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ABSTRACT. This paper considers the trigonometric rational system
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on R(mod 27) and the algebraic rational system
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on the interval [—1,1] associated with a sequence of distinct real poles (ag)pe, C
R\ [—1, 1]. Chebyshev polynomials for the rational trigonometric system are explicitly
found. Chebyshev polynomials of the first and second kinds for the algebraic rational
system are also studied, as well as orthogonal polynomials with respect to the weight
function (1 — 22)~1/2. Notice that in these situations, the “polynomials” are in fact

rational functions. Several explicit expressions for these polynomials are obtained.
For the span of these rational systems, an exact Bernstein—Szegd type inequality is
proved, whose limiting case gives back the classical Bernstein-Szegd inequality for
trigonometric and algebraic polynomials. It gives, for example, the sharp Bernstein—
type inequality

n \Ja2 -1
P’ (z)] < Z p(v)], xel-1,1],

1—x ak—;r| ye[—l 1]
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where p is any real rational function of type (n,n) with poles ar € R\ [—1,1]. An
asymptotically sharp Markov—type inequality is also established, which is at most

a factor of % away from the best possible result. With proper interpretation of

\/a? — 1, most of the results are established for (az)2,; C C\ [-1,1] in a more
general setting.
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2 PETER BORWEIN, TAMAS ERDELYI, AND JOHN ZHANG

§0. INTRODUCTION

Let K be either the interval [—1, 1] or the unit circle (which is identified as R
(mod 27) via the mapping z = e'’). A Chebyshev system {u;}&_, on K is a set of
N + 1 continuous functions on K, such that every nontrivial linear combination of

them has at most IV distinct zeros in K. A Chebyshev polynomial
T, =apup +a1us +---+ayu, (0.1)

for the system is defined by its equioscillation properties (cf. [Ach, Che, DeLo,
KaSt, Lor, Riv]). More specifically, when K is the unit circle, N must be even
(N = 2n, cf. [Lor, p. 26]), T, has L°°(K) norm 1, and it equioscillates N times on
K. That is, there are points

0<zo<z; < - <z, , <27 (0.2)
so that
Ty (z;) = +(-1) max | Ty (z)| =+(-1)7, j=0,1,2,...,N—1. (0.3)
xe

When K is the interval [—1,1], T, again has L>°(K) norm 1, and it equioscillates
N + 1 times, that is, there are points

1Z$0>1‘1>"'>J§N2—1 (04)
so that
Ty (z;) = (1) mal}((]TN(:l;)] = (-1, j=0,1,2,...,N. (0.5)
xre

In this case the Chebyshev polynomial is also unique and a;lT v can be character-

ized as the only solution to the extremal problem

min  {|[p[|re(—1,1] 1P = CoUo + c1ur + -+ Cy_ Uy, FCyUy, ¢y =1}
€
OgjﬁN

(cf. [Lor, KaSt]). So the best uniform approximation to u, by linear combinations
of ug, u1, ..., uy_, isuy —a 'Ty.

Typical examples of the Chebyshev systems are the trigonometric system
{1, cost, sint, ..., cosnt,sinnt}, t €0,2m) (0.6)

on the unit circle, and the algebraic polynomial system

M1 92 3 M) T 1 11 /M ™\



CHEBYSHEV AND ORTHOGONAL RATIONALS 3

on the interval [—1,1].

For the trigonometric system (0.6), the Chebyshev polynomials are

cosnt = (e + ") /2, sinnt = (e —e™") /(2d), (0.8)
and their linear combinations or shifts
V(t) = cos(nt — a) = cos acos nt + sin asin nt. (0.9)

Note that the Chebyshev polynomials for the system (0.6) are not unique. In

addition to the equioscillation property, they satisfy various identities

(cosnt) = —nsinnt, (sinnt)’ = ncosnt, (0.10)
and
cos? nt 4 sin® nt = 1, V()2 + 02V (t)? = n? maﬂg]V(T)P, (0.11)
TE

where V' is a linear combination of cos nt and sin nt. The Bernstein—Szegé inequality
asserts that

P/(6)* +n’p(t)” < n®max|p(7)|* (0.12)

for all real trigonometric polynomials p of degree at most n, that is, for all p in the
real span of (0.6), and the equality holds if and only if p is a linear combination of
cosnt and sinnt.

The Chebyshev polynomial T, for the system (0.7) on [—1, 1] is obtained from a
Chebyshev polynomial (cosnt) for the trigonometric system (0.6) by the transfor-
mation

x = cost, x € [-1,1], t € [0,7], (0.13)

and therefore we get
T, (z) = cos(n arccos x), x € [-1,1]. (0.14)

This is the unique Chebyshev polynomial for the algebraic polynomial system (0.7).

Indeed, it is easy to verify that T,, equioscillates n 4+ 1 times on [—1, 1], since

To(ej) = (-1 max [Tu(e)| = (~1F, ;= cos(jm/n), j=0,1,2,...n.

The Chebyshev polynomial of the second kind is defined by

rr [/ \ e S/ ANy /] g o oy T 1 11 4 o~ I /1 =)\



4 PETER BORWEIN, TAMAS ERDELYI, AND JOHN ZHANG

and (1—22)'/2U, (x) satisfies the equioscillation property. The Bernstein-Szeg6 in-
equality (0.12) can be converted to the algebraic system (0.7) by the transformation
(0.13) and so we have

(1= 2%)p'(2)* + n’p(z)® < n’ max, p(y)]? (0.16)

ye|—1,1

for all real algebraic polynomials of degree at most n, where the equality holds if
and only if p is a constant multiple of T;, in (0.14). This inequality combined with
an interpolation formula can be used to obtain the Markov inequality (cf. [Lor,

Riv])

()] < n? 0.17
e [p ()] <n e [p(z)] (0.17)

for all real algebraic polynomials of degree at most n. Since T/, (1) = n?, (0.17) is
sharp. The Chebyshev polynomials 7;, also form an orthogonal system on [—1,1]
with respect to the weight function

(1 — 22)~/2, That is,

1

dx

T, ()T (x) ——— = cném.n, n,m=0,1,2,..., 0.18

| T@) e = (0.13)
where ¢ =7, and ¢,, = 7/2 forn =1,2,3,....

