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ABsTRACT. The Miintz—Legendre polynomials arise by orthogonalizing the Mintz
system {220, 21, ...} with respect to the Lebesgue measure on [0, 1]. In this paper,
differential and integral recurrence formulas for the Miintz—Legendre polynomials are
obtained. Interlacing and lexicographical properties of their zeros are studied, and
the smallest and largest zeros are universally estimated via the zeros of Laguerre
polynomials. The uniform convergence of the Christoffel functions is proved equiv-
alent to the nondenseness of the Miintz system, which implies that in this case the
Miintz—Legendre polynomials tend to 0 uniformly on closed subintervals of [0,1).
Some inequalities for Miintz polynomials are also investigated, in particular, a sharp
L? Markov inequality is proved.

§1. INTRODUCTION

Let 0 < A\g < A1 < --+ — 00. The classical Miintz—Szasz Theorem states that
the Miintz polynomials of the form >, _, axz?* are dense in L?[0, 1] if and only if

oo
> Nt = oo (1.1)
k=1
If the constant function 1 is also in the system, that is, Ay = 0, then the denseness
of the Miintz polynomials in C[0, 1] with the uniform norm is also characterized by

(1.1). It is out intention to examine various facets of the Miintz system
M = Span{z™, 2™ 272 ...}
and in particular to derive various properties and inequalities of

M, = Span{z* 2™, ... z*}.
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2 PETER BORWEIN, TAMAS ERDELYI, AND JOHN ZHANG

It has been observed [Tas, Mathematical Review 88e:33008] and [MSS], but does
not appear to be particularly well known, that the orthogonal “polynomials” (with
respect to Lebesgue measure) on [0,1] can be explicitly written down. This is
the key tool for the analysis we undertake. We prove for example the L? Markov
inequality
llzp"(@)ll2 _
Ipl]2

< IZ 1+2)\;)

for all Miintz polynomials p in M,,. Compare this with the L result in [New1]

HQUP ||oo < HZ)‘

el

Both of these are sharp up to the constants. In order to prove this result and
various of its relatives we first derive some explicit formulae and recursions for the
sequence of Miintz—Legendre polynomials. Because this orthogonalization is not
well known and for completeness we briefly reprove some of the basic formulae
which may be found in [Tas, MSS]|. This is contained in section 2. Section 3 offers
some inequalities for Miintz polynomials, mainly, the above mentioned L? Markov
inequality. In section 4, we study the interlacing and lexicographical properties of
zeros of Miintz—Legendre polynomials and their derivatives. Also in this section,
universal estimates of the smallest and largest zeros of Miintz—Legendre polynomials
are obtained through the zeros of Laguerre polynomials. Finally in the last section,
we look into properties of the Christoffel functions, whose pointwise or uniform
convergence on closed subintervals of [0, 1) is used to characterize the nondenseness
of the Miintz system.

Proofs of the Miintz—Szdsz Theorem can be found in [Che], [FeNe], and [Gol],
and various new developments are in [And], [Bor|, [BoErl], [BoEr2|, [BoSal, [ClEr],
[FeNe], [Lev], [Newl], [New2], [New3], [Sch|, [Smi|, [Som]|, [Tre|], [Zho]. A very
special class of Miintz systems, the incomplete polynomials of the form x™p(x)

where p’s are the regular polynomials, has been studied intensively(cf. [Lor, SaVa]).

§2. BAsiC PROPERTIES OF MUNTZ-LEGENDRE POLYNOMIALS

Throughout this paper, we adopt the following definition for z*:
o =eMoer e (0,1], e C (2.1)
and the value at = 0 is defined to be the limiting value of z* as x — 0 from

(0, 1] whenever the limit exists. Given a complex sequence A = {Ag, A1, Ag, .. } a
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MUNTZ SYSTEMS AND MUNZ-LEGENDRE POLYNOMIALS 3

polynomial, or a A—polynomial. Denote the set of all such polynomials by M (A),
that is,
M(A) = Span{z?°, 2™,z ...}, (2.2)

Also the collection of linear combinations of the first n + 1 functions is denoted by
M, (A) = Span{z*°, 2 Y, (2.3)

where the linear span can be over all the reals (this section and §3) or the complexes(§4
and §5), according to context. For the L? theory of a Miintz system, we consider

A= {)\0,)\1,)\2,...}, Re()\k) > —1/2, and  Ag 75)\3 (k;’éj) (24)

This ensures that every A—polynomial is in L?[0,1]. We can then define the or-
thogonal polynomials with respect to the Lebesgue measure, the Miintz—Legendre
polynomials. Although we almost always assume (2.4), the following definition does
not require the distictness of \g.

Definition 2.1. Let A = {Ag, A1, \2,...} be a complex sequence. We define the
n—th Miintz—Legendre polynomial on (0, 1] to be [cf. Tas]

t4+ X+ 1 atdt
Lo, Ay Ans =0,1,2,..., (25
(R0, Aoy Qm/H VI W (2:5)

where the simple contour I' surrounds all the zeros of the denominator in the
integrand, and A denotes conjugators.

An immediate consequence of the the definition and the residue theorem is

Corollary 2.2. Let {\o, A1, A2, ...} satisfy (2.4). Then for everyn =0,1,2,...,

n =0 On + 2 +1)
L( Aoy, Ansz) = Ck’nl)\k, Chon = = (2.6)
kZ:O Hj:O,j;ék()‘k - )‘j)

with L(Xo, ..., An; ) defined by (2.5).

So, L(\g, ..., An) is indeed a Miintz polynomial provided that Ag, A1, ..., A, are
distinct. Its value at x = 0 is defined if for all k either Re(A;) > 0 or A\ = 0. For
example, if \g = 0 and Re(A;) > 0(1 < k <mn), then L(Ao, ..., A;0) = co.n, and it
is 0 if Re(\g) > 0 also holds.

