢4 =
c4(p,q,a,b) >0 and c5 = c5(p, q,a,b) depending only on p, q, a, and b such that
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Theorem 2.2. Suppose 0 < ¢ < p < 00, a,b € R, and a < b. There are constants cg =
cs(p,q,a,b) >0 and c; = c7(p, q,a,b) depending only on p, q, a, and b such that

1_1 1_1
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where the lower bound holds for all 0 < ¢ < p < 0o, while the upper bound holds when p > 1 and

0<g<p<co.

3. LEMMAS

Our first lemma can be proved by a simple compactness argument and may be viewed as a simple
exercise.

Lemma 3.1. Let A, := {dp < d1 < -+ < 0, } be a set of real numbers. Let a,b,c € R, a <b. Let
w be a not identically 0 continuous function defined on [a,b]. Let g € (0,00]. Then there exists a
0#T € E(Ay,) such that

T(e)l [P(c)]

ITwl L, 0p  ogperan 1PWIL ey
and there exists a 0 # S € E(A,,) such that
S’ P’
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Our next lemma is an essential tool in proving our key lemmas, Lemmas 3.3 and 3.4.

Lemma 3.2. Let A, := {09 < §1 < --- < 0y} be a set of real numbers. Let a,b,c € R, a < b < c.
Let g € (0,00]. Let T and S be the same as in Lemma 3.1. Then T has exactly n zeros in [a,b] by
counting multiplicities. If 6, > 0, then S also has exactly n zeros in [a,b] by counting multiplicities.

The heart of the proof of our theorems is the following pair of comparison lemmas. The proof
of the next couple of lemmas is based on basic properties of Descartes systems, in particular on
Descartes’ Rule of Signs, and on a technique used earlier by P.W. Smith and Pinkus. Lorentz
ascribes this result to Pinkus, although it was P.W. Smith [7] who published it. I have learned
about the method of proofs of these lemmas from Peter Borwein, who also ascribes it to Pinkus.
This is the proof we present here. Section 3.2 of [2], for instance, gives an introduction to Descartes
systems. Descartes’ Rule of Signs is stated and proved on page 102 of [2].

Lemma 3.3. Let A, := {0g < 61 < -+ < 0p} and Ty, := {0 < 71 < -+ < Y} be sets of real
numbers satisfying 0; < v; for each j = 0,1,...,n. Let a,b,c € R, a < b < c. Let w be a not
identically O continuous function defined on [a,b]. Let q € (0,00]. Then

L@l P(o)
p < sup .
0£PeE(An) 1P Lyjap — 0zPeem,) P01, 0
Under the additional assumption d,, > 0 we also have
P’ P’
w AP@L 1P

0£PcE(A) 1P L0 ~ 0xperm,) IPWIL, 0]
Lemma 3.4. Let A, :={Jp < 01 < --- < I} and Iy, := {0 <71 < -+ < Y} be sets of real
numbers satisfying 6; < v; for each j = 0,1,...,n. Let a,b,c € R, ¢ < a <b. Let w be a not
identically O continuous function defined on [a,b]. Let q € (0,00]. Then

|(P(c)] [P(c)]

sup T —— 2>  sup .
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Under the additional assumption vy < 0 we also have
/ /
R (G T Q)
0£PeE(An) QW Lylap — 0xPerm,) QWL [0
Let P, denote the collection of all algebraic polynomials of degree at most n with real coefficients.
The following sharp Nikolskii-type inequalities for P, hold.

Lemma 3.5. Let 0 < g < p < 00, a,b € R, and a < b. Suppose u is a nonnegative integer. There
are constants cg = cs(p,q, ) > 0 and cg = cy(p, q, 1) such that

2\ #t1/a=1/p P 2\ #t1/a=1/p
Cs( n > < | [ <e (n )

sup
b—a 0£PeP, |1PlLyab) b-a

and

n2 \Hti/a ]P(“)(y)\ n2 \Ftl/a
CS( ) < sup g <0 <—b >

b—a 0£PePy 1P Lg(a.b) —a
for both y =a and y = b.
Lemma 3.5 may be viewed well known as well, yet, it is hard to find a direct reference especially

to the lower bounds. So in the next section we present the arguments briefly deriving this lemma
from explicitly referenced results.