It seems that (0.8) and (0.14) are essentially the only families of Chebyshev

polynomials with known explicit expressions. However, explicit formulae for the

Chebyshev polynomials for the trigonometric rational system

{1 14+sint 1-+sint 14+ sint

) ) Sy ¢, t €10,2m) (0.19)
cost —aj cost— as cost — ap

and therefore also for the rational system

{1 r oo r 1 } zel-1,1] (0.20)

) ) ) )
T—ay T—ay T —as "x—a,

with distinct real poles outside [—1, 1] are implicitly contained in [Ach, p. 250].
By constructing a finite Blaschke product (which corresponds to €t in (0.8)), we
can derive analogue Chebyshev polynomials of the first and second kinds for these
systems. We encounter a problem of language that our Chebyshev “polynomials”
here are actually rational functions. A pleasant surprise is that almost all properties
parallel to (0.8)—(0.18) hold in this case. The classical results are the limiting cases
of the results on letting all the poles go to +oo.

In this paper, we give several expressions of the Chebyshev polynomials asso-

ciated with the rational systems with fixed poles {ax}32,; C R\ [-1,1] and the
orthogonal polynomials with respect to the weight function (1 — x2)~'/2. A mixed

I A L Y T T Y T Y o T Y . b T T T . N . 2 0 11
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results in this paper are formulated in a more general setting, allowing arbitrary
(possibly repeated) poles in C \ [—1, 1].

Highlights of this paper include an exact Bernstein-Szegd type inequality for
the rational systems (0.19) and (0.20) which generalizes the classical inequality
from the trigonometric polynomials to the rational trigonometric functions (and
which contains the classical inequality as a limiting case). An asymptotically sharp
Markov—type inequality for the rational system (0.20) is also established, which is

at most a factor of —*5 away from best possible.
Chebyshev polynomials are ubiquitous and have numerous applications, ranging

from analysis, statistics, numerical methods, to number theory (cf. [Ach, Che,
DeLo, GoVa, IsKe, KaSt, Lor, Riv]), and so their rational analogues should also be

of interest.

§1. CHEBYSHEV POLYNOMIALS OF THE FIRST AND SECOND KINDS

We are primarily interested in the linear span of (0.20) and its trigonometric
counter part obtained with the substitution z = cost. Denote by P,, the set of all
real algebraic polynomials of degree at most n, and let 7,, be the set of all real

trigonometric polynomials of degree at most n. Let

Pn(al,GQ,...,an) = np(ix) pE Pn (11)
I1 |z — ax|
k=1
and
t
To(a1,az, ... an) = { — pt) peT, S, (1.2)
[] | cost — ag
k=1

where {ax}p_,; € C\[-1,1] is a fixed set of poles. (This will be an assumption we
put on {ax}p_, throughout this paper.) When all poles {ay}}_, are distinct and
real, (1.1) and (1.2) are simply the real span of the following two systems

1 1 1
{1, L } (1.3)
r—ay T — a2 T — Qp
and
1 1j:sint’ 1 +sint L 1+sint 7 (1.4)
cost —aj cost— as cost — ap
respectively.

We can construct the Chebyshev polynomials of the first and second kinds for
the spaces Pp(a1,az,...,a,) and T,(a1,as,...,a,) as follows. Given {ax}}_, C
C\[—1, 1], we define the numbers {c;}}_; by

N, — l(ma P A lr | — 1 (1 &)



6 PETER BORWEIN, TAMAS ERDELYI, AND JOHN ZHANG

cp =ap—yJai —1, |eg] < 1. (1.6)
Note that (ax ++/ai — 1)(ap — /a2 — 1) = 1. In what follows, \/a? — 1 will always

be defined by (1.5) or (1.6) (this specifies the choice of root). Let D = {z € C :
2| <1},

that is,

n 1/2
A&@>=(Ilu—cwu—cw) , (1.7)

k=1
where the square root is defined so that M*(z) = 2"M,(z!) is analytic in a
neighborhood of the closed unit disk D, and let
M, (2)
(2) = ——n\ ) 1.8
Fule) = St (1)

Note that f2 is actually a finite Blaschke product. The Chebyshev polynomials of
the first kind for the systems P, (a1, as,...,a,) and 7, (a1, as,...,a,) are defined
by

T@) =5 (ful2) + fal)), 2= 3G+, =1 (19)

N —

and
T, (t) = Tn(cost), teR, (1.10)

respectively. While the Chebyshev polynomials of the second kind for these two
systems are defined by

Uaay = Ot =
and
Un(t) = Up(cost) sint (1.12)

(compare with [Ach, pp. 250-251]). As we will see, these Chebyshev polynomials
preserve almost all the elementary properties of the classical trigonometric and

algebraic Chebyshev polynomials. This is the content of the next three results.
Theorem 1.1. Let T,, and U, be defined by (1.10) and (1.12) from {ax}}_, C
C\ [-1,1]. Then

a) T, € Tn(a1,a9,...,a,) and U, € Tn(ay,ag,. .. ay).

(
(b) _max Tn(t)| =1, and _max Un(t)] = 1.

(¢c) There are 0 =ty < t1 < < t, = m so that
To(t;) = Tn(—t;) = (1), j=0,1,2,...,n.
(d) There are 0 < s1 < 83 < -+ < 8, < 7 So that

Un(s;) = —Up(—s;) = (=177, j=1,2,...,n.