Remark. From either Definition 2.1 or Corollary 2.2, it is obvious that in L(Ag, .. ., Ay),
the order of Ag,..., \,_1 does not make any difference, as long as A\, is kept last.
For example, L(Ag, A1, A2) = L(A1, Ao, A2), but both are different from L(Ag, A2, A\1).
For a fixed (ordered) sequence A, we will use L, (A), or simply L, to denote the
nth Miintz—Legendre polynomial L(\g, ..., A,), whenever there is no confusion.

In (2.6), repeated indices (for example, A\g = A1) will cause a problem. But in the
original definition, Ay = A; is allowed. We can view this also as a limiting process
(Ax — A;). We state a very special case when all indices are the same, which turns
out to be closely related to the Laguerre polynomlals Notice also that the result
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4 PETER BORWEIN, TAMAS ERDELYI, AND JOHN ZHANG

Corollary 2.3. Let L(\g,...,A\p;x) be defined by (2.5). If \og = -+ = Ay = A,
then
Lo, i) =2 En (—(1+ A+ N logz) (2.7)

where L, is the n—th Laguerre polynomial orthonormal with respect to the weight
e~ * on (0,00) with £,(0) = 1.

Proof. Since A\, = A for k =0,1,...,n, by (2.5),

1 rt(t+ A+ 1)"
L()\O,)\l,...,/\n;x):%/r (t—)\)”+1 dt

where the contour I' can be taken to be any circle centered at A. By the residue

theorem,

Lo,y An; ) = [ t+A+1)"],_,

() (logz)fn(n —1)---(k+ 1)(A+ X+ 1)*

:|H3

n

=z Z%(J(HMLA) log" z.

These are just the Laguerre polynomials {L,} which are orthogonal with respect
to the weight function e~ on (0, co) with the normalization L,,(0) =1 (cf. [Sze, p.
100]), and we obtain (2.7). O

The name Miintz—Legendre polynomial is justified by the following theorem,

where the orthogonality of {L,,} with respect to the Lebesgue measure is proved.

Theorem 2.4. Let A = {\g, M1, Mg, ...} satisfy Re(\g) > —1/2 fork =0,1,2,....
Assume that {L,}5°  are defined by (2.5). Then

/1Ln(:1:)Lm(:z;) = S /(1 + A + An) (2.8)
0

holds for every m,n =0,1,2,....
Remark. In the orthogonality (2.8), repeated indices are allowed.

Proof. We provide a proof here for the sake of completeness. It suffices to consider
0 < m < n. Also, we just need to prove (2.8) for distinct indices, since from the
definition in (2.5), L(Ao, ..., Ap;2) is uniformly continuous in Ag, ..., A, for z in
closed subintervals of (0, 1], and the non—distinct case is a limiting argument. Since
Re(A\;) > —1/2, we can pick a contour I' in the integral (2.5) such that T' lies
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MUNTZ SYSTEMS AND MUNZ-LEGENDRE POLYNOMIALS 5

of the denominator. When ¢ € T', we have Re(t + \,,) > —1, and fol gt dy =
1/(1+t+ \p), for every m > 0. Hence,

n—1

/1L(x)dex_ Ht+/\k+1 dt
o ri t= A (=) A 1)

Notice that for m < n, the new term t+\,, +1 in the denominator can be cancelled,
and for m = n the new pole —(\, + 1) is out side I, because Re(—\, —1) < —1/2.
Changing the contour from I to |[t| = R with R > max{|Ao| + 1,...,| x| + 1}, we
have for 0 < m < n that

1 n—1 N
— 1 t+ A 1 dt
/ Ly (x)xrmdr =— AR _
. 5m,n . _S\n + )\k
W e e

Letting R — oo, we see that the integral on the right—hand side is actually 0, which

gives
1 n—1 N
— On.m An — A
/ Ly (z)xrmde = = ’ — P
0 An+An +1 500 A+ Ak 41
Now with (2.6), we have for 0 < m < n that
1 1 m
/ L, ()L, (x)dx :/ Ln(x)chymxAkda:
0 0 k=0

1 < _
= cm’m/ Ln(cc):c’\mdx = Om,n/(An +Ap +1),
0

where the last step comes from the formula for ¢, in (2.6) O

An alternative and probably easier proof of orthogonality follows from (2.10)
below, integration by parts and induction. Later we will see that L, () = 1 when

x = 1. This can be viewed as the normalization for L,,. Clearly, if we let
L; = (14 X+ A)'2L, (2.9)

then we get an orthonormal system, that is,

1
/ Ly (x)Li,(z)dr = 0y, m,n=0,1,2,....
0

There is also a Rodrigues formula for the Miintz—Legendre polynomials [MSS].
Let pn(z) = ZZ:O at/ H;L:O,j;ék()‘k —Aj), then

Ln(l') = D)\o o .D)\nflpn(aj)

where the differential operator D)’s are defined by D, f = x*;\%xH;\ f. Notice
also that p,, and its first n — 1 derivatives vanish at x = 1.

S R I K s S Y O Y L O o |



6 PETER BORWEIN, TAMAS ERDELYI, AND JOHN ZHANG

Theorem 2.5. Assume that A is a complex sequence satisfying Re(\g) > —1/2
for all k. Then

zL (z) —xL;,_1(x) = A\pLp(z) + 1+ A1) Lna(z) n=1,2,3,..., (2.10)

where the {Ly} are the associated Miintz—Legendre polynomials defined by (2.5).

Proof. From (2.5), we get

i( —AnL

Hk ot+>‘k+ ) Ky t—An—1
t+ A 1 »Tdt.
dx 27?2/ (t+ 1+ e

—An)

Multiplying by z*»+*n-1#1 o both sides in the above, we obtain

S e

and again by the definition of L, (cf. (2.5)),
— - /
gAnFAn-1+1 (:L‘*’\”Ln(:c))/ = <x’\”—1+1Ln,1(az)> .

