GENERALIZATIONS OF MUNTZ’S THEOREM VIA A
REMEZ-TYPE INEQUALITY FOR MUNTZ SPACES

PETER BORWEIN AND TAMAS ERDELYI

ABSTRACT. The principal result of this paper is a Remez-type inequality for Miintz

polynomials:
n
p(a) =) az™
i=0

or equivalently for Dirichlet sums:

where 0 = A\g < A1 < A2 < ---. The most useful form of this inequality states that
for every sequence (A\;)$2, satisfying Y72, 1/A; < oo, there is a constant ¢ depending
only on A := (A;)72, and s (and not on n, g, or A) so that

IPll0,0 < cllplla

for every Miintz polynomial p, as above, associated with {)\i};?io, and for every set
A C [o,1] of Lebesgue measure at least s > 0. Here || - |4 denotes the supremum
norm on A. This Remez-type inequality allows us to resolve two reasonably long
standing conjectures.

The first conjecture it lets us resolve is due to D. J. Newman and dates from
1978. It asserts that if 3 22, 1/X; < oo, then the set of products {pip2 : p1,p2 €
span{z*0, z*1 ... }} is not dense in C[0, 1].

The second is a complete extension of Miintz’s classical theorem on the denseness
of Miintz spaces in C[0,1] to denseness in C(A), where A C [0, 00) is an arbitrary
compact set with positive Lebesgue measure. That is, for an arbitrary compact set
A C [0,00) with positive Lebesgue measure, span{z*0,2*1, ...} is dense in C(A) if
and only if 3°7°, 1/X; = co.

Several other interesting consequences are also presented.
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1. INTRODUCTION

Miintz’s beautiful, classical theorem characterizes sequences A := (X;)32,, with
(11) D= < A <A <---

for which the Miintz space M(A) := span{z*0,z* ...} is dense in C[0,1]. Here,
and in what follows, span{z*°, 2 ...} denotes the collection of finite linear com-
binations of the functions 2*°, z*1, ... with real coefficients and C(A) is the space
of all real-valued continuous functions on A C [0,00) equipped with the uniform
norm. If A := [a,b] is a finite closed inerval, then the notation C[a,b] := C([a,b])
will be used. Throughout this paper A := ()\;)$2, denotes a sequence satisfying
(1.1). Miintz’s Theorem [11, 18, 27, 30] states the following.

Theorem. M(A) is dense in C[0,1] if and only if Y .o 1/X; = co.

The original Miintz Theorem proved by Miintz [16] in 1914, by Szdsz [27] in
1916, and anticipated by Bernstein [3] was only for sequences of exponents tending
to infinity. The point 0 is special in the study of Miintz spaces. Even replacing
[0,1] by an interval [a,b] C [0,00) in Miintz’s Theorem is a non-trivial issue. This
is, in large measure, due to Clarkson and Erdés [12] and Schwartz [24] whose works
include the result that if Y .0 1/A; < oo, then every function belonging to the
uniform closure of M(A) on [a,b] can be extended analytically throughout the
region

{z€C\ (—00,0] : |2| < b}.

There are many generalizations and variations of Miintz’s Theorem [1, 4, 5, 6, 7,
8,9, 17, 19, 24, 26, 28, 29]. There are also still many open problems. The proper
generalizations to many variables are still open.

In Section 6 of this paper we show that the interval [0, 1] in Miintz’s Theorem can
be replaced by an arbitrary compact set A C [0, 00) of positive Lebesgue measure.
That is, if A C [0, 00) is a compact set of positive Lebesgue measure, then M(A) is
dense in C(A) if and only if Y7, 1/A; = oo.

If A contains an interval, then this follows from the already mentioned results of
Clarkson, Erdés, and Schwartz. However, their results and methods cannot handle
the case that, for example, A C [0, 1] is a Cantor-type set of positive measure. Note
also that the scaling © — ax reduces the case that A C [0, 00) is compact to the
case that A C [0, 1] is closed, so working on [0, 1] is perfectly general.

In the case that >, 1/\; < oo, analyticity properties of the functions belonging
to the uniform closure of M(A) on A are also established.

An analogue of the above result is also proved in L% (A), where w is a nonnegative
integrable weight function on A with [, w >0, and ¢ € (0, 0).

Speculations about the above extensions of Miintz’s Theorem are probably as
old as Miintz’s Theorem itself.

