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ABSTRACT. This paper considers the trigonometric rational system

{1 1+sint 1+sint }

’cost—al’cost—ag.”

on R(mod 27) and the algebraic rational system
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on the interval [—1,1] associated with a sequence of distinct real poles (ar)p—; C R\ [-1,1].
Chebyshev polynomials for the rational trigonometric system are explicitly found. Chebyshev
polynomials of the first and second kinds for the algebraic rational system are also studied,
as well as orthogonal polynomials with respect to the weight function (1 — w2)_1/2. Notice
that in these situations, the “polynomials” are in fact rational functions. Several explicit
expressions for these polynomials are obtained. For the span of these rational systems, an
exact Bernstein—Szegd type inequality is proved, whose limiting case gives back the classical
Bernstein-Szegd inequality for trigonometric and algebraic polynomials. It gives, for example,
the sharp Bernstein—type inequality

P/ (2)] < Z VO~
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k=1

where p is any real rational function of type (n,n) with poles a € R\ [—1,1]. An asymptoti-

cally sharp Markov—type inequality is also established, which is at most a factor of 5 away

from the best possible result. With proper interpretation of \/ — 1, most of the results are
established for (ax)z2; C C\ [~1,1] in a more general setting.
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§0. INTRODUCTION

Let K be either the interval [—1, 1] or the unit circle (which is identified as R (mod 27)
via the mapping z = ). A Chebyshev system {uy}+_, on K is a set of N + 1 continuous
functions on K, such that every nontrivial linear combination of them has at most N

distinct zeros in K. A Chebyshev polynomial

T, =apup +ajus +---+a,uy, (0.1)

for the system is defined by its equioscillation properties (cf. [Ach, Che, DeLo, KaSt, Lor,
Riv]). More specifically, when K is the unit circle, N must be even (N = 2n, cf. [Lor, p.
26]), T, has L*°(K) norm 1, and it equioscillates N times on K. That is, there are points

0<zo<a1<---<zxy_,<2m (0.2)
so that
Ty (zj) = £(-1) max |7, (z)| = +(—-1), j=0,1,2,...,N—1. (0.3)
e

When K is the interval [—1, 1], T, again has L°>°(K) norm 1, and it equioscillates N + 1

times, that is, there are points

1>xg>21 > - >x, >—1 (0.4)
so that
T, (z;) = (~1) max|T, ()| = (-1, j=0,12,...,N. (0.5)
re

In this case the Chebyshev polynomial is also unique and a;lTN can be characterized as

the only solution to the extremal problem

mi:% {lIpllzoc(=1,1) 1 p = cotig + crus + -+ + ey Uy, + Cpuy, ¢y =1}
€
OgjﬁN

cf. [Lor, KaSt]). So the best uniform approximation to u, by linear combinations of uy,
ULy ovny Uy, IS Uy — aNlTN.

Typical examples of the Chebyshev systems are the trigonometric system
{1, cost, sint, ...,cosnt,sinnt}, t € 0,2m) (0.6)
on the unit circle, and the algebraic polynomial system

{1, z, 2%, 23,..., 2"}, x € [—1,1] (0.7)
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on the interval [—1, 1].

For the trigonometric system (0.6), the Chebyshev polynomials are
cosnt = (e + ") /2, sinnt = (e — e~ /(2d), (0.8)
and their linear combinations or shifts
V(t) = cos(nt — a) = cos acos nt + sin a sin nt. (0.9)

Note that the Chebyshev polynomials for the system (0.6) are not unique. In addition to

the equioscillation property, they satisfy various identities

(cosnt)’ = —nsinnt, (sinnt)’ = ncosnt, (0.10)
and
cos? nt + sin® nt = 1, V()2 +n?V(t)? = n? maﬂé<|V(7‘)|2, (0.11)
TE

where V is a linear combination of cos nt and sin nt. The Bernstein—Szeg6 inequality asserts
that

P(1)? +np(t)* < n? max [p(7)[? (0.12)

for all real trigonometric polynomials p of degree at most n, that is, for all p in the real
span of (0.6), and the equality holds if and only if p is a linear combination of cosnt and
sin nt.

The Chebyshev polynomial T, for the system (0.7) on [—1, 1] is obtained from a Cheby-

shev polynomial (cosnt) for the trigonometric system (0.6) by the transformation
x = cost, x € [-1,1], t € [0,7], (0.13)
and therefore we get
T, (z) = cos(n arccos ), z € [-1,1]. (0.14)

This is the unique Chebyshev polynomial for the algebraic polynomial system (0.7). Indeed,

it is easy to verify that 7;, equioscillates n + 1 times on [—1, 1], since

Tn(.’lf]) = (_1)] {Iia)il |Tn($)‘ = (_1)]7 'CCj = COS(jﬂ'/TL), j = 07 1727 oM

The Chebyshev polynomial of the second kind is defined by

U, (z) =sin((n + 1)t)/sint, x = cost, x € [-1,1], t € [0, 7] (0.15)
3



and (1—22)'/2U, () satisfies the equioscillation property. The Bernstein-Szegé inequality
(0.12) can be converted to the algebraic system (0.7) by the transformation (0.13) and so
we have