Simplifying the above by the product rule and dividing both sides by g1 gives
(2.10). O

Corollary 2.6. Let a complex sequence A satisfy (2.4), and let the associated
Miintz—Legendre polynomials L,, and the orthonormal Mintz polynomials {L%} be
defined by (2.5) and (2.9) respectively, then

n—1

2L, () = A Ln(z) + Y (A + A + 1) Ly(2), (2.11)
k=0

n—1
2L} () = A Lj(@) + VA + A+ 1) VA + A + 1L (@)
k=0

(2.12)

and »
rL)(2) = Ay — D)L, (2) + Y (A + Ak + 1) Lj(2) (2.13)

k=0

for every x € (0,1] and every n =0,1,2,....

Proof. The first equality (2.11) follows from Theorem 2.4 by writing xL] (z) —
xL{(z) as a telescoping sum. From (2.11) and the relation L} = (A + A, +1)/2L;
(cf. (2.9)), we get (2.12), and differentiating (2.11) gives (2.13). O

The values and derivative values of the Miintz—Legendre polynomials at 1 can all

be calculated. They are useful in locating the zeros of Miintz—Legendre polynomials

/f r C AN\



MUNTZ SYSTEMS AND MUNZ-LEGENDRE POLYNOMIALS 7

Corollary 2.7. Let L, be the nth Miintz—Legendre polynomial defined by (2.5) (or
by (2.6) from A satisfying (2.4)), then

n—1
Lo1)=1, L) =X 4> M+ +1), n=012..., (2.14)
k=0
and
n—1 B
L) =An— DL, 1)+ > e+ X+ 1)L(1) n=0,1,2,.... (2.15)
k=0

Proof. 1t suffices to show that L, (1) = 1, for the rest follows from Corollary 2.6.
Notice that from (2.5),

t—l—)\k—i—l d
L QWZ/H -\

Since I' surrounds all zeros of the denominator, and the degree of the denominator
is 1 higher than the numerator, let I be the circle |t/ = R and let R — oo. From
this we get L, (1) =1. O

The recurrence formula can also be expressed in integral form.

Corollary 2.8. Let a complex sequence A be given as (2.4), and Let {Ly} be the
Miintz—Legendre polynomials defined by (2.5). Then,

Lp(z) = Ly_1(x) — (A + Ay + D)2 /1 M L, (H)dt oz e (0,1] (2.16)

Proof. Rewrite the recurrence formula (2.10) as

2Ly () = AnLn(z) = 2Ly _1(2) + (1 + An—1) L1 (2),

-

and multiply both sides by z=*»~! to get

(27 Lo(2)) = 2L, 4 (2) + (14 Auy)a ™ Ly ().
On taking the definite integral of the above on [z, 1], and using the fact that L (1) =
1 for all £ > 0, we have

1
l—a ™ Ly(x)=1—a""L,_(x)— / (t™) L1 (t) dt
! |
+ <)\n—1 + 1)/ t_)\n_an—l(t)dt7

T

which clearly implies (2.16). O

Another observation is that if 0 < \,, — oo very fast, then x = 1 is the unique

D Y R R W A T T T T e |



8 PETER BORWEIN, TAMAS ERDELYI, AND JOHN ZHANG

Corollary 2.9. If A = { )Xo, A1, A2, ...} is a nonnegative sequence such that
n—1
A=Y (142)),  n=1,23,..., (2.17)
k=0

then
|Ln(z)] < Lp(1) =1, xel0,1), n=2,3,4,.... (2.18)

Remark. If A\, = p¥, then (2.17) holds if and only if p > 2 + /3.

Proof. We assume Ao = 0. (The proof for Ay > 0 is essentially the same.) In this
case, Lo(x) = 1, and (2.18) fails for n = 0. From (2.17), Ay > 1, and A > 2+ A1
for k > 2. By (2.6),

n—1 n
Ii=o 1T+ X1 H T+ A1

[Ln(0)] = |co,nl = —Fm
Hj:l‘)‘j‘

by
j=1 !

Hence, |L1(0)] <1, and L,,(0) < 1 for n > 2. Now we use induction to show that
|L,(x)] < 1 on (0,1) for every n > 1. Indeed, for n = 1, because |L1(0)] < 1 =
Li(1), and Ly = cg1 + c1,12™ is monotone on [0,1], we have |L;(z)| < 1 on (0,1).
Assume that n > 2, and that |Ly(z)] < 1 for 1 < k < n — 1. Let = be a local
maximal point of |L,| in (0,1), then L/ (z) = 0. By Corollary 2.6, we have

k=0
Therefore,
1 n—1 n—1
| Ln(z)| = " ;(1 + 2M) Ly ()| < kzz()(l +20) /A, < 1. O

We finish this section by introducing the reproducing kernels. They are similar
to the Dirichlet kernels in the trigonometric theory, or to the reproducing kernels

for orthogonal polynomials (cf. [Sze, p. 40 |).

Corollary 2.10. Let A = {\g, A1, Ao,...} be as in (2.4), and let {L,} be defined
by (2.5). Then for every Miintz polynomial p(z) = > 1 _, agz™* in M, (A), we have

p(x):/o K, (x,t)p(t)dt (2.19)

where

Ko(o,t) =Y Li@) 0 (2.20)
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18 the nth reproducing kernel.

Proof. This is a well-known fact for orthogonal series. By orthonormality of L},

we have .
/ Ko(n. OLL(t)dt = LHH),  0<k<n.
0
Since {L§,..., L’} is a base of M, (A), the above is equivalent to (2.19). O
Later in §3 and §5, we will see the importance of K,, in polynomial inequalities,
and in the denseness of Miintz systems.
§3. INEQUALITIES FOR MUNTZ SYSTEMS

Let A = { Ao, A1, A2, ...} satisfy (2.4) and the collections of M (A) and M, (A)
be defined by (2.2) and (2.3). With the help of Miintz—Legendre polynomials, we
establish some inequalities for A—polynomials.

First, we record an estimate of a Miintz polynomial p and its derivative at a
point y € (0,1] in terms of its L? norm (||p||2 = (fol Ip(t)|2dt)/?).

Theorem 3.1. Suppose that A satisfies (2.4) and that {L}} are the orthonormal
Miintz—Legendre polynomials. Then for any A—polynomial p € M, (A) and any
v=20,1,2,...