Somorjai [26] and Bak and Newman [2, 20] proved that
R(A):=={p/q:p.q € M(A)}
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is always dense in C[0, 1] in the uniform norm on [0, 1]. (Though (1.1) is assumed
throughout this paper, the above result holds for an arbitrary A := (\;)$2, contain-
ing infinitely many distinct real numbers.) This surprising result says that while
the set M(A) of Miintz polynomials may be far from dense, the set R(A) of Miintz
rationals is always dense in C[0, 1], no matter what the underlying sequence A. In
light of this result, Newman, in 1978 [20, p. 50] raises “the very sane, if very prosaic
question.” Are the functions

k nj o
H Zai_sz s aij € R, n; € N

j=1 \i=0

dense in C[0,1] for some fixed &k > 2 7 In other words does the “extra multipli-
cation” have the same power that the “extra division” has in the Bak-Newman-
Somorjai result? Newman speculated that it did not.

Denote the set of the above products by Hy. Since every natural number is the
sum of four squares, H, contains all the monomials ™, n = 0,1,2,... . However,
Hy, is not a linear space, so Miintz’s Theorem itself cannot be applied to resolve
the denseness or non-denseness of Hy in C10, 1].

Section 7 of this paper deals with products of Miintz spaces and, in particular,
answers the above question of Newman in the negative. For

(12) Aj = ()\i,j);?i(h O:)\o_’j </\17j<)\2_’j L --, j:1,2,... s
we define the sets

k
M(Ay, Ay, Ay) =S p=]]p;:p; € M(A))

Jj=1

Bounded Remez-, Bernstein-, and Nikolskii-type inequalities are established for
M(A1,As, ..., Ag) in the case that

= 1

1.3 00 =1,2,...,k.
( ) ; A/LL] < Y .] 3 ) )
This obviously implies that if (1.2) and (1.3) hold and A C [0,00) is a compact
set of positive Lebesgue measure, then M (A1, Ag, ..., Ag) is not dense in C(A). In
particular, Hy is not dense in C0, 1], which answers Newman’s problem negatively.
In addition, under the assumptions (1.2) and (1.3), our methods give an “almost
characterization” of the uniform closure of M (A1, As,... ,Ax) on A in terms of
analyticity properties. This will likely be discussed in a later publication of the
authors.

The results of Sections 6 and 7 can be proved fairly simply, once one has estab-
lished the bounded Remez-type inequality of Section 5 for non-dense Miintz spaces
M(A). This is the central result of the paper, and is a result we believe should be
a basic tool for dealing with problems about Miintz spaces, in addition to those
discussed in Sections 6 and 7.
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Let P,, denote the set of all algebraic polynomials of degree at most n with real
coeflicients. For a fixed s € (0,1) let

Pn(s) = {p € Pn:m({z € [0,1] : [p(x)| <1}) = s}

where m(-) denotes linear Lebesgue measure. The classical Remez inequality con-
cerns the problem of bounding the uniform norm of a polynomial p € P,, on [0, 1]
given that its modulus is bounded by 1 on a subset of [0,1] of Lebesgue mea-
sure at least s. That is, how large can ||p||j0,1; (the uniform norm of p on [0, 1])
be if p € P,(s) ? The answer is given in terms of the Chebyshev polynomials.
The extremal polynomials for the above problem are the Chebyshev polynomials
+T,(z) := £ cos(narccos h(z)), where h is a linear function which scales [0, s] or
[1—s,1] onto [—1,1].

For various proofs, extensions, and applications, see [13, 14, 15, 22, 23].
We generalize the Remez inequality in the following way. Let
M, (A) == span{z? ™ ...z},

That is, M,,(A) is the collection of Miintz polynomials

p(z) == Zaix)‘i , a; € R.

=0
We seek to find
p(O)] e
(1) max{ TR :0#£pe M,(A), AcC][0,1], m(A)> }
and
b, .
(2) max{ Il :0#£pe M,(A), AcC][0,1], m(A) > } .