N A ND L T D 4 7 171 £ g™
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Proof. 1t is easy to see that there are polynomials p1 € P, p2 € P, and p3 € P,
so that

" 1 e—intM2(eit) + eintM2(e—it) 1 (COS t)
To(t) = T (cost) = = ni€ “n - 1.13
(8) = Tnlcost) = 5 M, () M, (e~ 17, [cost — az] (1.13)
and int M2 (i) — eint M2 (e~ i)
— e—’ln M e'L _ e'Ln M e—'L
U,(t) =U, t)sint = = . =
( ) (COS )Sln QZMn(ezt)Mn(efzt)
_ pa(sint)  ps3(cost)sint (1.14)
ok ok ’
Il |cost—a;| ]I |cost—a;l
j=1 j=1

thus (a) is proved. Since |cx| < 1 and f2 is a finite Blaschke product (cf. (1.8)), we
have
|fn(2)] =1 whenever |z| = 1. (1.15)

Now (b) follows immediately from (1.8) — (1.12) and (1.15). Note that 7}, (¢) is the
real part and U, (t) is the imaginary part of f, (%), that is,

Fale®) =T,(t) +iU,(t), teR, (1.16)
which, together with (1.15) implies (e). To prove (c) and (d), we first note that
T, (t) = £1 if and only if f,(e"*) = £1 and U, (t) = %1 if and only if f,(e") = =i.
Since |cx| < 1, for k =1,2,...,n, f2 has exactly 2n zeros in the open unit disk D.

Since f2 is analytic in a region containing the closed unit disk D, (c) and (d) follow
by the Argument Principle. [

With the transformation z = cost = (2 +271)/2, and 2z = €%, Lemma 1.1 can
be reformulated as follows.

Theorem 1.2. Let T,, and U, be defined by (1.9) and (1.11) from {ar}}_, C
C\ [-1,1]. Then
(a) T, € Py(ay,as,...,a,) and U, € Py(a1,az,...,a,).
(b) max_1<z<1 |7 (z)] = max_1<z<1 [V1 — 22U, (z)] = 1.
(¢c) There are 1 =xg > x1 > -+ >z, = —1 so that
To(zj) = (=1), j=0,1,2,...,n.

(d) There are 1 > yy >y > -+ >y, > —1 so that

V1= 92 Unly;) = (-1, j=12,...,n
(e) (Tn(2))?>+ (V1 —22U,(x))* =1,z € [-1,1].

Part (d) of Theorems 1.1 and 1.2 is the equioscillation property of the Chebyshev
polynomials, which extends to linear combinations of Chebyshev polynomials. In
the polynomial case this is the fact that cosacosnt + sinasinnt = cos(nt — «)
equioscillates 2n times on the unit circle [0, 27]. Our next theorem characterizes the

Chebyshev polynomials of 7,, (a1, as, . . ., a,) and record a monotonicity property of

1.
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Theorem 1.3. Let {ay}y_; C C\ [-1,1]. Then (i) and (ii) below are equivalent.
(i) There is an o € R so that

V= cosozfn +sinal~]n,

where T,, and U, are defined by (1.10) and (1.12).

(ii) V € T,(a1,aq9,...,a,) has supremum norm 1 on the unit circle and it
equioscillates 2n times on the unit circle. That is, there are 0 < tg <
t1 <tg-- <top_1 < 2w so that

V(t;) = £(-1), j=0,1,2,...,2n— 1.
Furthermore, if V' is of the form in (i) (or characterized by (ii)), then

(iii) V' = CosaT' + sin U’ 1s strictly positive or strictly negative between two
consecutive points of equioscillation, that is, between t;_; andt;, for j =1,
2, ..., 2n—1, and between ts,,_1 and 27 + ty.

Proof. (i) = (ii). By Theorem 1.1 (e) and Cauchy’s inequality, we have
|cosa Ty, +sinaUy|? < (cos? a+sina)(T2+U2%) =1 (1.17)

on the real line. From Theorem 1.1 (c) and (d), we have that T}, /U, oscillates
between +o0o0 and —oo exactly 2n times on the unit circle, and hence it takes the
value cot v exactly 2n times. At each such point, (1.17) becomes equality, namely,
cosaT,+sinaU, = +1, and the signs change for every two consecutive such points.

(i) = (i). Let V be as specified in part (ii) of the theorem. Let ¢, be a point
where V' achieves its maximum on R, so V' (t,) = 1. We want to show that V' is equal
to p = Tp(t) Ty + Un(t,)Un. In fact, V(t.) = p(t,) = 1 and V'(t,) = p'(t.) = 0,
that means that V' — p has a double zero at t,.. There are at least 2n — 1 more zeros
(we count every zero without sign change twice) of V' — p, with one between each
pair of consecutive points of equioscillation of p if the first zero of p to the right of
t. is greater than the first zero of V' to the right of t.. (If the first zero of V' to the
right of t, is greater than the first zero of p to the right of ¢,, then there will be
one zero of p — V between each pair of consecutive points of equioscillation of V.)
This implies that V' — p has at least 2n 4 1 zeros (counting multiplicities), proving
that V —p=0.

(iii) Let V' € T,(a1,az,...,ay,) be so that ||[V|[p«®) = 1 and V equioscillates
2n times between +1. If there is a t, € [0,27) so that |V (¢.)| < 1 and V'(t,) = 0.
Then there is a trigonometric polynomial ¢ of degree n, so that

q(t)
[T5_y | cost —ag|
Since ¢ has the same sign as V' at those points of equioscillation, there are at

V(t) = V(ts) =

least 2n distinct zeros of ¢ in [0,27). One of these zeros is t., where ¢'(t.) = 0
since ¢q(t«) = 0 and V'(t,) = 0. Hence, by counting multiplicities, ¢ has at least
2n + 1 zeros in [0,27), so ¢ = 0, and this is a contradiction. Therefore V' (t) # 0
if |V (t)] < 1, which means that V is strictly monotone between two consecutive

At trta Af a1 ATl o+ A 1
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§2. DERIVATIVES OF THE CHEBYSHEV POLYNOMIALS

In this section we calculate the derivative of the Chebyshev polynomials of the
first and second kinds. We also study the identities they satisfy. The similarity to

the identities satisfied by cosnt and sinnt is striking. These identities will help us
to examine the size of 7)) and U] on R and the magnitude of T}, and U}, on [—1,1].