N 1/2
P (y)] < [Z\LZ(”)(?J)IQI Ipll € (0,1], (3.1)
k=0

where the equality holds if and only if p(x) = consty_,_, LZ(V)(y)LZ(CU).

Remark. An equivalent expression of the above is

n 1/2
[Z \LZ(”)(y)IQI = max{ |[p")(y)| : p € Mn(A), [|pll2 = 1}, (3.2)
k=0

which, by letting n — oo, leads to

oo 1/2
[Z |LZ(V)(y)I2] =sup{ [p™ ()| : p € M(A), pll2 = 1} (3-3)
k=0

which may be finite or infinite. The above will be studied further in §5.

Proof. This is also a well-known consequence of the orthogonality of {L}} (cf. [Sze,
p. 39]). A simple proof is to use the reproducing kernel of Corollary 2.10 to get

1 ay
o Oy”
and then apply the Cauchy—Schwartz inequality. [

P (y) =

Kn(y,t)p(t)dt,  pe€ Mp(A)

We now focus on one of the principal results, the L? Markov inequalities for

\r* 44 1 1T 1 T e e e I'ANT_ 11



10 PETER BORWEIN, TAMAS ERDELYI, AND JOHN ZHANG

Theorem 3.2. Assume that A = {A\g, \1, Ao, ...} is given as in (2.4). Then,

1/2
n

sup lep"(@)ll < i I\l + i(l + 2Re)\) Z (14 2Re)\)) (3.4)

pEMy, (A) [Pl k=0 k=0 j=k+1

If in addition, A consists of nonnegative reals, then

n

1 & zp’(z)|l2 _ 1
Ve ];))\k < sup U2 o 7 > (1 42x) (3.5)

pGMn(A) ||p||2 k=0

where n is an arbitrary nonnegative integer.

Remark. Tt is easy to see that the imaginary parts of A\;’s does not affect the Markov
factor as much as their real parts. For example, if Ay = ik, then the Markov bound
on the right side of (3.4) is [Yr_, (k% + n — k)]*/2 = O(n®/?), while Ay = k gives
O(n?).

Proof. Let p € M, (A) be arbitrary, and ||p2 = 1. Then p(z) = Y ,_, arLi(x),
and HPH% = ZZ:O ‘ak’2 = 1. Thus,

xp' (z) = Zaka}:/ (z).
k=0

If we use the recurrence formula (2.12) for the terms :IJL}:/ in the above and rearrange

the sum, we get

n

xp' () = ajXj+/1+ X+ Z arV' 1+ Mg + M| Li(z).

k=0 k=j+1

Hence, fol |zp! ()P de = Y20 _glajA; + 241 ax V1 + X + Akl?. We apply the
Cauchy—Schwartz inequality for each term in the sum, and, on noting that >, _, |ax|* =

1, we get

1 n - n - 1 n
/ |z ()2 d < P @ +X) D T+ X+ M) | < 3 D (1420
0 j=0 k=j+1 j=0

The above proves (3.4) and the right half of (3.5). To prove the sharpness for the
case A\, > 0 (k > 0), we need to find a nontrivial A—polynomial p in M, (A), such
that

n 2
lep/|3 > C ( Zxk\ o2 (3.6)
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Lemma 3.1 suggests that a possible candidate is Y, _, L} (1)L} (), and indeed this

works. But a slight alternation makes the estimation easier. We consider

ZWZAk

By orthonormality of L;,, we have

n k n
/ p(z \dw—ZAk SN <[ Do) (3.7)
3=0 j=0
Now
n k n
wp' (@) =Y V| DA | eLi (@) = b, Li(a),
k=0 7=0 s=0
where by the recurrence formula (2.12)
k n k
b_A\FZA +/1+ 2 Z VAL H200) > 0> VA MDA >0
k=s+1 §=0 k=s  j=0
Hence,
2

/ lzp (x |da:—Z\b |2>Z)\ ZAkZA
n 5
= > D AN > > As e A A Ajr > % <kz )\k> :
=0

0<s<n 0<5<k 0<s<j<j' <k<k’'<n

s<k,k'<n 0<j'<k’

This together with (3.7) proves (3.6), and hence the left half of (3.5). O

84. ZEROS OF MUNTZ-LEGENDRE POLYNOMIALS

In [PiZi], the interlacing properties of zeros of the error functions of best LP (0 <
p < 00) is thoroughly studied. Many of those results can be applied to Miintz—
Legendre polynomials. Indeed, L, (z)/cp, = x* + -+ (cf. (2.6)) is the error
function of the best L? approximation to 2*» by Miintz polynomials in M, _1(A),
that is,

1
min x dr = ,
pGMnl(A)/ = )l (1+2Re),)|cn n|?

which is again a consequence of orthogonality (cf. [Sze, Theorem 3.1.2]). In this sec-

R T L T I T A A Y T, A Y R R



12 PETER BORWEIN, TAMAS ERDELYI, AND JOHN ZHANG

polynomials and their derivatives. Now it is natural to assume that \;’s are real
and that

A:{AO,)\l,)\Q,}C(—l/Q,OO), )\k#)\] (k#]) (41)

Since for every n > 0 the Miintz system {2**}7_, is a Chebyshev system, that is,
every nonzero polynomial p(z) = >_}'_,a, 2™ has at most n zeros in (0,1] (with
the zeros in (0,1) that do not change signs counted twice). (That is denoted by
Z(p) < n.) The interlacing properties are based on the following Lemma from
[PiZi].

Lemma 4.1. [PiZi, proposition 3.2.] Let ®, ¥ € C(0,1]. If for every real a and
B with o® + 32 > 0, the number of sign changes S~ (a® + BV) and the number of
zeros Z(a® + V) satisfy

n<S (a®+ pV) < Z(a® + pY¥Y) <n+1,

then the zeros of ® and ¥ strictly interlace.