These two problems are no longer equivalent as they are in the polynomial case
(since x — 1 — x does not preserve membership in M, (A)) and they have different
answers. However, these two problems can be handled in essentially the same way.
In Section 5 we concentrate on problem (1). Lemma 5.4 shows that an extremal
function for problem (1) is the (generalized) Chebyshev polynomial

Tn = Tn{)\07)\17 AN ,)\n, [1 - S, 1]}

for M, (A) on [1 — s,1] defined in Section 2. This reduces problem (1) to the
interval case, A = [1 — s,1]. The interval case can then be handled by a bounded
Chebyshev-type inequality

Ipllo < ellplp-say, € M(A) =span{a,a™, ...}

established in Section 3 for every A := ();)52, satisfying Y .o, 1/\; < oo, where
the constant ¢ depends only on A and s (and not on the “length” of p). This we
first prove under the gap condition

inf{)\i_H — N1 E N} >0.
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However, some comparison lemmas of Section 4 will allow us to drop this condition.
This leads to the central result of the paper, a bounded Remez-type inequality for
non-dense Miintz spaces (see Theorem 5.1) which states the following. For every
A= (N)52 with D°7° 1/A; < oo, and for every s > 0, there exists a constant ¢
depending only on A and s (and not on g, A, and the “length” of p) so that

Illj0,0) < cllplla

for every p € M(A) = span{a?0,2*1 ...} and for every set A C [o, 1] of Lebesgue
measure at least s.

One might note that the existence of such a bounded Remez-type inequality for
a Miintz space M (A) is equivalent to the non-denseness of M (A) in C[0,1]. Indeed,
if M(A) is not dense in C0,1], then by Mintz’s Theorem, Y .~ 1/); < oo, and
hence Theorem 5.1 implies that the above Remez-type inequality holds for M (A).
On the other hand, if M(A) is dense in C[0, 1], then

0
wp POL
pEM(A) HPH[PS,H

This follows from
lp(0)]

sup ————— =00
peC0,1] HpH[l—s,l]
by approximation.

In [8] the above result is established for lacunary Miintz spaces, that is, for M (A)

with
inf{)\i+1/)\i NS N} >1.

Yet another remarkable consequence of the bounded Remez-type inequality of
Theorem 5.1 is that the pointwise and locally uniform convergence of a sequence
(pi)52; € M(A) on (0,b) are equivalent whenever > ° 1/\; < co. See Theorem
6.3. In fact, one can characterize the non-dense Miintz spaces within the Miintz

spaces M (A) as exactly those in which locally uniform and pointwise convergence
on (0,b) are equivalent.

2. NOTATION
The notations

Iplla == sup [p(z)],
€A

1/q
6l g ) = ( / |p|‘1w) ,
A
1/q
ohicn = ( [ i)
A

and
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are used throughout this paper for measurable functions p defined on a measurable
set A C [0,00), for nonnegative measurable weight functions w defined on A, and
for ¢ € (0,00). The space of all real-valued continuous functions on a set A C [0, c0)
equipped with the uniform norm is denoted by C'(A).

The space L4 (A) is defined as the collection of equivalence classes of real-valued
measurable functions for which || f|| g ) < oc. The equivalence classes are defined
by the equivalence relation f ~ g if fw = gw almost everywhere on A. When A :=
[a,b] is a finite closed interval, we use the notation L [a,b] := LI (A). When w = 1,
we use the notation L?[a, b] := L% [a,b]. Again, it is always our understanding that
the space L% (A) is equipped with the L% (A) norm.

Throughout this paper A := (\;)$2,, denotes a sequence of real numbers satisfying

0= <A <A <---.

i are well-defined on [0, 00). The system

The nonnegative-valued functions x
(o, M ... at)
is called a (finite) Miintz system. The linear space

M, (A) := span{z?*, 2™, ... 2™}

over R is called a (finite) Mintz space. That is, the Miintz space M, (A) is the
collection of Miintz polynomials

The set -
M(A) = U M, (A) = span{z?0, 2, ...}
n=0

is called the (infinite) Miintz space associated with A.

One of the most basic properties of a Miintz space M,,(A) is the fact that it is
a Chebyshev space on every A C [0,00) containing at least n 4+ 1 points. That is,
M(A) € C(A) and every p € M, (A) having at least n + 1 (distinct) zeros in A is
identically 0. In fact, Miintz spaces are the “canonical” examples for Chebyshev
spaces and the following properties of Miintz spaces M, (A) are well known (see,
for example, [9, 11, 21]).