(1—a2?)p'(x)* + n’p(z)* < n? max p(y)|? (0.16)
ye|—1,

for all real algebraic polynomials of degree at most n, where the equality holds if and only
if p is a constant multiple of T;, in (0.14). This inequality combined with an interpolation
formula can be used to obtain the Markov inequality (cf. [Lor, Riv])
'(z)] < n? 0.17
(e [p(@)] <7 max |p()) (0.17)
for all real algebraic polynomials of degree at most n. Since T/, (1) = n?, (0.17) is sharp.
The Chebyshev polynomials 7T;, also form an orthogonal system on [—1, 1] with respect to

the weight function
(1 — 22)~1/2. That is,

1
dx
T, (x)T, () ——— = CnOm.n, n,m=0,1,2,..., 0.18
| T2 = i (0.18)
where ¢ =7, and ¢, =7w/2 for n=1,2,3,....
It seems that (0.8) and (0.14) are essentially the only families of Chebyshev polynomials
with known explicit expressions. However, explicit formulae for the Chebyshev polynomials

for the trigonometric rational system

1+sint 1+sint 1+sint
{1, i , i sy s } , t € 0,2m) (0.19)
cost —ay cost— as cost — ay
and therefore also for the rational system
1 1 1 1
{1, , , yee ey }, x € [—1,1] (0.20)
r—ay T —az T — as r — Qp

with distinct real poles outside [—1,1] are implicitly contained in [Ach, p. 250]. By
constructing a finite Blaschke product (which corresponds to e in (0.8)), we can derive
analogue Chebyshev polynomials of the first and second kinds for these systems. We
encounter a problem of language that our Chebyshev “polynomials” here are actually
rational functions. A pleasant surprise is that almost all properties parallel to (0.8)—(0.18)
hold in this case. The classical results are the limiting cases of the results on letting all
the poles go to Fo0.

In this paper, we give several expressions of the Chebyshev polynomials associated with

the rational systems with fixed poles {a;}72; C R\ [—1, 1] and the orthogonal polynomials
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with respect to the weight function (1 — x2)~%/2. A mixed recursion formula is then
obtained for the Chebyshev polynomials. Most of the results in this paper are formulated
in a more general setting, allowing arbitrary (possibly repeated) poles in C\ [—1, 1].
Highlights of this paper include an exact Bernstein—Szeg6 type inequality for the rational
systems (0.19) and (0.20) which generalizes the classical inequality from the trigonomet-
ric polynomials to the rational trigonometric functions (and which contains the classical
inequality as a limiting case). An asymptotically sharp Markov—type inequality for the

rational system (0.20) is also established, which is at most a factor of "+ away from best
possible.

Chebyshev polynomials are ubiquitous and have numerous applications, ranging from
analysis, statistics, numerical methods, to number theory (cf. [Ach, Che, DeLo, GoVa,

IsKe, KaSt, Lor, Riv]), and so their rational analogues should also be of interest.

§1. CHEBYSHEV POLYNOMIALS OF THE FIRST AND SECOND KINDS

We are primarily interested in the linear span of (0.20) and its trigonometric counter
part obtained with the substitution z = cost. Denote by P, the set of all real algebraic
polynomials of degree at most n, and let 7, be the set of all real trigonometric polynomials

of degree at most n. Let

Pn(CLl?aQ? .. '7an) = n p(x> pE Pn (1 1)
[T [z — ag|
k=1
and
t
Tn(ar,ag,. .. a,) = p(t) p€E€Thp, (1.2)

n
I] |cost — ay|
k=1

where {a;}7_; C C\[—1,1] is a fixed set of poles. (This will be an assumption we put on
{ar}}_, throughout this paper.) When all poles {ay}}_, are distinct and real, (1.1) and

(1.2) are simply the real span of the following two systems

1 1 1
{1, , e }, (1.3)
r—aiy T — a2 T — ap
and
171:i:sint,1j:sint7“', 1+sint , (1.4)
cost —a; cost— as cost —ay
respectively.



We can construct the Chebyshev polynomials of the first and second kinds for the spaces
Pn(ar,asz,...,ay) and Tp(a1,asz,. .., ay,) as follows. Given {ay}y_; C C\[-1,1], we define

the numbers {c;}}_; by

1 _
ap = i(ck + Ck1>7 |Ck| < 17 (15)

cp =ar —/az —1, o] < 1. (1.6)

Note that (ax + \/a; — 1)(ar — y/ai — 1) = 1. In what follows, \/a; — 1 will always be

defined by (1.5) or (1.6) (this specifies the choice of root). Let D ={z € C: |z| < 1},

that is,

n 1/2
Mn(z) = <H(Z - Ck)(z - Ck)) > (17)

k=1

where the square root is defined so that M*(z) = 2" M,,(27!) is analytic in a neighborhood
of the closed unit disk D, and let

My (2)

fulz) = M, (1) (1.8)

Note that f2 is actually a finite Blaschke product. The Chebyshev polynomials of the first
kind for the systems P, (a1, as,...,a,) and T,(a1,as, ..., a,) are defined by

To(@) = = (fu2) + ful2))), o= %(z—i—z‘l), 5 =1, (1.9)

N =

and

T,(t) = Ty(cost), teR, (1.10)

respectively. While the Chebyshev polynomials of the second kind for these two systems
are defined by

() = OIS, =, (111
and
Un(t) = Uy (cost)sint (1.12)

(compare with [Ach, pp. 250-251]). As we will see, these Chebyshev polynomials preserve
almost all the elementary properties of the classical trigonometric and algebraic Chebyshev

polynomials. This is the content of the next three results.
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Theorem 1.1. Let T}, and U, be defined by (1.10) and (1.12) from {ax}p_; C C\[-1,1].
Then

(a) Tn € 7;1(91,@2, ce.yap) and Un EN%(CLLCLQ,...,CL”).
(b) max T, (t)| =1, and max |Un(t)] = 1.

—n<t<m

(c) There are 0 =ty <ty <--- <ty =m so that

o
—~
~
<
S~—
I
%
~
L
<
S~—
I

(-1, 7=0,1,2,...,n.
(d) There are 0 < 51 < §9 < -+ < 8§, < T So that

Upn(sj) = =Up(—s;) = (=1)7Y, j=1,2,...,n.
(€) Tn(t)2 +U,(t)2 =1 holds for every t € R.