Let A = {0, A1,..., A} be distinct and bigger than —1/2. Now the associated
Miintz—Legendre polynomial takes the form (cf. (2.6))

T2 (L+ A + M)

H?:(),j;ék()‘k -\ (4.2)

n

. _ A _

L(Xo,..., A\psx) = E ClnTF, Chon =
k=0

Either as a simple application of Lemma 4.1 or a direct citation of [PiZi, Theorem
1.1 and Corollary 2], we have
Corollary 4.2. If A is given as in (4.1), then, for everyn =0,1,2,...,

(1) L(Xoy---,An) has exactly n zeros in (0, 1);
(2) The zeros of L(Ao, ..., An—1) and L(Xg, ..., An_1, A\n) strictly interlace.

Now we show what happens to the zeros when the last index is changed. Roughly

speaking, if the last index becomes bigger, the zeros interlacingly shift to the right.
Corollary 4.3. Let A = {\o, \1,..., A} satisfy (4.1). Assume —1/2 < N5 #£ )\
fork=0,1,...,n. Then

(1) the zeros of L(Agy ..., An—1,An) and L(Xo, ..., An—1, A%) strictly interlace;
(2) if A\ < AL, then the zeros move strictly to the right, that is,

<z, -, xTp<x, (4.3)

where x7 < --- <z} and x1 < --- < x, are the zeros of L(Ag, ..., Ap—1, A})

71 T /() \ A 72 T A T e
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Proof. First we prove the interlacing property of the zeros of ® = L(Ag, ..., \n),
and ¥ = L(Ao,...,As). By orthogonality in (2.8), we have for every real a and 3
that

1
/ (a® + BU)z i dx = 0, j=0,...,n—1. (4.4)
0

We claim that S~ (a® + ¥) > n when o? + 32 > 0. Indeed, if the number of
sign changes of a® + SV in (0,1) is not bigger than n — 1, and we can choose a
nontrivial Miintz polynomial p(z) = ZZ;& arx™ such that it changes sign exactly
when a® + ¥ does. Accordingly, we may assume that (a® + S¥)p > 0 on (0, 1].
But by (4.4),

/0 (a®(z) + ¥ (x))p(x)dx =0

which can happen only when (a® + g¥)p = 0 on (0, 1], a contradiction. Clearly
Z(a® 4 ) < n+ 1 because {z?0,..., 2’ 2z*n} is a Chebyshev system. Hence
by Lemma 4.1, the zeros of ® = L(Ag,...,A,) and U = L()\g,...,\}) strictly
interlace. Secondly, we show as )\, increases to Ay, the zeros move strictly to
the right. Since the zeros strictly interlace, we see that they move to the right if
U (1)/¥(1) > ®'(1)/®(1). This is indeed the case, since by Corollary 2.7 |

v e

v e "
which is positive because A} > A,,. U

- )\na

We already know that L()g, ..., A,) does not depend on the order of appearance
of \g, ..., \,_1 if the last one is kept last. The next statement tells us what happens
if the last index A,, is swapped with a previous one \; where k < n, and the other
indices are the same. Again, the zeros interlacingly shift to the right if A\, > Ag.

Corollary 4.4. Let Ao, ..., Ak, ..., A\ > —1/2 be distinct. Then,
(1) the zeros of L(Agy ...y Aky--osAn) and L(Xg, ..., An,y ..., Ag) strictly inter-
lace;
(2) if A\, > Ak, then the zeros move strictly to the right, that is,

x <z, -, XTp<x, (4.5)

wherexy < -+ <z} andxy < -+ < x, are the zeros of L(Ag, ...y Apy oy Ak)
and L( Mo, ..., Mgy, An) in (0, 1), respectively.

Proof. The proof is almost identical to that of Corollary 4.3. Let ® = L(Ag, ..., Ak, - -

and U = L(Xg, ..., Any..-, Ak). Then n — 1 < S™(a® + B¥) < Z(a® + V) < n,
and Lemma 4.1 proves the interlacing property of the zeros. Also by Corollary 2.7

’ () @)
U(1)  @(1) =An = Ay

and we conclude that the zeros move strictly to the right if the last index A, is

swapped with a smaller previous index A\p. [

A 1T * " 1Y A O Y AA LYY Y



14 PETER BORWEIN, TAMAS ERDELYI, AND JOHN ZHANG

Theorem 4.5. Let {\o, ..., \n} and {po, ..., un} satisfy (4.1). Then

(1) iof max{Ao, ..., A\n} < min{ug,..., pn}, then the zeros of L(ug, ..., pun) lie
to the right of the zeros of L(Xg, ..., \p);

(2) if Ao <+ < Ap and pog < -+ < pin, and pg > Ao, .., fn > An, then the
zeros of L(piy, ..., o) (note the reversal of the uy) lie to the right of the
zeros of L(Xg, -+, A\n). In particular, if \g < -+ < Ay, then the zeros of

L(An, ..., o) lie to the right of L(Xg, ..., An).

Proof. (i.) The zeros of L(g, - . ., fin—1, fin) lie to the right of the zeros of L(ug, - - -, fin—1, Ao)
by Corollary 4.3 because u, > Ag (strictly to the right, if u, > A¢), and the ze-
ros of L(po, ..., tn-1,Ao) lie to the right of L(uo, ..., ttn—2, Ao, in—1), because of
tn—1 > Ao and Corollary 4.4. Hence the zeros of L(puo, ..., it,) lie to the right of
L(Xo, 10, - - -5 tn—1), because keeping the last index last, and permuting the previ-
ous indices does not affect the Miintz—Legendre polynomial. Now in the similar
fashion, we replace p,—1 by A1, and swap A; with u,_o, we get that the zeros of
L(Xo, 10, - - -5 in—1) lie to the right of L(\g, A1, po, - - -, pin—2). Repeating the pro-
cess, until all u’s are replaced, and the first part follows.