The results of this section will then be applied in Section 3, where we prove the

Bernstein—Szeg6 type inequalities and the Markov—type inequalities.
As in (1.5) or (1.6), {cx}}_, is defined from {ax}y_, C C\ [-1,1] by

cp =ap—Jai —1, |eg] <1 (2.1)

We introduce the functions

Z?R Va1 . and B, (t) = Bp(cost) = Y R—F— (2.2)
ap —
k=1

where the choice of /a7 —1 is determined by the restriction |c;| < 1 in~(2.1).
Because of their role in the Bernstein—type inequalities, we call B, and B, the

Bernstein factors. Note that

Z%\/ zn: zn: (1= Jex*) (A = |ex])?

>0

ap — T = (c +Ck/2—1‘ Pt 11+ ci — 2¢pz|?
for every x € [—1,1].
The following theorem generalizes the trigonometric identities (cosnt)’ = —n sinnt,

(sinnt)’ = ncosnt, and [(cosnt)’]?+[(sinnt)']? = n?, which are limiting cases (note
that if n € N and ¢ € R are fixed, then lim B,,(t) = n as all a — £00).
Theorem 2.1. Let T), and U, be determined from {ag}i_q by (1.10) and (1.12).
Then

T;/m(t) = _én(t)ﬁn(t)v ﬁrlz(t) = En(t)fn(t)a teR (23)
and

T,(0° +U,(0)° = Bu(t)’,  teR, (24)
where the Bernstein factor En is defined by (2.2).

Proof. If we differentiate the Chebyshev polynomials of the first kind (cf. (1.7)-
(1.10)), we get

N 1 ' 1 (it .
T, () = 5 (fé(e“) - %ﬁ)
_ ) fale) L) 5 aE .
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since

1 — 1 N 1 1 1
fn(eit) 2 eit —cp et — et_ckl eit_élzl

1 eit(ck—ck L1 Z e'(cy — ¢ h
2 — (e” — ck)(eilt _1 (et —¢cp)(et — ¢, h

Z Z k—cost En(t)
k=1

Q. —cost

(cf. the definition in (2.2)). Note that in the last step, we have used the relation
CL — 0;1 =2 ai —1 and ¢ + c,?l = 2ay. This proves the first part of Theorem

2.1. Similarly, for the derivative of the Chebyshev polynomials of the second kind,

we have

VNN B Y oit fa(t) jeit — e fule™) 5 — B (T
a0) = g (£u(e) 4 s et = ST 0 = BuoTi,

and (2.4) follows from (2.3) and the identity 724 U2 = 1 (cf. Theorem 1.1(¢)). O
The identities (2.3) and (2.4) can be coupled to get two other identities
(T))? +B>T?=B2 and (U.)?+ B2U? = B2. (2.5)

In fact, a similar formula holds for linear combinations of Tn and [7”, which will be

used in the proof of the Bernstein—Szegé type inequality of Theorem 3.1.
Theorem 2.2. IfV = cosafn + sinaﬁn with some a € R, then

(V)2 + B2v? = B2, (2.6)
holds on the real line, where o € R and the Bernstein factor En is defined by (2.2).

Proof. Since on the real line we have
(V)2 4+ B2V? = (cosa T +sinaU,)? + B>(cosa T, + sina Uy, )?
= cos® <(T') - BiTﬁ) + sin? o <([77'1)2 - éiﬁﬁ)
+2cosasina(T.U!, + B>T,U,),
the identities (2.3) and (2.5) yield (2.6). O

We now calculate T (1). This will be used in the proof of the Markov-type

L B A e ) T D I
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Theorem 2.3. Let T, be defined by (1.9). Then
2 2
- 1+ cp - 1—c
(1) =Y % d Ti(-)=(=n" Y ®
0= (X m men - o (Tn )
where the numbers ¢, k =1,2,...,n, are defined by (2.1).

Proof. We prove only the first equality, the proof of the second one is similar. Since
Ty (cost) = T, (1) for every t in R (cf. (1.10)), by taking the derivative with respect
to t, we have —T7 (cost) sint = T/,(t) = —B,, (t)Un(t) (cf. (2.3)). Hence

(1) = tim B, (0 02®) ¢

t—0 t sint

where U,(0) = 0 (cf. Theorem 1.1 (d)) is used. Note also that U, = B,T,, (cf.
T

(2.3)) and T,,(0) = 1, so we have

2
1+ ck
T’ (1
-0 - (S04 - (a12)
where we have used the relations 2\/a% -1 = c,: — ¢ and 2a, = 0;1 + ¢ (cf.
(2.1) or (1.5)—(1.6)). The derivative T/ (—1) can be calculated in exactly the same

way. [

§3. BERNSTEIN AND MARKOV TYPE INEQUALITIES

Bernstein and Markov type inequalities play a central role in approximation
theory, and have been much studied (cf. [Ach, BoEr, Che, DeLo, DuSc, Lor, PePo,
Riv]). In this section, we first prove a sharp Bernstein—Szegé type inequality with
the best possible constant for the spaces 7, (a1, as,...,a,) defined by (1.2), and
Pn(ai,as,...,a,) defined by (1.1). In the case when all the poles are distinct reals
outside [—1,1], (1.1) becomes

1 1
Pn(al,ag,...,an):span{l, ey } (3.1)

Tr—a T —ay

The limiting case of the Bernstein—Szegd type inequality (letting the poles approach
+00) is the classical Bernstein—-Szegé inequality. We also establish an asymptoti-

cally sharp Markov-type inequality for the same space. (It is at most a factor "
away from the best possible constant.)