Proof. 1t is easy to see that there are polynomials p; € P,,, p2 € P,, and p3 € P,,_1 so that

- 1 e—intMQ(eit) + eintMQ(e—it> p1 (COS t)
T,(t) =1, t) == e I = —5 1.13
®) (cost) 2 M, (e®*) M, (e~*) [Ti—q|cost — ax] (1.13)
and int D2 (i) — eint 2 (e=it)
— e—ln M eZ _ eln M e—Z
U,(t)=U, t)sint = — . =
(t) (cost) sin 2iM,, (i) M, (e~
~ pa(sint)  p3(cost)sint (1.14)
ok ok ’
Il [cost—aj| [ |cost—aqyl
j=1 j=1

thus (a) is proved. Since |cx| < 1 and f2 is a finite Blaschke product (cf. (1.8)), we have

|fn(2)| =1 whenever |z| = 1. (1.15)

Now (b) follows immediately from (1.8) — (1.12) and (1.15). Note that T,,(¢) is the real
part and U, (t) is the imaginary part of f,(e’), that is,

fn(e®) =T, (t) +iU,(t), tER, (1.16)

which, together with (1.15) implies (e). To prove (¢) and (d), we first note that 7}, (¢) = +1
if and only if f,(e®) = &1 and U, (t) = %1 if and only if f,(e") = 4. Since |cx| < 1, for
k=1,2,...,n, f2 has exactly 2n zeros in the open unit disk D. Since f?2 is analytic in a

region containing the closed unit disk D, (c) and (d) follow by the Argument Principle. [

With the transformation z = cost = (z + 271)/2, and z = €, Lemma 1.1 can be

reformulated as follows.
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Theorem 1.2. Let T, and U, be defined by (1.9) and (1.11) from {ax};_, C C\ [-1,1].
Then

(a) T,, € Py(ay,a9,...,a,) and Uy, € Pp(ay,asz,...,a,).
(b) max_1<z<1 |[Tn(2)] = max_1<z<1 [V1 — 22 Uy ()| =
(c) There are 1 =xg > x1 > -+ >z, = —1 so that

Tn(xj):(_]')Jv J=0,1,2,....n

(d) There are 1 > y; > ys > -+ >y, > —1 so that

V1= Unly;) = (1), j=12,...,n
(e) (Th(2))?>+ (V1 —22U,(x))* =1,z € [-1,1].

Part (d) of Theorems 1.1 and 1.2 is the equioscillation property of the Chebyshev polyno-
mials, which extends to linear combinations of Chebyshev polynomials. In the polynomial
case this is the fact that cosacosnt + sinasinnt = cos(nt — «) equioscillates 2n times
on the unit circle [0,27]. Our next theorem characterizes the Chebyshev polynomials of

Tn(ay,as,...,ay,) and record a monotonicity property of them.

Theorem 1.3. Let {ax}p_, C C\ [-1,1]. Then (i) and (ii) below are equivalent.

(i) There is an a € R so that
V = Cosafn + Sina(}n,

where T,, and U, are defined by (1.10) and (1.12).

(ii)) V € Ta(ay,az,. .., ay,) has supremum norm 1 on the unit circle and it equioscillates
2n times on the unit circle. That is, there are 0 < tg <t < tg--- < tg,_1 < 27 S0
that

V(t))==+(-1), j=0,1,2,...,2n— 1.

Furthermore, if V' is of the form in (i) (or characterized by (ii)), then
(iii) V' = cosaT’ + smaU’ s strictly positive or strictly negative between two con-

secutive points of equioscillation, that is, between t;_1 and t;, for j =1, 2,

2n — 1, and between to,_1 and 27 + tg.
Proof. (i) = (ii). By Theorem 1.1 (e) and Cauchy’s inequality, we have

|cosa T, + sina Uy|? < (cos? a + sin? a)(T2 4+ U?) = (1.17)
8



on the real line. From Theorem 1.1 (c) and (d), we have that 7}, /U, oscillates between

+00 and —oo exactly 2n times on the unit circle, and hence it takes the value cot « exactly
2n times. At each such point, (1.17) becomes equality, namely, cosaT + sin « U = +1,

and the signs change for every two consecutive such points.

(il) = (i). Let V be as specified in part (ii) of the theorem. Let ¢, be a point
where V' achieves its maximum on R, so V(ty) = 1. We want to show that V is equal to
p=T,(t: )T, + Up(ts)Uy. In fact, V(t.) = p(t.) =1 and V'(t.) = p'(t.) = 0, that means
that V' — p has a double zero at t,.. There are at least 2n — 1 more zeros (we count every
zero without sign change twice) of V' — p, with one between each pair of consecutive points
of equioscillation of p if the first zero of p to the right of t, is greater than the first zero of
V to the right of ¢,. (If the first zero of V to the right of ¢, is greater than the first zero of
p to the right of t,, then there will be one zero of p — V' between each pair of consecutive
points of equioscillation of V.) This implies that V' — p has at least 2n + 1 zeros (counting
multiplicities), proving that V —p = 0.

(iii) Let V € T,(a1,az,...,a,) be so that ||V||L~®) = 1 and V equioscillates 2n times
between +1. If there is a ¢, € [0,27) so that |V (¢.)| < 1 and V'(¢.) = 0. Then there is a

trigonometric polynomial ¢ of degree n, so that

_ q(t)
[Tizy [cost —ax|

Since ¢ has the same sign as V' at those points of equioscillation, there are at least 2n
distinct zeros of ¢ in [0,27). One of these zeros is t., where ¢'(t.) = 0 since ¢(ts) = 0
and V'(t,) = 0. Hence, by counting multiplicities, ¢ has at least 2n + 1 zeros in [0, 27), so
g =0, and this is a contradiction. Therefore V' (t) # 0 if |V (¢)| < 1, which means that V'

is strictly monotone between two consecutive points of equioscillation. [J

§2. DERIVATIVES OF THE CHEBYSHEV POLYNOMIALS

In this section we calculate the derivative of the Chebyshev polynomials of the first and
second kinds. We also study the identities they satisfy. The similarity to the identities

satisfied by cosnt and sinnt is striking. These identities will help us to examine the size
of T! and U] on R and the magnitude of T and U/ on [—1,1]. The results of this section

will then be applied in Section 3, where we prove the Bernstein—Szegé type inequalities

and the Markov-type inequalities.
As in (1.5) or (1.6), {cx}}_, is defined from {ax}y_, C C\ [-1,1] by

cp =ar —/az —1, e < 1. (2.1)