(ii.) This part is very much the same as (i). Corollary 4.3 implies that the zeros
of L(fin, ..., 1, o) lie to the right of those of L(up,- .., p1, Ao) because pg > Ao.
Whereas Corollary 4.4 implies that the zeros of L(fiy, ..., 11, Ao) lie strictly to the
right of L(pn, ..., o, Ao, 1) because p1 > Ag. Hence the zeros of L(uy,. .., po) lie
to the right of L(\o, ftn, - ., u1). Similarly, the zeros of L(\g, pin, - - ., 1) lie to the
right of those of L(Ag, A1, fin, - .-, p2), and we can keep doing this until all p’s are
replaced by \'s. [

The interlacing and lexicographical properties of zeros also hold for the deriva-
tives of Miintz—Legendre polynomials. Now we will have a restriction on the index

set A: Ao = 0, which is to ensure that the derivative has one less zero.

Theorem 4.6. Let A = {\g, \1, Ao, ...} satisfy (4.1), and A\g = 0. Then for every
n >0,

(1) the zeros of L'( Aoy ..., An—1) and L'(Xo, ..., An_1, An) strictly interlace;

(2) if \f # Mg, kK =0,1,...,n, then the zeros of L'(Xg, ..., An—1, A\n) strictly
interlace those of L' (Ao, ..., Ap—1,A%) form > 1. If A\, > 0,k=0,1,...,n,
and N, > A, then the zeros of L' (Ao, ..., An—1,AL) lie strictly to the right
of those of L' (Ao, .-, An—1,\n);

(3) for every k = 0,1,...,n — 1, the zeros of L'(Ag,..., Ag,...,An) strictly
interlace, and when X\, > A\ they lie strictly to the right of the zeros of
L'Mos s Amy ey AR);

Before getting into the proof, let us point out that in the proof of Theorem 4.5,

1 _ . . rrPT™M. . A OTY
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Corollary 4.7. Let \g = o =0, and A\ > 0, ur, >0,k =1,2,...,n. Then

(1) ¢f max{A1, ..., \pn} <min{puq,...,un}, the the zeros of L' (o, - . ., jin) lie to
the right of L' (Ao, - - -, An)-

(2) if0=X <A1 < <A, 0=ppg < 1 <+ < fUp, and b1 > A1y, i >
An, then the zeros of L' (fn, - .., po) lie to the right of L'(Xo, ..., An).

The proof of Theorem 4.6. depends on the following auxiliary Lemma, which
specifies what kind of orthogonality the derivatives of Miintz—Legendre polynomials

satisfy.

Lemma 4.8. Let {)\o,..., \n} satisfy (4.1). Then

1
/ L'(Xoy -y A 2)q(z)de =0
0

where q is in the linear span of {1,z 0+t . a M+ with ¢(0) = ¢(1) = 0.

Proof. This follows directly from integration by parts. Denoting L(\g, ..., A,) by
®, then

Letting € — 0, the second term on the right tends to zero because of of orthogonality
of ®, and because ¢ is in the linear span of {z*°,..., 2* -1}, The first term also
tends to zero, because ¢(0) = ¢(1) =0. O

Proof of Theorem 4.6. (i.) Let ® = L(Ao,...,A\p—1) and ¥ = L(Ag, ..., A,). Since
Mo = 0, we see that a®’'+ 3V’ is in Span{z*~1,..., 2*»~1} which has at most n—1
zeros in (0, 1), namely, Z(a®’ + B¥’) < n—1 when a? + 32 > 0. For the number of
sign changes in (0, 1), we have S~ (a®’ 4+ SU’) > n — 2, since otherwise, S~ (a®’ +
BY¥’) < n — 3, and we can choose a ¢ in the linear span of {1,z*F! ..  gA»-2}
such that ¢(0) = ¢(1) = 0, and ¢ changes sign only when a®’ 4+ U’ does. Without
loss of generality, we can assume that (a®’ + f¥’)g > 0 on (0, 1) except at finitely
many points. This is a contradiction to Lemma 4.8. Hence we have n — 2 <
ST (ad 4+ pYV') < Z(a®' + ¥') < n —1, and by Lemma 4.1, the zeros of " and
U’ strictly interlace.

(ii.) Let ® = L(Xo,---, An—1,An) and ¥ = L(Ao, ..., A\p—1, A%). The interlacing
property of zeros of ® and W’ is proved in the same way as in (i) with the obvious
modification:

n—1<S (a® +B¥) < Z(ad' + pY') < n.

To see how the zeros move, we compare ®”(1)/®’(1) and ¥"”(1)/¥’(1). ;From
Corollary 2.7, we get

x/71\ \ e T 71\ ANk | (Y



16 PETER BORWEIN, TAMAS ERDELYI, AND JOHN ZHANG
where S = 770 (14 2)), and

P"(1)= Ny — DM\ + 5) + A, U7(1) = (\; —1)(A\:+S) + A,
with A = 22;3(1 +2)\k) ()\k + Z;:é(l + 2)\j)) . A calculation shows that

V() (), - A
() eN(1) (= 2n) [1 (A +S)(An +9) ]

Since A\ > \,, and A < S?, we conclude that ¥ (1)/¥’(1) > ®"(1)/®'(1), which
means that the zeros of ¥’ lie strictly to the right of ®’.

(iii.) Recall that in L(\g,..., \,), a permutation of the first n indices (keeping
the last index )\, last) does not change the Miintz—Legendre polynomial, so we can
assume without loss of generality that kK =n — 1. Let ® = L(\g, ..., \n—1, An) and
U = L(Ag,...,An, An—1). The interlacing property of zeros of ® and ¥’ is proved

in the same way as in (i) by showing that
n—2< 8 (ad + BY) < Z(ad + pT) <n — 1.

As for the lexicographical property of zeros of ® and W', we apply Corollary 2.7 to
get ®'(1) = Ay +142X,1+S, V(1) = A1 + 142X, + 5, &7(1) = (N, —1)P'(1) +
(14+2M—1)( A+ 95)+ A, and ¥’ (1) = (N1 — 1) W' (1)+(142X,) (A, +5)+ A, where
S =312+ 2M), and A = Y722 (14 2)) ()\k + Z;:é(l + 2)\3')) . Calculation
shows that

V(1) ®'(1) et — A)(A =52 — (An + Aee1)S — Asdno1)

U(1)  o(1) (1)®'(1)

Since A, > A1, A < 82, and ¥/(1)®'(1) > 0, we have U”(1)/¥’(1) > ®"(1)/®'(1),
which implies that the zeros of ¥’ in (0, 1) lie strictly to the right of those of ®’. [

Finally in this section, we give rough and yet in some cases sharp estimate for the
smallest and largest zeros of Miintz—Legendre polynomials via the help of Laguerre

polynomials (cf. Corollary 2.3).