Theorem 2.1 (Unique Interpolation Property). For every
0<zp<z1 < --<xp and Yo,Y1,---,Yn € R,
there exists a unique p € My (A) so that

p(xj):y_]u j:O,l,...,’rL,
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Theorem 2.2 (Existence of Chebyshev Polynomials). Let A be a compact
subset of [0,00) containing at least n + 1 points. Then there exists a unique (ex-
tended) Chebyshev polynomial

T, = Tn{)\07 )\15 s 7>\H7A}

for M,,(A) on A defined by

n—1
T.(z) =c (:v)‘" - Z aix’\l) ,
i=0

where the numbers ag,a, ... ,a,—1 € R are chosen to minimize

n—1
i — E aix’\i
i=0

and where ¢ € R is a normalization constant chosen so that

)

A

[Tnlla =1
and the sign of c is determined by

T, (max A) > 0.

Theorem 2.3 (Alternation Characterization). The Chebyshev polynomial
Tn :=Tn{do, A1, ... , A\n; A} € M, (A)
is uniquely characterized by the existence of an alternation set
{zg <z <<z} CA
for which

To(wg) = (-1)"7 = (-1)"7|Tolla,  5=0,1,...,n.

3. BOUNDED CHEBYSHEV AND BERNSTEIN TYPE INEQUALITIES FOR M (A)
The main results of this section are the following two theorems.

Theorem 3.1. Suppose Y oo 1/\; < oco. Let s € (0,1). Then there exists a
constant ¢ depending only on A = {\;}32, and s (and not on the “length” of p) so
that

I2ll0,1) < ellpllji—s
for every p € M(A) := span{z?o, z*1 ...},
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Theorem 3.2. Suppose Y .o 1/X\; < 0o and \y > 1. Let ¢ € (0,1). Then there
exists a constant ¢ depending only on A := (X\;)32, and € (and not on the “length”
of p) so that

19'llf0,1-¢] < ¢ llpllio,
for every p € M(A) := span{z?o z*1 ...},

To prove the above two theorems we need three lemmas. Lemmas 3.3 and 3.4
establish the conclusion of Theorems 3.2 and 3.1, respectively, under the gap con-
dition
(31) inf{)\lqu — N i€ N} > 0,
which is then dropped with the aid of Lemma 4.5.

Lemma 3.3. Suppose > =, 1/\; < oo, A1 > 1, and the gap condition (3.1) holds.
Let € € (0,1). Then there exists a constant ¢ depending only on A == (X\;)2, and €
(and not on the “length” of p) so that

1P"l0,1-e < cllpllo,y
for every p € M(A) := span{zto 2?1 ...}
Proof. Clarkson and Erdés [12] observed that under the conditions of the lemma,

there exists a constant ¢;(¢) depending only on A = (\;)72, and ¢ € (0, 1) (and not
on i and n) so that

lail < ex(e)(1 + &)™ [Ipll L2po,1
<c(e)(1+e)
for every p € M(A) of the form

0,1]

p(x):Zaixi, a; €R.

Therefore, if y € [0,1 — €] and |[p||j0,1) < 1, then

- iiAmﬂﬂrdiéjianﬁmM‘l

: -
SE:Q (141 —e)h?
=1_€§:A1—5
ilfgiZ;Ai(l_Ez)AiJr i i?=c,

i=k+1

<

where k € N is chosen so that

(1t <

1
~,  i=k+Lk+2,....

il

>

This proves the lemma. [
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Lemma 3.4. Suppose > .=, 1/\; < oo and the gap condition (3.1) holds. Let
s € (0,1). Then there exists a constant ¢ depending only on A := {\;}2, and s
(and not on the “length” of p) so that

IPlloa < cllplin-sa

for every p € M(A) := span{z?o z*1 ...},

Proof. Using the scaling # — z'/*1 | without loss of generality we may assume that
A1 = 1. Suppose there exist

pi € M(A), i=1,2,...
so that
A= ||pz'||[0,1] — 00,
while
Ipillp—syy =1, i=1,2,....
Let q; := p;/A;. Note that ||g;[|jo,1] = 1 and