9



We introduce the functions

Zﬂ? aak and By, (t) = By(cost) Zﬂ? ¥ (2.2)

-z a —Cost
1 k k

where the choice of /a? — 1 is determined by the restriction |CE| < 1in (2.1). Because
of their role in the Bernstein—type inequalities, we call B,, and B,, the Bernstein factors.
Note that

>0

Z%\/ i G > — (1 Jex”) (1 — fex])

ar — (ci, +Ck;)/2—£l? 11+ c2 — 2¢pz|?

k=1 k=1

for every x € [—1,1].

The following theorem generalizes the trigonometric identities (cosnt)’ = —nsinnt,
(sinnt)’ = ncosnt, and [(cosnt)’]? + [(sin nt)’]? = n?, which are limiting cases (note that
if n € N and ¢t € R are fixed, then lim B,,(t) = n as all ar, — £00).

Theorem 2.1. Let T, and U, be determined from {ax}p_, by (1.10) and (1.12). Then

T'(t) = =B (t)Un(t), U.L(t) = Bn()T,(t), teR (2.3)
and
T (#)? 4+ U ()% = B, (), teR, (2.4)
where the Bernstein factor By, is defined by (2.2).

Proof. If we differentiate the Chebyshev polynomials of the first kind (cf. (1.7)-(1.10)),

we get

~ 1 . f/ (eit) )
T, = — I (ptty _ In i - 1t
n(t) 9 <fn(€ ) fﬁ(e”) 1€
S Fulet) — N~ -
_ n\ n = —B,()U,(#),
fa(e®) 2 () Un(?)
since
L) = elt1 n < j ! + 1 — 1 _ 1 )
fn(e®) 2 k=1 et —cp e —¢p et — C;;1 eit — 6,21
g M) 1 e
20 (@ —a)(e” — ¢ Ho2 — (e —cg)(e" —c h
I ve oL s Vaol g
2 £~ ap —cost 2 dp — cost



(cf. the definition in (2.2)). Note that in the last step, we have used the relation c; —c, ' =
2y/ai — 1 and ¢ + clzl = 2ayg. This proves the first part of Theorem 2.1. Similarly, for the

derivative of the Chebyshev polynomials of the second kind, we have

0a0) = 5 (st + 28 Yie = ST, () = BT,

and (2.4) follows from (2.3) and the identity 72 + U2 = 1 (cf. Theorem 1.1(e)). [
The identities (2.3) and (2.4) can be coupled to get two other identities
(T))? + B2T? = B2 and (U)?+ B2U? = B2. (2.5)

In fact, a similar formula holds for linear combinations of T, and (7”, which will be used

in the proof of the Bernstein—-Szegé type inequality of Theorem 3.1.
Theorem 2.2. IfV = Cosafn + sinozfjn with some o € R, then
(V)2 + B2v? = B2, (2.6)

holds on the real line, where o € R and the Bernstein factor B, is defined by (2.2).
Proof. Since on the real line we have

(V2 + B2V? = (cosa T, +sinaU,)? + B2(cosa T, + sina U,)?

= cos® ((T’) - BiTg) + sin? a ((177’1)2 - Eiﬁg)
+ 2cosasina(T.U, + B>T,U,),

the identities (2.3) and (2.5) yield (2.6). O

We now calculate T (1). This will be used in the proof of the Markov—type inequality
of Theorem 3.5.

Theorem 2.3. Let T, be defined by (1.9). Then

2 2
- 1-+c 1—Ck
T (1) = T (1) =
() (zyel_%) wnd T!(~1 <Z H%),

k=1

where the numbers ¢, k =1,2,...,n, are defined by (2.1).

Proof. We prove only the first equality, the proof of the second one is similar. Since
T, (cost) = T,(t) for every t in R (cf. (1.10)), by taking the derivative with respect to t,
we have —T (cost)sint =T, (t) = —By,,(t)Uy(t) (cf. (2.3)). Hence

= B,(0)U,(0),

~ U, (t) t
t—0 tll sint



where U,(0) = 0 (cf. Theorem 1.1 (d)) is used. Note also that U’ = B,T,, (cf. (2.3)) and
T,(0) = 1, so we have

T, (1) = B}(0) = (Z%—V_‘lﬁ - (Z mif—’“) ,
k=1 1

where we have used the relations 24/a? — 1 = ¢; ' — ¢ and 2a;, = ¢, ' + ¢ (cf. (2.1) or
(1.5)—(1.6)). The derivative T} (—1) can be calculated in exactly the same way. O

§3. BERNSTEIN AND MARKOV TYPE INEQUALITIES

Bernstein and Markov type inequalities play a central role in approximation theory,
and have been much studied (cf. [Ach, BoEr, Che, DeLo, DuSc, Lor, PePo, Riv]). In
this section, we first prove a sharp Bernstein—Szego type inequality with the best possible
constant for the spaces T, (a1, as,...,a,) defined by (1.2), and P, (a1, as,...,a,) defined
by (1.1). In the case when all the poles are distinct reals outside [—1, 1], (1.1) becomes

1 1
Pn(al,ag,...,an):span{l, ey } (3.1)
xr—ay T — ap
The limiting case of the Bernstein—Szegé type inequality (letting the poles approach +00)
is the classical Bernstein—-Szegé inequality. We also establish an asymptotically sharp

Markov—type inequality for the same space. (It is at most a factor "¢ away from the best
possible constant.)