Corollary 4.9. Let \g > —1/2,..., A, > —1/2. Assume that x1 < --- < x,, are
the zeros of L(Xg, ..., A\n) in (0,1). Then,

2
An+2

e~ TF2A <x1<~--<xn<em, (4.7)
where Ay = min{ g, ..., \n}, A* = max{Ag,...,\,} and j1 > 37/4 is the smallest
positive zero of the Bessel function Jo(2) = > e o(—2%)%/(k12F)2,

T

Proof. Let L,, be the nth Laguerre polynomial with respect to the weight e~
(0,00), and let the zeros of L,, be z; < -+ < z,, then we have (cf. [Sze, p. 127-131])

on

9
JI e e Ap O (4 R)
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where the upper estimate is asymptotically sharp, and the lower estimate is sharp
up to a constant(not exceeding 4*/(972)). Since n is fixed, we let € > 0 be suffi-
ciently small that A, — ne > —1/2. Then all the zeros of L(\g,...,A,) lie to the
right of those of L(Ai, Ax —€,..., A\x — ne) by Theorem 4.5(1). ;From the contour
integral formula (2.5), L(As, Ax — €, ..., A\x — ne) tends to L(As, As, ..., Ax) uni-
formly on closed subintervals of (0,1] as € — 0. Recalling that (cf. Corollary 2.3)
L, My ooy X)) = 2L, (—(1 +2),)logz), we conclude that x; > y;, where 1
is the smallest zero of L(A«, As,...,A). Since z, = —(1 + 2\,) logy;, combining
this with (4.8) we get

—zn _ 4An+42
X1 Z Yy = el+2xs > e I1+2X4 ,

which is the left half of (4.7). Similarly, we can claim that all zeros of L(Ag, ..., An)
lie to the left of zeros of L(\*,...,\*) = 2" L, (—(1 + 2)\*)logz), which implies
that z,, < exp (—jf/(1+2X\*)(4n+2)). O

§5. CHRISTOFFEL FUNCTIONS

Christoffel functions have been intensively studied, and their utility in orthogo-
nal polynomials and approximation theory can be illustrated by their relation with
polynomial inequalities, interpolation theory, quadrature formulas, zeros of orthog-
onal polynomials, etc (cf. [Nev3]). In this section, we will study some inequalities
of Christoffel functions for Miintz—Legendre polynomial, and some of their applica-
tions.

We assume that A = {\g, A\1, \g, ...} satisfies

O=X < A <A<+ — 40 (51)

The Christoffel function for the Miintz system M (A) with respect to the Lebesgue
weight is defined by either side of the following equality
: wr [ e (5.2
— ” = in P .
D oheo [ Li(@)? peM®)p@)=1Jy

which is a well known consequence of the orthogonality (cf. [Sze, p. 39]). If the

infimum is taken just over M, (A), then we have

1 1 ,
= ' t)| dt '
S0 L@ ped.(A)p(e)=1 / [p(®)[* dt, (5:3)

and either side can be called the nth Christoffel function. On recalling the re-
producing kernel (2.20), we see that 1/K(z,z), and 1/K, (x,z) are what we just
defined (cf. (3.2) and (3.3)). For convenience, we will defy the section title a little
by stating results in terms of the reciprocal of the Christoffel functions, namely, in
terms of K(z) = K(z,z) and K, (z) = K,(z,x).

The classical Miintz theorem characterizes the denseness of M (A) by the diver-

gence of the series Y ;7 A\;'. Now we can connect the Christoffel functions with

1 1.



18 PETER BORWEIN, TAMAS ERDELYI, AND JOHN ZHANG

Theorem 5.1. Let A = {0 =Xy < \; < --- — oo}. The the following are equiva-

lent:

(1) M(A) is not dense in C[0,1] in the uniform norm;

(2) Yol At < +oo;

(3) There is an x € [0,1), such that Y oo o |Lj(z)]* < 4o0;

(4) > v |Li(z)]? converges uniformly on [0,1— €] for every 0 < e < 1.

The right endpoint 1 is quite different, where we always have (cf. (2.9) and
(2.14)) K(1) = Y0201 LE(1)]* = >p2 (1 + 2X,) = 4oo. The following lemma
is extracted from the proof of [ClEr, Theorem 3|, see also [Bor, Lemma 2.
estimates the function values and derivative values of A—polynomials on [0,1 — €]
by their L?[0, 1] norms. The proof of Theorem 5.1 will follow this.

Lemma 5.2. Let A ={0=X\g < A1 <--- — o0} be an integer index sequence with
ooy )\,;1 < 4o0o. If v >0 is a fized integer such that for k =0,1,...,v, either \g

s an integer or A\, > v, then
1/2
max ] \p(”) ) <C (/ Ip(x ) ,  for every p € M(A) (5.4)
z€[0,1—¢
where 0 < e < 1, and C = C(A,¢,v) is a constant.

Proof. Since Y -, )\,;1 < 400, from the proof of [ClEr, Theorem 3|, for every
e > 0, there is constant Cy = Cy(A,e) > 0 such that for every A-polynomial
p(z) = 1_,apz™* and every n that

lax] < Co(1+ )™ (/ p( \da:)

Note in particular that Cj is independent of n and p. Hence,

/2

/2

P (2)] <Y larlAfa T < Co (14 (/ [p(@)] d:v) kY,
k=0

If z €[0,1—¢], then (1+€)z <1 — €2, and the above implies that

1/2

@) < Gt +9" - ([ nioPar)

k=0

Therefore, (5.4) holds with C(A,€,v) = Co(1+€)” Y pe (1 —e2)*k”. O

A e Y Y T Y YO NTC T Yt ey
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Corollary 5.3. Under the condition of Lemma 5.2,

max ]<C/ Ip(z)|dx, p € M(A)

x€[0,1— d
where C' = C(A, €) is independent of p.