4. PROOFS OF THE LEMMAS

Proof of Lemma 3.1. Since A, is fixed, the proof is a standard compactness argument. We omit
the details. 0

To prove Lemma 3.2 we need the following two facts. (a) Every f € E(A,,) has at most n real
zeros by counting multiplicities. (b) If 1 < 9 < --- < t,,, are real numbers and kq, ko, ..., k,, are
positive integers such that Z;”Zl kj = n, then there is a 0 # f € E(A,) having a zero at t; with
multiplicity k; for each j =1,2,...,m.

Proof of Lemma 3.2. We prove the statement for T first. Suppose to the contrary that
o <ty<- - <tm

are real numbers in [a,b] such that ¢; is a zero of T with multiplicity k; for each j = 1,2,...,m,
k= ZTZI k;j < n, and T has no other zeros in [a, b] different from ¢1,%2,...,ty,. Let t;41 := ¢ and
km+1 :=n—k > 1. Choose an 0 # R € E(A,,) such that R has a zero at t; with multiplicity k; for
each j =1,2,...,m+ 1, and normalize so that T'(t) and R(¢) have the same sign at every ¢ € [a, b].
Let T, :=T — e¢R. Note that T and R are of the form

T(t):f(t)ﬁ(t—tj)k]’ and R(t)zﬁ(t)ﬁ(t—tj)kﬁ
j=1 j=1

where both T and R are continuous functions on [a, b] having no zeros on [a,b]. Hence, if € > 0 is
sufficiently small, then |T.(t)| < |T'(t)| at every t € [a,b] \ {t1,t2,...,tm}, SO
1 Tewl 2y ap) < 1TwI Ly [0 -

This, together with T.(c) = T'(c¢), contradicts the maximality of 7.
Now we prove the statement for S. Without loss of generality we may assume that S’(¢) > 0.
Suppose to the contrary that t; <ty < --- < t,, are real numbers in [a, b] such that ¢; is a zero of
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S with multiplicity k; for each j =1,2,...,m, k := Z;”Zl k;j < n, and S has no other zeros in [a, b]
different from tq,ts,...,%,,. Choose a

0#£Q € span{eén—kt, eon—kt1t ,eént} C E(A,)

such that () has a zero at t; with multiplicity k; for each j = 1,2,...,m, and normalize so that
S(t) and Q(t) have the same sign at every ¢ € [a,b]. Note that S and @) are of the form

St =S®)[[t—t) and Q) =QE) [[¢t—t)",
j=1 j=1

where both S and @Q are continuous functions on [a, b] having no zeros on [a,b]. Let ty4q := ¢ and
km+1 := 1. Choose an

0#RE€ span{eanf’“*lt, eOn—kt ,eant} C E(A,)

such that R has a zero at ¢; with multiplicity k; for each j = 1,2,...,m + 1, and normalize so that
S(t) and R(t) have the same sign at every t € [a,b]. Note that S and R are of the form

SO=8O[[¢-t)" ad  RO-FEOL[¢-6)",
j=1 j=1

where both S and R are continuous functions on [a, ] having no zeros on [a,b]. Since 8, > 0, it is
easy to see that Q'(c)R/(c) < 0, so the sign of Q'(c) is different from the sign of R'(c). Let U := Q
if @ (c) <0, and let U := R if R'(¢c) < 0. Let S. := S —eU. Hence, if € > 0 is sufficiently small,
then |S:(t)| < |T(t)| at every t € [a,b] \ {t1,t2,...,tm}, SO

[1Scwl|zy[a8) < 1SWI Ly[ap) -

This, together with S.(c) > S’(¢) > 0, contradicts the maximality of S. O

Proof of Lemma 3.3. We prove the first inequality first. We may assume that a < b < ¢. The
general case when a < b < ¢ follows by a standard continuity argument. Let k € {0,1,...,n} be
fixed and let

Yo <7 <<V, v =90;, j#k, and O < Vi < 041

(let 0p41 := o0). To prove the lemma it is sufficient to study the above cases since the general case
follows from this by a finite number of pairwise comparisons. By Lemmas 3.1 and 3.2, there is a
0+# T € E(A,,) such that

T P

@, Pl

|Twllp, e 0#PeE@an) 1P L0

where T has exactly n zeros in [a,b] by counting multiplicities. Denote the distinct zeros of T' in
[a,b] by t; < tg < --- < t,,, where t; is a zero of T' with multiplicity k; for each j = 1,2,...,m,
and ZTzl k; = n. Then T has no other zeros in R different from ¢q,2s,...,%,,. Let

n
T(t) =: Zajeajt, a; € R.
=0

Without loss of generality we may assume that 7'(c) > 0. We have T'(t) > 0 for every t > ¢,
otherwise, in addition to its n zeros in [a, b] (by counting multiplicities), 7" would have at least one
more zero in (¢, 00), which is impossible. Hence

ap = lim T(t)e "t > 0.