Theorem 3.1. Let {ax}?_, C C\ [~1,1] and let the Bernstein factor B, be defined by

(2.2). Then
P'(t)? + Ba(t)? p(t)* < By (t)? max ()P, teR. (3:2)
for every p in T, (a1, a9, ..., ay), and equality holds in (3.2) if and only if t is a mazimum

point of |p| (i.e. p(t) = £||p|lL~m)), or p is a linear combination of T,, and U,.
If we drop the second term in the left—hand side of (3.2), we have the Bernstein—type

inequality.

Corollary 3.2. Let {ax}}_, be as in Theorem 3.1. Then

1p'(t)| < By (t) max Ip(7)l, teR (3.3)

for every p € Tp(ay,as,...,ay,), where the Bernstein factor is defined by (2.2). Equality
holds in (3.3) if and only if p is a linear combination of T,, and U, and p(t) = 0.
12



Proof of Theorem 3.1. Let p € T,(a1,as,...,ay,) be arbitrary with infinite norm not larger
than 1. That is, 0 < |[p|[ze®) < 1. It is sufficient to show that

P'(t)* + Ba(t)*p(t)* < Bn(t)? (3.4)

for every fixed ¢t € R. Then a scaling and limiting process imply that (3.2) holds for p with

arbitrary norm. First we claim that for every fixed ¢ € R there is an o € R, so that
V =cosaT, +sinal, (3.5)
has the same value as p at the point ¢, and their derivative signs at ¢ also match, that is,
V(t)=p(t) and p'(t)V'(t) > 0. (3.6)
Indeed, since t is fixed, we may view V as a function of a. Let
p(ar) = cosa T, (t) +sina Uy (t).

Then ¢(a) = cos(a — 0), where ¢ is determined by cos = T(t) and sin@ = U, (t) (recall
that |T,,|* + |U,|?> = 1 on R by Theorem 1.1 (e)). Since |p(t)| < 1, ¢(a) takes the value
of p(t) twice on every translation of the interval [0,27). Hence there are a; and as in
R so that ¢(a1) = ¢(az) = p(t), and (o — ) + (a2 — 0) = 27w. We thus get two linear
combinations

Vj(+) = cos ajfn(-) + sinajﬁn(-), j=1,2,
such that V;(t) = p(t), j = 1, 2. To see that one of V; or V5 is a suitable choice to satisfy

(3.5) and (3.6), it is sufficient to show that V{(¢)V5(¢) < 0. This can be verified quite
easily. Now V/(t) = cos a;T;,(t) + sina;U}, (t) and by (2.3) and the choice of 6, we get

Vj’(t) = B, (t)[—cosa;Uy(t) + sina;T,,(t)] = B, (t)sin(a; — 0).

Consequently, V{(¢)V5(t) = B, ()% sin(a; —6) sin(az—6). Hence VY (£)V4(t) = — By (¢)2 sin® (aq —
0) = —B,(t)?(1 — p(t)?) < 0 since (a; —0) + (g — 0) = 27 and |p(t)| < 1. Therefore there

is a real «, so that (3.5) and (3.6) hold. ;From now on let V' be a function of the form
(3.5) satisfying (3.6) (t € R is fixed). We now prove that

p'@)] < V(1) (3.7)

If the above does not hold, then by Theorem 1.3 (iii) we have, without loss of generality,
that p'(t) > V'(t) > 0, hence there is a § > 0 such that p — V > 0 on (¢,t + ) and

p—V < 0on (t —46t) since p(t) — V(t) = 0. Let ¢; and t;;1 be the two consecutive
13



equioscillation points of V' so that t; <t < t;41 (cf. Theorem 1.3(iii)). Then V(¢;) = —1
and V(tj41) =1, andsop—V >0at t; and p—V <0 at t;;1. Thus, there are 3 zeros of
p—Vin (tj,tj41). It is easy to see that there are 2n — 1 zeros of p — V outside (¢;,t;11)
in a period of length 27, since p — V' has the same sign as V when V = £1. This gives rise
to 34 (2n — 1) = 2n + 2 zeros of p — V in a period of length 27, which is a contradiction,
since every non-zero element in 7,(a1,as,...,a,) has at most 2n zeros in an interval of
length 27. This finishes the proof of (3.7).
iFrom (3.6), (3.7) and Theorem 2.2, we have

P(t)* + Bu(t)’p(t)* < V'(1)* + Bua(t)*V(8)* = Ba(1)*.

Thus (3.4) is proved. As pointed out earlier, this finishes the proof of (3.2).

i From Theorem 2.3 we know that (3.2) holds with equality sign when p is a linear
combination of T}, and U,,. To prove the converse, let [Pl e (®)y = 1, and assume that there
is a t € R, such that |p(¢)| < 1. By the above argument, there is an o € R, so that p and
V = cosaT, + sina U, have the same value at t, and p'V’ is positive at t. Since both p

and V satisfy (3.2) with equality, and |[p(t)| = |V (¢)| < 1, we have [p/(t)| = |V'(¢)| > 0.
Therefore we may assume that p’(t) = V/(¢)(> 0) Consequently, p—V has a zero at ¢t with
multiplicity at least 2. Since V' equioscillates 2n times on K = R(mod 27) with L>°(R)

norm 1, and |[p|| e (r) = 1, it is easy to see that p—V has at least 2n —1 zeros (by counting
multiplicities) in (R \ {¢}) (mod 27). Hence p — V' has at least 2n + 1 zeros (by counting

multiplicities) on [0, 27), which yields p —V =0. O

Using the fact that p € P,(ay,as,...,a,) implies p(cos(-)) € T,(a1,as,...,a,), from

Corollary 3.2 we immediately obtain

Corollary 3.3. Let {ay}}_, C C\ [-1,1]. Then for every x € [—1,1],

(1= 2*)p (2)° + Bu(2)’p(2)” < Bu(@)® max |p(y)f*, zel-1,1]  (38)

for every p € P, (ay,az,...,ay,), where B, is defined by (2.2). The above holds with
equality if and only if p(x) = £|p||L~[—1,1] or p is a constant multiple of T,,.