Theorem 3.1. Let {ar}}_; C C\[—1,1] and let the Bernstein factor B,, be defined
by (2.2). Then

V(07 + Balt)plt)? < Bult)? max (), teR (3.2)
for every p in T, (a1, as,...,a,), and equality holds in (3.2) if and only if t is a
maximum point of |p| (i.e. p(t) = £[|p|lL~(w)), or p is a linear combination of T,

and [7”

If we drop the second term in the left-hand side of (3.2), we have the Bernstein-

U I B
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Corollary 3.2. Let {ar}}_, be as in Theorem 3.1. Then

' (t)] < Bn(t) max|p(r)],  teR (3.3)

for every p € T,(ay,as,...,ay,), where the Bernstein factor is defined by (2.2).
Equality holds in (3.3) if and only if p is a linear combination of T,, and U, and

p(t) = 0.

Proof of Theorem 3.1. Let p € T,(ay,aq,...,a,) be arbitrary with infinite norm
not larger than 1. That is, 0 < ||p||-®) < 1. It is sufficient to show that

P'(t)* + Ba(t)*p(t)* < Bn(t)? (3.4)

for every fixed t € R. Then a scaling and limiting process imply that (3.2) holds for
p with arbitrary norm. First we claim that for every fixed ¢ € R there is an o € R,
so that

V =cosaT, +sinal, (3.5)

has the same value as p at the point ¢, and their derivative signs at ¢ also match,
that is,
V(t)=p(t) and p'(t)V'(t) > 0. (3.6)

Indeed, since t is fixed, we may view V as a function of a. Let
d(a) = cos a Ty (t) + sin o Uy (¢).

Then ¢(a) = cos(a — ¢), where 6 is determined by cos 6 = T, (t) and sin 6 = U, (t)
(recall that |T},|>+|U,|?> = 1 on R by Theorem 1.1 (e)). Since |p(t)| < 1, ¢(a) takes
the value of p(t) twice on every translation of the interval [0,27). Hence there are
a; and s in R so that ¢(a1) = ¢(az) = p(t), and (a; — 0) + (ag — ) = 27. We

thus get two linear combinations

Vi(-) = cos ;T () +sina,; Uy (), ji=1,2,

such that V;(t) = p(t), j = 1, 2. To see that one of V; or V5 is a suitable choice
to satisfy (3.5) and (3.6), it is sufficient to show that V{(¢)V3(t) < 0. This can be
verified quite easily. Now V/(t) = cosa;T}(t) + sina;U, (t) and by (2.3) and the

choice of 6, we get

VI(t) = Bp(t)[— cos a;U, (t) + sina,; T,,(t)] = By (t) sin(a; — 0).

Consequently, V{(t)V4(t) = Bn(t)?sin(ay — 0)sin(ay — ). Hence VY (t)V4(t) =
—B,(t)?sin?*(ay — 0) = —B,(t)*(1 — p(t)?) < 0 since (ay — ) + (ax — 0) = 27

1! /4N 01 ™M, . .Cc. 41 e Y Y Y yau O ™Y YOy N 11 Y
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on let V' be a function of the form (3.5) satisfying (3.6) (¢ € R is fixed). We now
prove that

P’ < V(D). (3.7)

If the above does not hold, then by Theorem 1.3 (iii) we have, without loss of
generality, that p’(t) > V'(t) > 0, hence there is a § > 0 such that p —V > 0 on
(t,t+0) and p—V < 0on (t—46,t) since p(t) — V(¢) = 0. Let ¢; and ;41 be the two
consecutive equioscillation points of V' so that t; <t < t;11 (cf. Theorem 1.3(iii)).
Then V(t;) = —1 and V(t;41) =1,andsop—V >0at t; and p—V <0 at tj41.
Thus, there are 3 zeros of p— V in (t;,¢;41). It is easy to see that there are 2n — 1
zeros of p — V outside (t;,¢;41) in a period of length 2, since p — V' has the same
sign as V when V = +1. This gives rise to 3+ (2n — 1) = 2n + 2 zeros of p — V
in a period of length 27, which is a contradiction, since every non-zero element in
T.(a1,as2,...,a,) has at most 2n zeros in an interval of length 27. This finishes
the proof of (3.7).
JFrom (3.6), (3.7) and Theorem 2.2, we have

P (1) + Ba(t)*p(t) < V(1) + Ba(t)?V (8)* = Ba(t)*.

Thus (3.4) is proved. As pointed out earlier, this finishes the proof of (3.2).

o From Theorem 2.3 we know that (3.2) holds with equality sign when p is a linear

combination of T}, and U,. To prove the converse, let ||| Lee®) = 1, and assume
that there is a ¢t € R, such that |p(t)] < 1. By the above argument, there is an

a € R, so that p and V = cosa T, + sin a U,, have the same value at ¢, and p'V”’ is
positive at t. Since both p and V satisfy (3.2) with equality, and |p(t)| = |V (¢)] < 1,
we have |p/(t)| = [V'(t)| > 0. Therefore we may assume that p'(t) = V'(¢)(> 0)
Consequently, p—V has a zero at t with multiplicity at least 2. Since V' equioscillates

2n times on K = R(mod 27) with L>°(R) norm 1, and ||p||z-®) = 1, it is easy to
see that p — V has at least 2n — 1 zeros (by counting multiplicities) in (R \ {t})

(mod 27). Hence p — V' has at least 2n + 1 zeros (by counting multiplicities) on
[0,27), which yields p—V =0. O

Using the fact that p € P, (a1, aq,...,ay,) implies p(cos(+)) € 7,(a1,aq,...,an),

from Corollary 3.2 we immediately obtain

Corollary 3.3. Let {ar}}_; C C\ [-1,1]. Then for every x € [—1,1],

(1 —2%)p/(2)* + Bu(2)°p(2)? < By(x)? S pW)F,  wel-11]  (3.8)

for every p € Py, (a1,az,...,a,), where By, is defined by (2.2). The above holds
with equality if and only if p(x) = £|p||Le(—1,1] or p is a constant multiple of T,,.