t—o0
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Since F(A,) is the span of a Descartes system on (—o0, 00), it follows from Descartes’ Rule of Signs
that

(-1)"a; >0, j=0,1,...,n.
Choose R € E(I';,) of the form

R(t) =) bje¥'", b eR,
§=0

so that R has a zero at each ¢; with multiplicity k; for each j = 1,2,...,m, and normalize so that
R(c) = T(c)(> 0) (this R € E(I'),) is uniquely determined). Similarly to a,, > 0 we have b, > 0.
Since E(I'),) is the span of a Descartes system on (—o0, 00), Descartes’ Rule of Signs yields,

(-)" b, >0,  j=0,1,...,n.
We have

(T — R)(t) = akeé’“t — bkewt + Z (aj — bj)eéjt .

§=0
J#k
Since T' — R has altogether at least n + 1 zeros at ¢1,t,...,ty, and ¢ (by counting multiplicities),
it does not have any zero on R different from t1,ts,..., ¢, and c. Since
(20t Dt Okt et kit o gonty

is a Descartes system on (—o0,00), Descartes’ Rule of Signs implies that the sequence
(ap —bo, a1 —b1, ..., ap-1—bx_1, ag, —bg, g1 —bry1, -y an —by)
strictly alternates in sign. Since (—1)" *a; > 0, this implies that a, —b, < 0if k < n, and —b, < 0
if Kk =n, so
(T'-R)(t) <O, t>c.

Since each of T', R, and T' — R has a zero at t; with multiplicity k; for each j = 1,2,...,m;

Z;”Zl k;j = n, and T'— R has a sign change (a zero with multiplicity 1) at ¢, we can deduce that each

of T, R, and T'— R has the same sign on each of the intervals (¢;,¢;41) for every j =0,1,...,m

with tg := —oo and ;41 := ¢. Hence |R(t)| < |T'(t)| holds for all t € [a,b] C [a,c] with strict
inequality at every ¢ different from ¢1,%s, ..., ;. Combining this with R(c) = T'(c), we obtain
(RO o [T _ [Pl
IR0 Ljab) — 1TwlLgap)  ozPeE@an) 1P L0

Since R € E(T'),), the first conclusion of the lemma follows from this.

Now we start the proof of the second inequality of the lemma. Although it is quite similar to
that of the first inequality, we present the details. We may assume that ¢ < b < ¢ and 6, > 0.
The general case when a < b < ¢ and §, > 0 follows by a standard continuity argument. Let
ke€{0,1,...,n} be fixed and let

Yo <7 <<, v =90;, j#k, and O < Vi < 041

(let 0p41 := o0). To prove the lemma it is sufficient to study the above cases since the general case
follows from this by a finite number of pairwise comparisons. By Lemmas 3.1 and 3.2, there is an
S € E(A,,) such that

1Sl [P’ ()]
[SwilL,a  0zPeran IPWIL 0y
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where S has exactly n zeros in [a,b] by counting multiplicities. Denote the distinct zeros of S in
[a,b] by t; <ty < --- < t,,, where t; is a zero of S with multiplicity k; for each j = 1,2,...,m,
and ZTZI k; = n. Then S has no other zeros in R different from ¢1,%2,...,t,,. Let

n
S(t) =: Zajeéjt, a; € R.
=0

Without loss of generality we may assume that S(c) > 0. Since J,, > 0, we have lim;_,, S(t) = oo,
otherwise, in addition to its n zeros in (a,b), S would have at least one more zero in (¢, 00), which
is impossible.