Again, if we drop the second term in the left—hand side of the above, we have another

form of a Bernstein—type inequality.

Corollary 3.4. Let {ax}y_, C C\ [-1,1]. Then,

Pl < > REE max jply), e (-LD) (3.9)



for every p € Py (a1, az, ..., a,), where \/a? — 1 is determined by (2.1). Equality holds in
(3.9) if and only if p is a constant multiple of T,, and p(z) = 0.

Remark. An immediate consequence of (3.9) is that if {a;}?2, C R\ [-1,1] and

o0 / 2 o0
Zail < oo for somexe(—l,l),i.e. Z\/1—|ak|_2<00,
g k=1

L —
ap — X
k=1
1 1 1
1, , , Y
r—ay T —az I — as

is not dense in C[—1, 1] (cf. [Ach, p. 250]).

The Bernstein—type inequality (3.9) does not give good estimates of the derivatives

then the real span of

when z is close to £1. The following Markov—type inequality remedies this, at least when

the poles are real.

Theorem 3.5. Let {ar}y_; C R\ [-1,1]. Then

n 2
/ n 1+ |Ck|
<
Cmax [p(z)] < o (; o | e, Ip@)

holds for everyp € Pp(a1,as, ..., ay), where the numbers {ci}}_, are defined from {ar}}_,
by (2.1).

The following lemma will be used in the proof of Theorem 3.5.

Lemma 3.6. Let {ay}}_, C C\[-1,1], let

oyl if0<y<
ak(y) = 2ay 1+y . (310)
1_y+m Zf—lSySO,k:LZ...,n,
and let cx(y), k=1,2,...,n, be defined by
1 _
ar(y) =5 (@) +ea®™), la)]<1. (3.11)
Then )
2 1+ ck(y)
/
< AT,
Pl < 1 o (; T—cr(v) _max |p(z)]
for every p € Pp(ay,az,...,a,).
Proof. It can be shown by a simple variational method (cf. [KaSt]) that
/
1
sup — L7y (312

p Max_i1<g<1[p(T)|
15



and

/
—1
sup—PEVL iy, (3.13)
p MaX_1<z<1 |p(x)|

where the supremums in (3.12) and (3.13) are taken for all p € P,(a1,as,...,a,) and
T,, is the Chebyshev polynomial defined by (1.9). Now the lemma follows from Theorem
2.3 by a linear transformation (we shift from [—1,1] to [-1,y] if 0 <y <1 or to [y, 1] if
-1<y<0). O

Applying the Bernstein—type inequality (3.9) at 0, we get

PO Y YE max [p(o) (3.14)
k=1

—1<x<1

for every p € Pp(a1,as, ..., ay), where the values y/ai — 1, k =1,2,...,n, are defined by
(2.1). Note that if {ax};_; C R\[—1,1] is an arbitrary set of real poles, then (3.14) yields

/
< .
PO <n_max |p(@)] (3.15)
for every p € P,(a1,as,...,a,), and from this, by a linear transformation, we obtain

Corollary 3.7. Let {ar}}_; C R\[-1,1] be an arbitrary set of poles. Then

n

max_|p(z)] (3.16)

/
<
P < 77

for every p € Pp(ay,az,...,a,) and y € (—=1,1).

Proof. This follows from (3.15) by a linear transformation (we shift from [—1, 1] to [2y—1, 1]
if0<y<l,orto[-1,2y+1]if -1<y<0). O

Now we prove Theorem 3.5.

Proof of Theorem 3.5. Since {ay}}_; C R\[—1,1], it follows from (3.10), (3.11), and (1.1)
that
lak(y)| > |ax] and |ep(y)| < ekl <1, k=1,2,...,n (3.17)

hold for every y € [—1, 1]. Therefore Lemma 3.6 yields

2 o 1+ |ex(y
/
< R A b
P Ty (Z T Jexly

~— [ —

2
|
) e ()]
k=1

2
n "1+ e
< .
< (Z 1_|Ck|) _max[p(z)| (3.18)

k=1
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for every p € P, (ai,as,...,ay,) and for every y with 1 —2n=1 < |y| < 1. If |[y| <1—2n"1,
then Corollary 3.7 gives

n

T [p(z)] (3.19)

<n? max [|p(z)| < (Zl—i_‘ck‘) max_|p(x)|

_1<z<1 1— ek ] —1<2<a
k=1

P'(y)] <

for every p € P,(a1,as9,...,a,), which, together with (3.18), yields the theorem. [

§4. CHEBYSHEV AND ORTHOGONAL POLYNOMIALS

In this section, we study some additional properties of the Chebyshev polynomials with

respect to the rational system (0.20) with distinct real poles outside [—1,1] and their
orthogonalizations with respect to the measure (1 — 22)71/2 on [~1, 1]. We start with an

explicit partial fraction formula for the Chebyshev polynomials, then we record a contour
integral form of the Chebyshev polynomials, from which a mixed recursion formula follows.
The rest of the section will be devoted to orthogonality. Many aspects of orthogonal
rationals and their applications can be found in the literature, for examples, in [Ach,
BGHN, Djrb, VaVa, Wal|. The novelty of our approach is that we derive the orthogonal
polynomials from the Chebyshev “polynomials” (cf. §1).