Again, if we drop the second term in the left—hand side of the above, we have

Y I Y A A I Y Y T A
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Corollary 3.4. Let {ar}}_; C C\ [-1,1]. Then,

e

¥(2)] < ﬁz = max ). re(-11) (39)

for every p € Pp(ai,as,...,a,), where \/a? — 1 is determined by (2.1). Equality
holds in (3.9) if and only if p is a constant multiple of T,, and p(x) = 0.

Remark. An immediate consequence of (3.9) is that if {ax}72, C R\ [—1,1] and
oo / 1 0o
g aki<oo for some z € (—1,1), i.e. E V1—lag| ™2 < o0,
A — T
k=1 1

then the real span of

1 1 1 1
"r—a1 r—ay x—a3

is not dense in C[—1, 1] (cf. [Ach, p. 250]).
The Bernstein—type inequality (3.9) does not give good estimates of the deriva-
tives when x is close to £1. The following Markov—type inequality remedies this,

at least when the poles are real.

Theorem 3.5. Let {ar}y_; C R\ [-1,1]. Then

n 2
/ n 1+ |Cl€|
<
Cmax (@) < - (kz—l o | e, Ip@)

holds for every p € Pp(a1,az,...,ay), where the numbers {c,}}_, are defined from
{ap}i_q by (2.1).

The following lemma will be used in the proof of Theorem 3.5.

Lemma 3.6. Let {ay};_; C C\[-1,1], let

e 418 if0<y<1
ak(y) = 2ay 14y . (310)
T+ if —1<y<0,k=12,...,n,

and let e, (y), k=1,2,...,n, be defined by

(er() +e()™) . law)l <1. (3.11)

Then
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for every p € Pp(ay,az,...,a,).

Proof. 1t can be shown by a simple variational method (cf. [KaSt]) that

P’ (1]

su = |71 3.12
p Max_i<g<r [p(2) (1) (3.12)
. (1)
b /
su — |T7(~1)], 3.13
p T (3,13
where the supremums in (3.12) and (3.13) are taken for all p € P,(ay,aq9,...,a,)

and T, is the Chebyshev polynomial defined by (1.9). Now the lemma follows from
Theorem 2.3 by a linear transformation (we shift from [—1,1] to [-1,y]if0 <y <1
orto [y,1]if -1 <y <0). O

Applying the Bernstein—type inequality (3.9) at 0, we get

n 2 _q

/ < V% =2 )

01> VE (o) (3.14)
k=1

for every p € P,(a1,as2,...,a,), where the values \/ak , k=1,2,...,n, are

defined by (2.1). Note that if {ax};_, C R\[-1,1] is an arbltrary set of real poles,

then (3.14) yields

< 3.15
PO <0 max () (3.15)
for every p € P,(ay,aq,...,a,), and from thls, by a linear transformation, we

obtain

Corollary 3.7. Let {ar}}_; C R\[-1,1] be an arbitrary set of poles. Then

/
< — .
Py < 1— o ()] (3.16)

for every p € Py(ay,az,...,a,) and y € (—1,1).

Proof. This follows from (3.15) by a linear transformation (we shift from [—1, 1] to
2y —1,1if0<y<1l,orto[-1,2y+1]if -1 <y<0). O

Now we prove Theorem 3.5.

Proof of Theorem 3.5. Since {ax}}_; C R\[-1,1], it follows from (3.10), (3.11),
and (1.1) that

lan (W) > lax| and fer(y)] <lex| <1, k=1,2,....n (3.17)

hold for every y € [—1, 1]. Therefore Lemma 3.6 yields
2 1+ en(y)l
/
D < max |p(x
POl T (Z T ety ) 1% P

2
n_ (- Lo
— (Z — | max [p(z)] (3.18)

IN




16 PETER BORWEIN, TAMAS ERDELYI, AND JOHN ZHANG

for every p € P,(ai,az,...,a,) and for every y with 1 —2n~! < |y| < 1. If
ly] <1 —2n"1, then Corollary 3.7 gives

' (y)| < Ip(z)] (3.19)

< —— max
1 —|y| —1<z<1

Z + |ck
< 2 max < 1M ax
L Ip()l (k < 1- |ck|> _ighe Ip(2)

for every p € Py, (a1, aq,...,ay,), which, together with (3.18), yields the theorem. [

§4. CHEBYSHEV AND ORTHOGONAL POLYNOMIALS

In this section, we study some additional properties of the Chebyshev polynomi-

als with respect to the rational system (0.20) with distinct real poles outside [—1, 1]
and their orthogonalizations with respect to the measure (1 — 22)~/2 on [-1,1].

We start with an explicit partial fraction formula for the Chebyshev polynomials,
then we record a contour integral form of the Chebyshev polynomials, from which a
mixed recursion formula follows. The rest of the section will be devoted to orthog-
onality. Many aspects of orthogonal rationals and their applications can be found
in the literature, for examples, in [Ach, BGHN, Djrb, VaVa, Wal|. The novelty
of our approach is that we derive the orthogonal polynomials from the Chebyshev
“polynomials” (cf. §1).

If (ax)g2, is a sequence of real numbers outside [—1, 1], then the related (¢ )72, C
(—1,1) is defined by

1
a = E(Ck‘FC];l)v ok =ar—yJaj —1, o €(=1,1), (4.1)

where the choice y/a; — 1 is determined by ¢ € (—1,1), and the associated Cheby-
shev polynomials of the first and second kinds are defined by (cf. (1.9) and (1.11))

1 M, (z) 2" M, (271)
Tn(x) - 5 (ZnMn(Zl) + Mn(z) ) (42)

and
Un (x) =

1 (Mn(z) +ann(z—1))7 (4.3)

z—z71 \2"M,(z71) M, (z)
respectively, where M,,(z) = [[_,(z —cx) and & = (2 +27') /2. First we can easily
get the partial fraction forms of the Chebyshev polynomials.

