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Abstract. We prove a subtle “one-sided” improvement of a classical result of P.
Erdés and P. Turan on the distribution of zeros of polynomials. The proof of this
improvement is quite short and rather elementary. Nevertheless it allows us to
obtain a beautiful recent result of V. Totik and P. Varju as a simple corollary, and
in a somewhat stronger form, without any use of a potential theoretic machinery.
Namely, if the modulus of a monic polynomial P of degree n (with complex coeffi-
cients) on the unit circle of the complex plane is at most 1+ o0(1) uniformly, then the
multiplicity of each zero of P on the unit circle is o(n'/?). Our approach is based
on the interesting observation that the Erdés—Turdn Theorem improves itself.

Résumé: Nous prouvons un raffinement délicat d’un résultat classique de P. Erdés
et P. Turan sur la distribution des zéros de polynémes. Bien que notre preuve soit
breve et plutot élémentaire, elle nous permet d’obtenir comme corollaire et sans
recourir a la théorie du potentiel, une amélioration d’un résultat récent et élégant
de V. Totik et P. Varju: si le module sur le cercle unité du plan complexe d’un
polynéme P monique, de degré n et a coeflicients complexes est uniformément au
plus 1+0(1), alors la multiplicité de chaque zéro de P sur le cercle unité est o(n'/?).
Notre approche repose sur I’observation, a notre avis intéressante, que le théoreme
de Erdds-Turan puisse en quelque sorte s’auto-raffiner.

0. INTRODUCTION
Let 0D denote the unit circle of the complex plane. Let
P| = P .
1Pl := max [P(z)]
A classical result of Erdés and Turdn [3] is the following.
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Theorem (Erd8s—Turan). If the zeros of
P(z) := Zajzj, a; €C, apan #0,
§=0

are denoted by
zj =15 exp(ip;), ri >0, ¢;€[0,2m), j=1,2,---,n,

then for every 0 < a < 3 < 21 we have

Z 1- 62;& n‘ < 164/nlog R,

JEI(a,B)

where
R := |agan|~'/?| P

and
Ia,B) ={j:a<p; <p}.

The review [6] written by V. Totik on the recent book [1] of V.V. Andrievskii

and H-P. Blatt shows the central role of the Erdés-Turéan Theorem in certain types
of investigations.

Note that some books quote this result with
R := [agan|~"*(ao| + [a| + - -~ + |an])

in place of R := |aga,|~'/?||P||. In fact, the weaker result is an obvious corollary
of the stronger one by observing that ||P|| < |ag| + |a1]| + -+ + |an|.

1. NEw RESULT

In this note we offer a subtle “one-sided” improvement of the above Erdés—Turdn
Theorem.

Theorem 1.1. If the zeros of
P(z) := Zajzj, a; €C, apan #0,
§=0

are denoted by
zj =15 exp(ip;), ri >0, ¢;€[0,2m), j=1,2,---,n,

then for every 0 < a < < 27 we have

Z 1—ﬁ_an§16 nlog Ry,
] 2w
j€li(,B)
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and
DR
Jj€I2(e,8)
where
Ry = lan|THIPll,  Re:=laol Y|P,
and

Il(avﬂ) = {j:aéwj éﬁ? Tj > 1}7 12(a7ﬂ) = {]aégoj éﬂv Tj < 1}

This result is closely related to a recent paper of V. Totik and P. Varja [7]. In
fact, it may as well be derived from part (ii) of Theorem 1 in [7]. However, here
we do not rely on this recent result. Our approach is based on the interesting
observation that the Erdés—Turan Theorem above improves itself.

Proof. Tt is sufficient to prove only the first inequality for
n
P(z) ::Zajzj, a; € C, apa, #0.
§=0

If we apply it to

n
P*(2):=2"P(1/2) = Y an_;2’,
j=0
we obtain the second inequality of the theorem. Without loss of generality we may
also assume that a,, = 1. Let

D D

j€li(a,B)

Without loss of generality we may assume that r; = 1 for each j € I (o, 8). Indeed,
if we replace each z; = rj exp(iyp;) with r; > 1 with z; := exp(iyp;), and introduce

P = [I G-z [I Gc-z=> a7,
7=0

j€lz(a,p) j€h(a,p)

then the polynomial P is still monic and ||P| < ||P|. Without loss of generality
we may also assume that & > 0, otherwise there is nothing to prove. We need to

prove that
k2
P| > .
171> exo (55 )

If Jag| > 1, then the result follows from the Erdds —Turdn Theorem. Suppose
lap| < 1. Let m be a nonnegative integer. Let S := P™. Since each zero of P with
multiplicity « on the unit circle is a zero of S + S* with multiplicity at least mu,
the Erdés—Turan Theorem gives

. (mk)?
1 m
IS+ S*|| > | +a0|exp(256mn ,
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hence

mk?
21PI™ > |1+ ay’ .
1P > 1+ aexo 5o )

Therefore

k2 k2
Pl > 271/m 1— m|1l/m > 271/m 1— m
P12 2771~ ool exp (o) 2 271~ fao e (e

follows. Now let m tend to co. We obtain

k2
Pl >
171> e (55 ) -

and the theorem follows. 0O
As a corollary we obtain a recent result of V. Totik and P. Varja [7].