Because of the extremal property of S, we have S’(¢) # 0. We show that S'(¢) > 0. To see
this observe that Rolle’s Theorem implies that S’ € E(A,) has at least n — 1 zeros in [t1,t,,]. If
S’(¢) <0, then S(ty,) = 0 and lim;_,o, S(t) = oo imply that S” has at least 2 more zeros in (¢,,, )
(by counting multiplicities). Thus S’(¢) < 0 would imply that S’ has at least n + 1 zeros in [a, c0),
which is impossible. Hence S’(c) > 0, indeed. Also a,, := lim; .o S(t)e~%t > 0. Since E(A,) is
the span of a Descartes system on (—o00.00), it follows from Descartes’ Rule of Signs that

(-)"a; >0, j=0,1,...,n.
Choose R € E(I';,) of the form

R(t) =) bje¥", b eR,
=0

so that R has a zero at each ¢; with multiplicity k; for each j = 1,2,...,m, and normalize so that
R(c) = S(c)(> 0) (this R € E(I';,) is uniquely determined). Similarly to a, > 0 we have b, > 0.
Since E(I'),) is the span of a Descartes system on (—o0, 00), Descartes’ Rule of Signs implies that

(=1)"b; >0, j=0,1,...,n.
We have .
(S = R)(t) = are®" — bpe™' + Y " (aj — bj)e’" .
j=0
J#k
Since S — R has altogether at least n + 1 zeros at t1,ta,...,ty, and ¢ (by counting multiplicities),
it does not have any zero on R different from t¢1,%o,...,t,,, and c. Since

dot o1t Ot et _Opa1t Ont
(%% e, .., ekt ekt eOktit et

ey

is a Descartes system on (—o0, 00), Descartes’ Rule of Signs implies that the sequence

(aO - bOa ap — b17 ey Q1 — bk—lu ag, —bk, Ap+1 — bk+17 ey Qp — bn)
strictly alternates in sign. Since (—1)""*a; > 0, this implies that a, — b, < 0if k < n, and —b, < 0
if Kk =n, so

(S—R)(t) <0, t>c.
Since each of S, R, and S — R has a zero at t; with multiplicity k; for each j = 1,2,...,m;
Z;”Zl kj = n, and S — R has a sign change (a zero with multiplicity 1) at ¢, we can deduce that
each of S, R, and S — R has the same sign on each of the intervals (¢;,t;41) for every j =0,1,...,m
with t9 := —oo and ty,+1 := ¢. Hence |R(t)] < |S(¢)| holds for all t € [a,b] C [a,c] with strict
inequality at every t different from ¢y,ts,...,t,. Combining this with 0 < S’(¢) < R/(¢) (recall
that R(c) = S(c) > 0), we obtain
/ / /
RO, 8@ _ o Pl
IR L e — ISWlL,ap  oxpeEaw 1PW L0

Since R € E(I'),), the second conclusion of the lemma follows from this. O
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Proof of Lemma 3.4. The lemma follows from Lemma 3.3 by the substitution v = —t. O

Proof of Lemma 3.5. The upper bound follows as a combination of two results from [2]: Theorem
A.4.14 on page 402 and Theorem A.4.4 on page 395. For the lower bound we refer to the lower
bound in Theorem 1.4. To get the lower bound of the lemma, we can use the lower bound of
Theorem 1.4 with d; := j, j = 0,1,...,n, and then we use a substitution x = e t. O

PROOF OF THE THEOREMS

Proof of Theorem 2.1. Since the right Markov-type inequality is available for E(A,,), the proof of
the upper bound of the theorem is pretty simple. For the sake of brevity let

M = ¢1(a, b) n+Z|)\| ,

where the constant ¢ (a, b) is the same as in Theorem 1.3. Let P € E(A,,). Choose a point ty € [a, ]
such that [P(to)| = maxg[q) [P(t)]. Combining the Mean Value Theorem and the Markov-type
inequality of Theorem 1.3 (we need only the case p = o0), we obtain that

P)| 2 5 s [PO], we T fab]nfto — (M) to + (200) 7).
€la
Hence
q b . , 1 q
1P oy = [ 1Pt > 200 (5 o 1P
that is,
me [P(8)] < 2200) 9P, 0s
t€(a,b]
Therefore
b pP—q b
P10 = | IP(t)IpqIP(t)qut§<tr€rl[aaf§]IP(t)l> JRLCIRE
< w1 PIL P < 2P P
that is,

1P|z fay < 2- @M)YP)P L0
which finishes the proof of the upper bound of the theorem.

Now we turn to the proof of the lower bound. In the light of the upper bound of the theorem it
is sufficient to prove the lower bound of it only in the case when p = co. Assume that

A <A < <A <08 A1 < Apg2 <o < Ay
We distinguish four cases.

Case 1: 3701 INj| > %Z?:o IA;| > n?. In this case the lower bound of Theorem 1.4 with u =0

gives the lower bound of the theorem.