Proposition 4.1. Let {ar}p_, C C\ [-1,1] be a sequence of distinct numbers
such that its nonreal elements are paired by complex conjugation, and T, and U,

be the Chebyshev polynomials of first and second kinds defined by (1.9) and (1.11),
respectively. Then

A n Ann
T (g = Ap . 4 2L o, P (4.4)
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and
B B
Up(z) = —2" 4. g 20 (4.5)
T — ay T — Gn
where
P G L R 4.6
0n =" (c1 e, +c1...en), (4.6)
c c 2 1 —c¢ge
k,n ( 2 ) H Cr, — Cj T ' ( )
j=1
Ji#k
and
TS ST s
k.n 2 Ck—Cj’ ) <y )
j=1
J#k

Proof. 1t follows from Theorem 1.1 (a) and Theorem 1.2 (a) that 7, and U, can
be written as the partial fraction form of (4.4) and (4.5). Now it is quite easy to
calculate the coefficients Ay, ,, and By, ,,. For example,

n -1
Ay = lim T),(z) = lim 1 ( My (2) n 2" My, (z ))

T—00 =02 \ 2" M, (27 1)

...cfll—i—cl...cn),
and for k=1,2,...,n,

Agp = lim (z —ax)T), ()

T—ag

1
= lim ~(z —cp)(1—c;'27h)

Z—Cp

007 (G~ 3

- (M) ﬁ 1—ag E=1.2 n
2 - cp—c¢j’ T
J#k
The coefficients By, ,, can be calculated in the same fashion. [
We now give a contour integral expression for 7;,, which can be used to derive a

mixed recursion formula.
Lemma 4.2. Let {ax}}_, C C\[—1,1]. Let T,, be defined by (1.9). Then we have

1/2
n

t—C E') t—ax
2 Sl ot e[-1,1
n( 271'2/ H 1—03 1—Cjt) 22 —2%x+1 ’ x [ ) ]7

where 'y 1s a circle centered at the origin, with radius 1 < r < m1n{|c | 1<5<

0 7 11 Y T T T A S T N S O T S 1» o
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Proof. Recalling that with the transformation x = (2 + 271)/2, we have

1 M, (z) 2" M, (27 1)
T"@)‘E(an(—l)* Mo (2) )

:%/;an EZ) )(tiszt—lzl)dt

1 M, (z) t—x gt
2w ), My (27t 2 =2t 41

where v is a circle slightly larger than the unit circle as in the statement of this

lemma. O

It is now quite simple to obtain a mixed recursion formula for the Chebyshev
polynomials associated with rational systems. To do this, we need some notation.

Let S,, denote the Chebyshev polynomials with respect to the rational system

1 1 1

{1, , } (49)

T — ay T —0p—2 T — 0p

missing the function m_al —, 80 by Lemma 4.2

t—cy t—x
dt. 4.10
Sn(®) 27?2/ H 1 —cit t2 —2tr +1 ( )

J;ﬁn 1

We remark that if n is fixed, then in order to define T,, and .S,, correctly, one needs
only to assume that a,,_1 is real, and that the nonreal poles in {a1,...,a,_2,a,} are
paired by complex conjugation. However, in order to define T;, and S,, correctly for
allm =1, 2, ..., the assumption that (ay),-; C R\ [~1,1] is needed. This remark
is valid for most results in this section. Sometimes this assumption is adopted for

the purpose of simplicity. We have

Lemma 4.3. Let (T}),—, and (Sy),—, be defined from (ay)ie, C R\ [-1,1] by
(4.2) and (4.10). Then,

CnCn—1 — 1

Tn = Tn,Q + (Tn,1 - Sn), n = 2, 3, ceey (411)

Cn — Cp—1

where (cx)pe, is defined from {ax}3, by (4.1).

Proof. By the contour integral formulae in Lemma 4.2 and (4.10),

CnCpn—1 — 1

Tnf Tnf - ~n
2(z) + cn—cnq( 1= Sn)

1 n—2 t—c¢j CnCn1—1 [ t—cn_1 t—cp, t—x
= 1 — dt
QWilnl—tcj [ * Cn — Cp—1 (1—tcn_1 1—tcn)} 12 —2tr + 1

n—2
1 / t—cj [ (t —cn— 1)(t—cn)-‘ t—x
T 9. ,H1—fr> 1 — 4 M1 — +- ) f2—2frr,—l—1dt’
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which, again by the contour integral expression in Lemma 4.2, is T,,(z). O

The ordinary Chebyshev polynomials cos(n arccosx), n = 0,1,..., are orthog-
onal with respect to the weight function (1 — 22)~'/2 on [~1,1]. For Chebyshev

polynomials 7;,, n = 0,1,..., defined by (4.2), they are not orthogonal. However
they are almost orthogonal in the sense of the following two theorems, and they

can be modified to orthogonalize the rational systems

1 1 1 1
1, , e and , yeee (s
r—a; T — ag r—a; T — a9

respectively, where (ax)r-, C R\ [—1,1] is a sequence of distinct numbers.

Lemma 4.4. Let (T}),—, be defined from (ax)p—; C R\ [=1,1] by (4.2). Then

1
dx T
T, ()T () ——— = —(—1)"T™ 1+c2...cfn Cma1---Cny, 0<m<n,
/;1 ( ) ( )m 2( ) ( 1 ) +1 = =
where {c}7°, C (—1,1) is related to (ak)req by (4.1), and the empty product is

understood to be 1 for m =0 or n.