Corollary 1.2. If the modulus of a monic polynomial P of degree n (with complex
coefficients) on the unit circle of the complex plane is at most 1 + o(1) uniformly,
then the multiplicity of each zero of P on the unit circle is 0(n1/2),

Actually we get this stronger form of the Totik-Varjui result:

Corollary 1.3.

(i) If the modulus of a monic polynomial P of degree n (with complex coefficients)
on the unit circle of the complex plane is at most 1 4+ o(1) uniformly, then the
multiplicity of each zero of P outside the open unit disk is 0(n1/2).

(i) Equivalently, if a complex polynomial P of degree n and constant term 1 has
modulus at most 1+ o(1) uniformly on the unit circle, then the multiplicity of each
zero of P in the closed unit disk is o(n'/?).

Proof. Suppose P is a monic polynomial of degree n with k zeros at a point zg
outside the open unit disk. Then Theorem 1.1 implies

k2
P| >
171> exp (5552

and the corollary follows. O

We note that Corollary 1.3 extends to generalized polynomials of the form
k
fe) =][G-2)", zeC, r>0,
j=1

where N := Z?Zl r; is the degree of the generalized polynomial.
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2. REMARKS

A construction of G. Haldsz [4] shows that for every k € N, there exists a
polynomial & of degree k (with real coefficients) such that

2
h(0)=1, h(1)=0, and |h(2)|<exp (E) forall ze€0D.
(See also [5] concerning the exact constant.) This implies the following observation.

Remark 2.1. o(n'/?) in Corollary 1.2 cannot be improved.

Proof. Indeed, let the polynomial h of degree k be picked by the above lemma.
Then H := h™ is a polynomial of degree km, H(0) = 1, and H has a zero at 1
with multiplicity at least m. Also |H(z)| < exp(2m/k) for all z € D. Now let Q
be defined by Q(z) := 2z¥™H(1/z). Then Q is a monic polynomial of degree km
and @ has a zero at 1 with multiplicity at least m. Also |Q(2)| < exp(2m/k) for
all z € 9D. Now choose m = o(k). O

Remark 2.2. A result closely related to Theorem 1.1 is the theorem below. See
Theorem 4.1 in [2]. However, Theorem 1.1 does not follow from this.

Theorem (Borwein—Erdélyi-Kés). There is an absolute constant ¢ > 0 such
that every polynomial p of the form

n

p(x)zZajxj, la;| <1, Jao|=1, a;€C,
7=0

has at most c\/n zeros in [—1,1].

There is an absolute constant ¢ > 0 such that every polynomial p of the form

n

p(m)zZajxj, la;| <1, Jan|=1, a;€C,
7=0

has at most cy/n zeros in R\ (—1,1).

There is an absolute constant ¢ > 0 such that every polynomial p of the form

n
p(x):Zaja:j, la;| <1, Jao|=lan] =1, a;€C,
3=0

has at most c\/n real zeros.

REFERENCES

1. V.V. Andrievskii and H-P. Blatt, Discrepancy of Signed Measures and Polynomial Ap-
prozimation, Springer, New York, 2002.



AN IMPROVEMENT OF THE ERDOS-TURAN THEOREM

. P. Borwein, T. Erdélyi, and G. Kés, Littlewood-type problems on [0, 1], Proc. London
Math. Soc. (3) 79 (1999), 22—46.

. P. Erdés and P. Turdn, On the distribution of roots of polynomials, Ann. Math. (1950),
105-119.

. G. Halédsz, On the first and second main theorem in Turdn’s theory of power sums,
Studies in Pure Mathematics, To the Memory of Paul Turdn (P. Erdés, ed.), Birkhduser
Verlag, Basel, 1983, pp. 259-269.

. M. Lachance, E.B. Saff, and R. Varga, Inequalities for polynomials with a prescribed
zero, Math. Z. 168 (1979), 105-116.

. V. Totik, Review on the book “Discrepancy of Signed Measures and Polynomial Ap-
prozimation”, Bull. London Math. Soc. 35 (2003), 284-287.

. V. Totik and P. Varjui, Polynomials with prescribed zeros and small norm, Acta Sci.
Math. (Szeged) (to appear).