(3.2) Tim {|g;[[j1—s,1) = 0-
71— 00

By Lemma 3.3, there exists a constant ¢ depending only on A = (\;)52, and € so

that

lgillo1-c) < cllgillony = ¢

for every € € (0,1). Hence (¢;)$2, is a sequence of uniformly bounded and equicon-
tinuous functions on every closed subinterval of [0,1). So, by the Arzela-Ascoli
Theorem, we may extract a uniformly convergent subsequence on [0,1 — s/2]. By
a theorem of Clarkson and Erdds [12], this subsequence converges uniformly to a
function F analytic on (0,1 — s/2). Combining this with (3.2) and the Unicity
Theorem, we can deduce that F' is identically zero. This is a contradiction since
lgilljo,1) =1 and

llgillo,1-s) = llilljo,1)

for every sufficiently large i. The lemma is now proved. O

Proof of Theorem 3.1. Observe that lim \;/i = oco. Therefore, there is an m € N

71— 00

so that A; > 2i whenever ¢ > m. Let T := (v;)%2; be defined by

~_ Jmin{X\;,i} ifi=0,1,...,m
TEAN/2+i ifi=mAl,m+2,. ...

Then 0=y <y <72 <, 90y 1/ < o0,
Yi < Aq, 1=0,1,2,...

and

inf{y;41 — v :1 €N} >0.
Now Lemma 3.4 and the first part of Lemma 4.5 will yield the theorem. [
Proof of Theorem 3.2. Without loss of generality we may assume that A\; = 1. Let

I := (v;)$2, be defined as in the proof of Theorem 3.1. Now Lemma 3.3, Theorem
3.1, and the second part of Lemma 4.5 yield the theorem. [
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4. COMPARISON LEMMAS

One of the basic properties of a Miintz system
(x’\o,x’\l,...,x’\"), 0=X <A1 <<\

is that it is a Descartes system on every interval [a,b] C (0,00), see [21]. The
following comparison lemma, due to Smith [25], is valid for every Descartes system.

Lemma 4.1. Suppose (fo, f1,---, fn) is a Descartes system on [a,b]. Suppose

k
p:fa+zaif>\ia a; €ER,
=1

k
q=fo+ > bify,, bi€R,
=1

where 0 < Ay <A < <A <n, 0< vy <y < < <n,

0<vy <\ <a, i=1,2,...,m,
and
a< A<y <n, i=m+1,m+2,...,k
with strict inequality for at least one index i =1,2,... k. Then

p(z;)) =q(z;) =0, i=1,2,...,k
with distinct x; € [a,b] implies
(@) < la(z)]
for every x € [a,b] with strict inequality for every

x € la,b)\ {z1,22,... , Tk} .

To formulate the next lemmas we introduce the following notation. Let

O0=X <A< <Ay, O=v<m< <y

and
Yi < A 1=1,2,....,n.
Let
M, (A) = span{z*, 2™ ... 2™}
and

M, (T) := span{a™, 2" ... 2"},
Let s € (0,1) be fixed. Let

Tox=To{ Ao, A1, ..., Ans[1— s, 1]}
and

Ty o= To{v0, 715+ 3 [L = 5,1}

denote the Chebyshev polynomials on [1 — s, 1] for M, (A) and M, (T"), respectively
(see Theorem 2.2).
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Lemma 4.2. Lety € (0,1 — s) be fized. Then both

@)l
0#£peM, (A) [Pl —s,1]

w0
0#£pEM,, (A) HPH[lfsﬁl]

are attained by p =T, x. In the second case we assume \y > 1 if y = 0.

and

Proof. A simple compactness argument shows that the maxima in the lemma are
attained by some p* € M, (A) and ¢* € M, (A), which can be identified as T}, x
by a standard variational method. See for example [16, p. 295; 23, p. 101] where
arguments of this variety are given. [

Lemma 4.3. We have

T, (0)] < [T (0)] .
Further, if \1 =y =1, then

T, A0)] < T3, (0)].

Proof. Let p € M, (T') interpolate T), » at the n zeros of T}, » in [1 — s,1] and at 0.
It follows from Lemma 4.1 that
lp(2)| < |Tha(@)l, = €l0,1].
In particular,
1Pl 1-s,1) < I Tnallp-s) =1,
which, together with p(0) = T, A(0) and Lemma 4.2 gives
[p(0)] |T0.1(0)]
Taa(0)] = [p(0)] < < ’
IPlp-s,1 = 1 Tnnlln—s
This proves the first part of the lemma.