If (ax)32, is a sequence of real numbers outside [—1, 1], then the related (cg)72, C
(—1,1) is defined by

1
akzﬁ(ckJrC;Zl), Ckzak—\/@i_L cr € (=1,1), (4.1)

where the choice y/aj — 1 is determined by ¢, € (—1,1), and the associated Chebyshev
polynomials of the first and second kinds are defined by (cf. (1.9) and (1.11))

1 M, (z 2" M, (271

and

1 M, (2) z”Mn(z_l)) ’ (4.3)

Un(z) = »— o1 (ZnMn(z_l) * M, (z)

respectively, where M, (z) = [[_,(z — cx) and = = (2 + 27 !)/2. First we can easily get

the partial fraction forms of the Chebyshev polynomials.
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Proposition 4.1. Let {ar}p_; C C\ [—1,1] be a sequence of distinct numbers such that
its nonreal elements are paired by complex conjugation, and T,, and U, be the Chebyshev
polynomials of first and second kinds defined by (1.9) and (1.11), respectively. Then

A’I’L A’I’L’I’L
Tp(x) = Agn + —2 4o (4.4)
T — ay T — ap
and B B
Un _ 1,n n,n, 4.5
() a:—a1+ +zc—an (4.5)
where 1y
AO,n:(_2) (cl1 .cfll—l—cl Cn), (4.6)
.l —c¢ 2nl CLC
Ap, = —"F Sl A R B T 4.7
k, ( 2 ) H Ck—Cj’ ) 4y y 10, ( )
j=1
J#k
and .
= v 1= cpei
By, = & Lo k=1,2,...,n. 4.8
ka 2 Hck_cj" ) 7n ( )
j=1
J#k

Proof. 1t follows from Theorem 1.1 (a) and Theorem 1.2 (a) that 7, and U, can be
written as the partial fraction form of (4.4) and (4.5). Now it is quite easy to calculate the

coefficients Ay, ,, and By, ,,. For example,

z 2" 21

T— 00 z—0 2

—1)n
= ( 2) (it ..t 4cer...cn),

and for k=1,2,...,n,

A = lim (z — ag)T,(z)

T—rag

1
= lim —(z—¢p)(1 —c; 27!
Jim 7 —a)l—c )<z”Mn(z_1) M, (2)

(e 2ﬁ1_ckcj k=12 n
- 2 ch—ci T

j=1
J#k
The coefficients By, ,, can be calculated in the same fashion. [
We now give a contour integral expression for 7T;,, which can be used to derive a mixed

recursion formula.
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Lemma 4.2. Let {ay}}_; C C\ [-1,1]. Let T,, be defined by (1.9). Then we have

1/2
n

H ((t_cj)(t_éj) t_—xdt x e [-1,1],

=1 1-— Cjt)(l — Ejt) 2 —2tx+1 7

n@»:%ﬁl

where v 1s a circle centered at the origin, with radius 1 <r < min{|cj_1| :1<j<n}, and
the square root is chosen to be an analytic function of t inside gamma.

Proof. Recalling that with the transformation z = (2 + 271)/2, we have

1 M, (z) 2" M, (271)
T, (z) = -
(=) 2<ﬂﬂ@@*)+ M, (2)

1 (1 My(2) 1 1

- [z dt
2mi )., 2 2" My (271) (t—z+t—z—1)
1 M, (2) t—x

_ b dt,
2mi )., 2" My (271) 12 — 2tz +1

where 7 is a circle slightly larger than the unit circle as in the statement of this lemma. [J

It is now quite simple to obtain a mixed recursion formula for the Chebyshev polynomials
associated with rational systems. To do this, we need some notation. Let S,, denote the

Chebyshev polynomials with respect to the rational system

1 1 1
{1, , } (4.9)
r — aq T — QAp—2 T — Qp

1

_an—l’

missing the function — so by Lemma 4.2

1 bot—c; t—x
Sp(z) = — . dt. 4.10
(=) 2m'/V 11 1—cjt 2 — 2w+ 1 (4.10)
-
j;n—l

We remark that if n is fixed, then in order to define 7;, and S,, correctly, one needs only
to assume that a,_; is real, and that the nonreal poles in {a1,...,a,_2,a,} are paired by
complex conjugation. However, in order to define T,, and S,, correctly for alln =1, 2, ...,
the assumption that (aj),—, € R\ [~1,1] is needed. This remark is valid for most results
in this section. Sometimes this assumption is adopted for the purpose of simplicity. We

have
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Lemma 4.3. Let (T});—, and (Sy),—, be defined from (ay);—; C R\ [-1,1] by (4.2) and
(4.10). Then,

ntn— -1
Tp=Ty o+ "L (11~ 8,), n=23,..., (4.11)

Cn — Cpn—1
where (cx)pey is defined from {ax}3, by (4.1).

Proof. By the contour integral formulae in Lemma 4.2 and (4.10),

n—2 -

1 t—cj CnCn-1—1(t—cn_1 t—cp, t—x
=5 1 — dt
27TZ/;,H 1—tC] L + Cn — Cp—1 (1_tcn—1 ]-_tcn):| t2—2tl'+]_
_ 1 /ﬁt—cj [ (t—cn_l)(t—cn)] t—x @t
2mi Jo % L—tej [(L—ten)(1—ten) | £ = 2tw+ 17

which, again by the contour integral expression in Lemma 4.2, is T,,(z). O

The ordinary Chebyshev polynomials cos(n arccosz), n = 0,1,..., are orthogonal with
respect to the weight function (1 — 22)~'/2 on [~1,1]. For Chebyshev polynomials T},

n=0,1,..., defined by (4.2), they are not orthogonal. However they are almost orthogonal
in the sense of the following two theorems, and they can be modified to orthogonalize the

rational systems

1 1 1 1
{1, , ,} and { , ,...},
r— a1 T — a r—ay T — a

respectively, where (ax)r-, C R\ [-1,1] is a sequence of distinct numbers.

Lemma 4.4. Let (Ty);, be defined from (ay)p—y C R\ [=1,1] by (4.2). Then

1
dx 0
T ()T (1) ——— = —(=1)""™ 1+02...cfn Cmgl---Cny, 0<m<mn,
| T = 0 e <m <
where {ci}32, C (—1,1) is related to (ak)rey by (4-1), and the empty product is understood
to be 1 for m =0 orn.