Proof. Consider the new Miintz system {1,z*F! zM+1 1 and apply Lemma
5.2 with v = 1 for those Miintz polynomials [ p(t)dt with p € M(A), and use the
simple fact that | [ p(t)dt| < fo lp(t)| dt. O

Proof of Theorem 5.1. The equivalence of (i) and (ii) is the classical Miintz—Szasz
Theorem. We will follow (ii) = (iv) = (iii) = (i).

(ii) = (iv). Since Y oy Ay ' < 400, we have by Theorem 3.1 that for every
x € ]0,1] that

STIL (@)2 = sup{ [p) (2)[? - p € M(A), / p(z)de =1} (5.5)
k=0 0

Hence by Lemma 5.2, for every € > 0, there is a constant C' = C(A, €) such that

Yo ILr@Psc Y@ <c (5.6)
k=0 k=0
Since
LS @) = Y L@ @), (57)
k=0 k=0

on applying the Cauchy—Schwartz inequality and (5.6), we see that (5.7) is uni-
formly bounded by C for z € [0,1 — €], and n > 0. Therefore, Y ;_,|L*(z)|* is
equi—continuous for n = 0,1,..., which implies the uniform convergence of K,, to
K on [0,1 — €] by the Arzela—Ascoli Theorem.

(iv) = (iii) is trivial; We now finish the proof by demonstrating (iii) =
(i). Assume for some zy € [0,1] that K(zp) < +oo. Then M(A) fails to be
dense in C[0,1]. Otherwise, let f € C]0,1], such that |f(xo)|* > K(x¢) + 2, and
fol |f(2)]? = 1. Then by the density assumption, there is a p € M(A), such that
Ip(x0)]> > K(x0) + 1 and fol |p(z)|?dz = 1, which means that sup{ |p(xq)| : p €

A),fo1 Ip(x)|?dx = 1} > K(x) + 1. By (5.2)—(5.3) or Theorem 3.1, the above
leads to K(z¢) > K(z¢) + 1, a contradiction. [J

Actually when M (A) is not dense, the uniform convergence also holds for higher

I DY T T T B D S ¥ raY
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Theorem 5.4. Let A = {0 < A\g < A1 < ...} be a sequence of integers with
S At < 4oo. Then

Z}LZ(V)(x)lg converges uniformly on [0,1 — ¢ (5.8)

for everyv =0,1,2,... and every 0 < e < 1.

Proof. The method is exactly the same as in the proof of (ii) = (iv) of Theorem
5.1. Using Lemma 5.2 to get the uniform boundedness of the series in (5.8) and
the uniform boundedness of Y ;- |LZ(V+1)|2 on [0,1 — €], which implies the uni-
form boundedness of <L 3™ ]LZ(V)(:I:)\Q on [0,1 — €] because of Cauchy-Schwarz
inequality. And now the Arzela—Ascoli Theorem completes the proof. [

Immediately from Theorem 5.4, we have that the orthonormal Miintz—Legendre
polynomials in the above situation tend to 0 uniformly on closed subintervals of
[0,1). Whereas for orthogonal polynomials {p,} orthonormal with respect to a
measure supported on [0,1], only the relative growth [p,|?/ > 1_, |px|? tends to 0
uniformly on [0, 1] (cf. [NTZ, NeZh, Zhal).

Corollary 5.5. If 0 = Mg < A\1 < -+ — o0, and the associated Miintz system is
not dense in C[0,1]. Then

lim max |L; (V)( ) =0
k—oo z€[0,1—€]

holds for every 0 < e <1 and everyv =10,1,2,....

When the index sequence is lacunary, that is,
inf{)\kJrl/)\k: k:0,1,2,...}> 1, (59)

we can say more about the boundness of the function K. To do this, we first give
a bounded Bernstein—type and a bounded Nikolskii—type inequality for a lacunary
system (cf. [BoEr2, Theorem 3.1]).

Lemma 5.6. Let A ={0= X\ < A1 < A2 <---} be lacunary as in (5.9). Then

@) < 7 max p(O] 7€ [0,1),pe M(A), (5.10)
and
Ip( / Ip(t)|dt x €[0,1),pe M(A) (5.11)

hold with the constant C' = C( depending only on the system.

Proof. The inequality (5.10) comes from [BoEr2, Theorem 3.1]. For (5.11), consider
the new lacunary sequence A* = {0,1+4 Ao, 1+ A1,...}, and apply (5.10) for those
Miintz polynomials in M (A*) which are indefinite integrals of p € M (A). O
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Theorem 5.7. Let A = {\g, A1, A2,...} be lacunary. Then there is a constant
C = C(A), such that

K@) =3 L) < —

k=0 m, x € [071)

Proof. Since A is lacunary, applying Lemma 5.6, we get

2

o) < oo ([ tolar) < S [ wtoa

By (5.2)—(5.3) or (3.1)—(3.3), we have K(z) < C/(1 —2z)%2. O

Asa

last observation in this paper, we point out that there is a sequence x,, — 17,

such that K (z,,) > C1/(1—x,,). Indeed, let ,, = 1—1/),, and consider p(z) = 2.
Then by (5.2)-(5.3) or Theorem 3.1, K(z,) > p(z,)?/|Ipl3 = 22X 2\, + 1) =
(1—1/X)22(2)\, +1) > C1 A\, > C1 /(1 —zy,), where Cp = inf{(1—1/),)*» : n =

1,2,3,.

And

Bor.
BoErl.
BoEr2.

BoSa.

Che.

Chi.

ClEr.
FeNe.

Frel.
Gol.

Lev.

MSS.

Nev3.

NTZ.

NeZh.

Newl.

New?2.

PiZi.

..} >0.
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