= |Tn77(0)| :

The second part of the lemma can be proved in essentially the same way. Let
0 # p € M,(T") interpolate T, » at the n zeros of T;, » in [1 — s,1]. Note that
p’(0) # 0, otherwise
p€Espan{z’ :j=0,1,...,n, j#1}

cannot have n zeros in [1 — s, 1]. Similarly 7 ,(0) # 0. Normalize p so that

p'(0) =T, 5(0).
It follows from Lemma 4.1 that
lp(x)| < |Tox(z)],  =€[0,1].
In particular
IPln—s < 1Tuallp-sy =1,
which, together with p’(0) = 7}, ,(0) and Lemma 4.2, yields

P'(0)] T4 (0)]
T A0)] = [p'(0)] < < :
? Ipl1-s11 = 1 Tnll1-s1y

This proves the second part of the lemma. [

= |T;,,(0)].
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Lemma 4.4. The functions |Ty, x| and |T, | are decreasing on 0,1 — s|. Further,
if i =y =1, then [T} ,| and [T}, | are also decreasing on [0,1 — s].

Proof. Suppose |T,, | is not monotone decreasing on [0,1 — s]. Then

)\1717'r

T, » € span{z Aeml Ay

must have at least n zeros in (0,1), which is impossible. This proves the first
statement of the lemma.

Suppose now A; = 1 and [T}, ,| is not monotone decreasing on [0,1 — s]. Then

A2a—2 A3—2 An—2
: A

T e

T, , € span{z

must have at least n — 1 zeros in (0, 1), which is impossible. This proves the second
statement of the lemma. O

The main result of this section is the following lemma. It plays a crucial role in
the proof of Theorems 3.1 and 3.2 of the previous section.

Lemma 4.5. We have

Pl o Pl
0#pE M, (A) ||p||[lfs,1] T 0#peM,(T) ||p||[lfs,1]

Further, if \1 =y =1, then
[P ll[0,1-s) 1P ll[0,1-s)

—— 2 < ma —
0#p€ My (A) Hp”[lfs,l] 0#pE My (T') ”p”[lfs,l]

Proof. Combining Lemmas 4.2, 4.3, and 4.4, we obtain for every y € [0,1 — s) that

lp(y)] T ()
= , =T x(y)| < |Th(0)] < |Th,(0
0#£pE My (A) ||p||[1—s,1] ||Tn,)\||[1—571] | ( )l | ( )l | V( )|
|T,m(0)| < ||p||[0,175]

= ——-—"——< ma e
1T ll1—s,1) ~ 0£pEMA(D) [IPll[1—s,1]
which implies the first inequality of the lemma.

Similarly, combining Lemmas 4.2, 4.3, and 4.4, we obtain for every y € [0,1— s)
that

P’ (y)l T2 )l , ) )
X = — T \(y)] < T, (0)] < |T"..(0
0£peMa(A) [Plln-s1) [ Tnalln-s Lol < [T x O] < T, 0)]
|Tflw(0)| < m ||p/|\[0,175]

N Tanlln-s ~ ozpedin@ lplp-sy

which implies the second inequality of the lemma. O
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5. BOUNDED REMEZ-TYPE INEQUALITY FOR NON-DENSE MUNTZ SPACES
The central result of this paper is the following.

Theorem 5.1. Suppose > .=, 1/\; < oo. Let s > 0. Then there exists a constant
¢ depending only on A := (X)), and s (and not on g, A, or the “length” of p) so
that

IPll0,0) < cllplla
for every p € M(A) := span{z*0, 2?1 ...} and for every set A C [o,1] of Lebesgue

measure at least s.

The proof of Theorem 5.1 is based on interpolation. By the Unique Interpolation
Property of Chebyshev spaces, associated with

0<zpg<z1 < - <2xIp,
we can uniquely define
b = Ufxo,x1,... ,xn} € M,(A), k=0,1,...,n

so that
1 ifj=k

fk{$0,$1,... ,xn}(;vj) = 5j,k = { O ifj 7& k.

Lemma 5.2. Let

O<zpg<a1 << 2Tp and O0<Zp<a1 << ZTp -
Suppose 0 < k <n and

Ijg.fj zf]:(),l,,k—l,

Ij:{fj Zf]:k,

;> fj=k+1,k+2,...,n.
For the sake of brevity let

b = {0, 21, ... X0}

and

171@ = fk{i'o,,fl, e ,.’L‘n}.