Proof. Fix 0 < m < n. By (4.2) and using the transformation z = (z + 271) /2, we have

1 dx
/_ T @) 0)

1/ [ M, (2) ann(z—l)H mMm(z) M (21)] dz

4

M,z D) T My(2) Moz T Ma(z) iz




where 77 is the upper half unit circle. On expanding the product in the integrand, keeping
two terms over the upper half circle, and converting the other two terms to the lower half

circle v~, we get

m 1 M, (2) M, (2) My(z)  2™Mp,(z71) dz
S 22mi ), | 2P My (27h) 2 My (27Y) 2 My (7)) M (2) z
T ™
:5[ ] =3 [(—1)”+mcl...cncl...cm+(—1)"_mcm+1...cn] ,
z=0

which is the same as stated in Lemma 4.4. [

Some partial orthogonality still holds for 7}, (cf. [Ach, p. 250]). First we calculate the

following integral.

Lemma 4.5. Let (T}),—, be defined from (ag)re; C R\[-1,1] by (4.2) and a € R\[-1,1].

Then .
1 dx 2 e c—c;
T, = Z 4.12
/ (x)a:—a 1— c—c—ljljll—ccj ( )

)
where ¢ € (—1,1) is defined by a = (c+c71)/2.

Proof. Let v be the upper half unit circle, and apply the transformation z = (z +271)/2,

we get
/1 T, (2) 1 dz 1/ M, (2) N 2" M, (271) 2 dz
n\T = 3 -
1 T—a\1—22 2 )+ [2"My(271) M, (2) ctel—z—z271iz
1 n(2) 2dz
C 20 ), 2" My (271 (c— 2) (¢! = 2)
Hence
1 n
1 dz My (2) 2 27 c—cy
T, = = IO
/_1 (x)l’—a\/l—x2 2 Mp(z7t) et — 2| _, c_l—cj[[ll—ccj

Corollary 4.6. Let (T),),., be defined from (ap)ye, by (4.2). Then

/_lTn(a:)\/% = (“1)"rer e (4.13)

and




where (ci)re, is related to (ag)rey by (4.1).

Proof. The proof of the second part is a direct application of (4.12). To prove (4.13), we
can either repeat the proof of Lemma 4.5, or we simply divide both sides of (4.12) by a
and let @ — oo, and notice that a = (¢ + ¢~ 1)/2 implies ¢ /a — 2. O

Given a sequence (a)7>; C R\ [—1, 1], we define
Ro=1, R,=T,+c,Th_1 n>1 (4.15)

and
Fo = N o = m(l—¢c2)

(cf. (4.2) and (4.3)). The following theorem indicates that these simple linear combinations

(Tn + CnTn—l) (416)

of T,, and T,,_1, n =1,2,..., give the orthogonalization of the rational system

{1, Lo } (4.17)
r— a1 T — ag

where (ag)r., C R\ [-1,1] is a sequence of distinct numbers.

Theorem 4.7. Let (R}), ", be defined by (4.15) and (4.16). Then

1 . . der
/_1 Rn(as)Rm(as)\/17_7332 = mn (4.18)

holds for n,m =0,1,2,....

Proof. Let m < n. By Corollary 4.6,

1 1 dx
R, (z =0
/_1 ( )x—ak\/l—x2

holds for k. =0,1,...,n — 1. Also by Corollary 4.6,

1 dx 1 dx
/13”(“')\/17—7 = /_1(Tn(x>+chn—1($>)ﬁ

= (=1)"1...ch +cu(—=1)"er. . .cn1 = 0.

This implies that



When m = n, we have
1 1 1
dx dx dx
Rna:Qiz/ RnxTnxizf To(x)+cenTh1(x)) Ty () —,
/_1 A= = e = = [ () T =
which, by Lemma 4.4, is
s
5 (

1+c%...02)—gcn(1+c?...02 )en = g(l—ci).

n n—

Therefore, R} = \/2(1 — ¢2)/7R,, is the n—th orthonormal polynomial. [

It is also easy to orthogonalize the system

1 1 1
{ , , } (4.19)
r—ay T —a2 T —das

with respect to the weight function 1/v/1 — 22 on [—1, 1] (where compared with (4.17), the
constant function 1 is removed). In fact we only need to take the linear combination of T;,
and T, so that the partial fraction form (cf. (4.4) and (4.5)) does not have the constant

term.

Corollary 4.8. Let (ar),—; C R\ [-1,1], and define (c)pe; C (—1,1) by (4.1). If
(T,,),~ is defined by (4.2), and ().~ is defined by

Tp=cn(l14+c3... 2 T+ 1+ . )Ty, (4.20)
then r,, is an element in the real span of the system (4.19) and

1
dx ™
/lrn(x)rm(a:)ﬁ =) E )1+ )b

holds for n,m =0,1,2,....

The proof of the above is very similar to that of Theorem 4.7, and we can safely omit it.
i From the definition of R, and r,, and Proposition 4.1, we can get their explicit partial
fraction forms.

Finally, by applying [PiZi, Theorem 1.1], and noticing that (4.9) and (4.20) are both
Chebyshev systems (cf. [SaSt]), we have

Corollary 4.9. Assume (ap)pe; C R\ [-1,1]. Let (T,),—1, (Rn)oey, and (rn)oo, be
defined by (4.2),(4.15), and (4.19). Then for every n = 1,2,3, ..., T,, and R, have
exactly n zeros in [—1,1|, r, has exactly n — 1 zeros in [—1,1], and their zeros strictly
interlace the zeros of Ty,_1, R,_1, and r,_1, respectively.
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Ach

Bern.
BokEr.
BGHN.
Che.
DeLo.
DuSc.

Djrb.

GoVa.

IsKe.
KaSt.

Lor.
Mar.
PePo.
PiZi.
Riv.
Sze.

VaVa.

Wal.
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