Proof. Fix 0 < m < n. By (4.2) and using the transformation z = (z + 271)/2, we

have

4

1 / [ M, (2) ann(z—l)H Mn(2)  2"My(z~1)] dz

2" M, (z71) * M, (z) 2 M, (271) * M, (2) iz’

where T is the upper half unit circle. On expanding the product in the integrand,
keeping two terms over the upper half circle, and converting the other two terms

to the lower half circle v—, we get

T 1 l M, (2) M, (2) N M,(z) 2"™M,,(271)] dz
G L2 My (271) 2 Mo (271) 0 2" My (271) Mo (2) z

7T _
B [(=1)™ 1. encr v em 4+ (=1)" ™ Cmgr .. Cn) s

which is the same as stated in Lemma 4.4. [

Some partial orthogonality still holds for 7, (cf. [Ach, p. 250]). First we

R D R T A b D T Y T |
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Lemma 4.5. Let (T}),—, be defined from (ag)re, C R\ [=1,1] by (4.2) and a €
R\ [-1,1]. Then

1 n
1 dx 27 c—c;
T, = I 4.12
/;1 (x)x—avl—xQ C—Clgl—CCj ( )
where ¢ € (—1,1) is defined by a = (c+c71)/2.

Proof. Let v be the upper half unit circle, and apply the transformation z =
(z +271)/2, we get

/_11 Tn(x)xia\/ldfig;? - %/ l EZ) ) nj\z\j:z)_l)} c+c ! Ez—zlf_j
_ 1 M, (z) 2dz
2i 5 ZMy(271) (e — 2) (et = 2)°

Hence
1 n
1 dx M, (2) 2 27 c—c¢j
T, = = IO
/1 <x)x—a\/1—;1;2 My (z7Y) et —2z|, _, ¢t —cjl;Il 1 —ccy

Corollary 4.6. Let (T,),., be defined from (ag)re, by (4.2). Then

/_1 Tn(a:)\/% =(—1)"mey...cp (4.13)

and

1
1 dx
T, (x =0, k=1,2,...,n, 4.14
/1 ()x—ak\/l—xQ ( )

where (ci)pey is related to (ag)pe, by (4.1).
Proof. The proof of the second part is a direct application of (4.12). To prove

(4.13), we can either repeat the proof of Lemma 4.5, or we simply divide both sides
of (4.12) by a and let @ — oo, and notice that a = (c+c¢~1)/2 impliesc¢™! /a — 2. O

Given a sequence (ax)5e; C R\ [—1, 1], we define
Ro = 1, Rn = Tn + CnTn,1 n Z 1 (415)
and
Ri— . R 2 Ty +enTos) (4.16)
= = = — 0 o \In T Cndln— .
0T m (1= c2) !

(cf. (4.2) and (4.3)). The following theorem indicates that these simple linear

combinations of T}, and T,,_1,n = 1,2, ..., give the orthogonalization of the rational

1 1
{1, , } (4.17)
r—ay T —az

system
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Theorem 4.7. Let (R}) -, be defined by (4.15) and (4.16). Then
1
/ R ()R () — — 5, (4.18)

. n m /71_1:2
holds for n,m =0,1,2,....

Proof. Let m < n. By Corollary 4.6,

1
1 dx
R, (x =0
/1 ()x_ak\/1—$2

holds for £k =0,1,...,n— 1. Also by Corollary 4.6,

/ R \/7 / 2) + cn T 1(@)%
=(=1)"1...ch +en(—1)" ey ocp1 = 0.
This implies that
! dx
/_1 Rn(a:)Rm(x)ﬁ =0, m<n.
When m = n, we have
dx

)+ enTna(x ))Tn(x)ﬁ7

/1 ”m/R )m/

which, by Lemma 4.4, is

v /s v

Therefore, R} = \/2(1 — ¢2)/7R,, is the n—th orthonormal polynomial. [

cn(l+c3...c2 e, =

It is also easy to orthogonalize the system

1 1 1
{ R, } (4.19)
r—ay T —Qay T — as

with respect to the weight function 1/4/1 — 22 on [~1,1] (where compared with
(4.17), the constant function 1 is removed). In fact we only need to take the linear
combination of T,, and T;,_1 so that the partial fraction form (cf. (4.4) and (4.5))
does not have the constant term.

Corollary 4.8. Let (ag),—; C R\ [=1,1], and define (cx)pey C (—1,1) by (4.1).
If (T,,),_, is defined by (4.2), and (1), is defined by

rn=cn(l1+c3...2 T+ (1+c... )T, (4.20)

then r,, is an element in the real span of the system (4.19) and

1 dx 2 2 2
J R e CE e (CE SR I (e B L

holds for n,m =10,1,2,....

The proof of the above is very similar to that of Theorem 4.7, and we can safely
omit it. ;From the definition of R, and r,, and Proposition 4.1, we can get their
explicit partial fraction forms.

Finally, by applying [PiZi, Theorem 1.1], and noticing that (4.9) and (4.20) are

T 1. £ 1 1 _ Yy A TN
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Corollary 4.9. Assume (ay),e; C R\[-1,1]. Let (T5).—,, (Rn),—, and (ry) -

PETER BORWEIN, TAMAS ERDELYI, AND JOHN ZHANG

n=1’ n=1’ n=1

be defined by (4.2),(4.15), and (4.19). Then for everyn =1,2,3, ..., T,, and R,

have exactly n zeros in [—1,1], ry, has exactly n —1 zeros in [—1, 1], and their zeros

strictly

Ach

Bern.
BoEr.
BGHN.

Che.
DeLo.

DuSec.

Djrb.

GoVa.

IsKe.
KaSt.

Lor.
Mar.

PePo.
PiZi.
Riv.
Sze.
VaVa.

Wal.

PETE
ScoTIA,

interlace the zeros of T,_1, R,_1, and r,_1, respectively.
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