Case 2: 37700 |Nj] > %Z?:o |\;| > n?. In this case the lower bound of Theorem 1.4 with u = 0
gives the lower bound of the theorem after the substitution v = —t.

Case 3: %Z?:o |Aj| <n? and m < n/2. We apply Lemma 3.3 with n —m — 1 in place of n, with
Lreme1=1{7 <M < <Ynemi1} = { a1 < gz <0 < A},
An,m,1::{(50<61<"'<5n,m,1}, 6j::j57 j:0717"'7n_m_17

(if € > 0 is sufficiently small, then the assumptions are satisfied), and ¢ := b. By letting ¢ > 0 tend
to 0, the lower bound of the theorem follows from Lemma 3.5 with p = 0.
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Case 4: %Z?:o I\j] <n?and m > n/2. We apply Lemma 3.4 with m in place of n, with
Ap={00<d < <dpt:={N <A < <A},

Fm:{’YO<’Yl<<’Ym}7 ’Yj::j57 j:O,l,...,m,
(if € > 0 is sufficiently small, then the assumptions are satisfied), and ¢ := a. By letting € > 0 tend
to 0, the lower bound of the theorem follows from Lemma 3.5 with p = 0. O

Proof of Theorem 2.2. The upper bound of the theorem can be obtained by combining Theorem
1.3 and the upper bound of Theorem 2.1.

Now we turn to the proof of the lower bound. In the light of the upper bound of Theorem 2.1
it is sufficient to prove the lower bound of the theorem only in the case when p = co. Assume that

A <A< <A <0< App1 < Apga <o < Ay
We distinguish four cases.

Case 1: 375 1 [\j| > %Z?:o |Aj| > n?. In this case the lower bound of Theorem 1.4 with p =1
gives the lower bound of the theorem.

Case 2: 37700 |Nj] > %Z?:o |\;| > n? In this case the lower bound of Theorem 1.4 with y = 1
gives the lower bound of the theorem after the substitution v = —t.

Case 3: %Z?:o |Aj| <n? and m < n/2. We apply Lemma 3.3 with n —m — 1 in place of n, with
| {'YO <M< < ’Ynferl} = {)\erl < )\m+2 << )\n}y
An—m—l::{50<51<"'<5n—m—1}7 (5j2:j€, 7=01,....n—m—1,

(if € > 0 is sufficiently small, then the assumptions are satisfied), and ¢ := b. By letting ¢ tend to
0, the lower bound of the theorem follows from Lemma 3.5 with p = 1.

Case 4: %Z?:o |Aj| <n? and m > n/2. We apply Lemma 3.4 with m in place of n, with
Ap={0<d < <dp}={ho< A\ < <A},

Fm:{’YO<’Yl<<’Ym}7 ’Yj::j57 j:O,l,...,m,
(if € > 0 is sufficiently small, then the assumptions are satisfied), and ¢ := a. By letting ¢ tend to
0, the lower bound of the theorem follows from Lemma 3.5 with p = 1. U
REFERENCES

[1] D. Benko, T. Erdélyi, and J. Szabados, The full Markov-Newman inequality for Miintz polynomials on positive
intervals, Proc. Amer. Math. Soc. 131 (2003), 2385-2391.

[2] P. B. Borwein and T. Erdélyi, Polynomials and Polynomials Inequalities, Springer-Verlag, New York, 1995.

[3] P. B. Borwein and T. Erdélyi, The L, version of Newman’s inequality for lacunary polynomials, Proc. Amer.
Math. Soc. 124 (1996), 101-109.

[4] T. Erdélyi, Markov- and Bernstein-type inequalities for Miintz polynomials and exponential sums in Ly, J.
Approx. Theory 104 (2000), 142-152.

[5] T. Erdélyi, Extremal properties of the derivatives of the Newman polynomials, Proc. Amer. Math. Soc. 131
(2003), 3129-3134.

[6] D. J. Newman, Derivative bounds for Miintz polynomials, J. Approz. Theory (1976), 18 360-362 .

[7] P. W. Smith, An improvement theorem for Descartes systems, Proc. Amer. Math. Soc. 70 (1978), 26-30.

DEPARTMENT OF MATHEMATICS, TEXAS A&M UNIVERSITY, COLLEGE STATION, TEXAS 77843, USA
E-mail address: terdelyimath.tamu.edu