Then B
1 (0)] < [£x(0)]

Proof. Tt is sufficient to prove the lemma in the case that there is an index m so
that 1 <m <n, m # k, and

z;=2; ifj=0,1,...,n; j#m;
T < Ty fm<k;
Ty > Ty, Em>k.
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The general case of the lemma then follows from repeated applications of the above
special cases. Note that in the above special cases

by — Zk e M, (A)

has a zero at each of the points
T1,T2,... 7$m717$m+17$m+2; A
hence it changes sign at each of these points, and does not have any other zero in
[0,00). It is also obvious that
sign(fu(z)) = sign(fu(2)), = € [0,z0],

which, together with the previous observation and the inequality xy < Zg, yields
that R

1€k(0)] < [€x(0)],

and the lemma is proved. O

By a simple scaling we can extend Lemma 5.2 as follows. We use the notation
introduced in Lemma 5.2.

Lemma 5.3. Let
O<axp<a1 < <2 and 0<Zo<ZT1 << Tp.

Suppose 0 < k <n, a >0, and

z;<zZj—a ifj=01,..., k-1,

xj:;ij—a ijzk,

;> —a ifj=k+1,k+2,...,n.
Then _

e (0)] < 1€ (0)].

Proof. If @ = 0, then Lemma 5.2 yields the lemma. So we may suppose that a > 0.
Let

T fk—a

ﬂ == = ~ )
k Tk

xj = By, 7=0,1,... ,n,

and
0=l {xl, 2], 2}, k=0,1,... ,n.

Obviously 3

L (Bx) = £ (x), x € [0, 00)
and

Py =01,... k-1,
rj=ua; ifj=k,
x;>x; fj=k+1,k+2,...,n.
Hence Lemma 5.2 implies that
1£1(0)] < 1€ (0)] = |€x(0)],
which finishes the proof. [

The next two lemmas are interesting in their own right. They show that the
appropriately placed Chebyshev polynomial is always extremal for the the Remez-
type inequality we are considering.
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Lemma 5.4. Let A C [0,1] be a closed set of Lebesque measure at least s € (0,1).
Then

PO)] < [Tn{ Ao, Ar, oo s Ani [L— s, 1]H0)] - [Ip]la
for every p € M, (A).
Proof. 1If 0 € A then the statement is trivial. So assume that 0 ¢ A. Let
To<T1 <--<Tp
denote the extreme points of
Ty :=Tn{Ao, A1, .-, A\n; [ — s, 1]}
n [1 — s, 1], that is,
T,(%;)=(-)""7, j=0,1,...,n.
Let z; € A, 7 =0,1,...,n, be defined by

m([xj, 1N A) =m([&, &) = Tpn — T5 .

Since A is a closed subset of [0,1] with m(A) > s, such points z; € A exist. Let
p € M, (A). Then, using Lemma 5.3, we obtain

) Iplla

n

Z .’L‘k f;g

k=

55

Ip(0)]

IN

?rms HM§

< ( 1050 )llpllA

=D (=) (0)| Il 4
k=0

= Tu(@)k(0)|p]l
k=0
=T (0)] - [Iplla

and the lemma follows. In the rest of the proof we justify each line above.

Note that p € M, (A) and Y ;_p(zx)le € M,(A) agree at zo,z1,...,T,.
Since M,,(A) is a Chebyshev space of dimension n + 1, we can deduce that p =
> r—op(zk )y, and the first line above follows by substituting 0. The second line fol-
lows by the triangle inequality. Note that z € A, so |p(zk)| < ||p||a for each k. To
see the third line we need the inequalities |¢4(0)| < |¢x(0)| for each k. These follow
from Lemma 5.3. The assumptions of Lemma 5.3 are satisfied since the construc-
tion obviously implies the inequalities 0 < z; < &; and &; — Z; < x; — x; for every
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0 < j < i < n. The fourth line follows from the observation that £4(0) = —f441(0)
for each k = 0,1,...,n — 1. This can be deduced from the fact that ¢y changes
sign exactly at
L1y T2y v s The1y Thtls Tht2s - - - » Ty
while /;(Z;) = 1. The fifth line uses the fact that
T (1) = (=1)" 7%, k=0,1,...,n.

Finally, the last line follows by observing that T, € M,(A) and S_p_, Th(dx)0), €
M, (A) agree at Zo,Z1,...,&,. Since M,(A) is a Chebyshev space of dimension
n+ 1, we can deduce that T}, = >°)_ Tn(ik)gk, and on substituting 0, we obtain
the last line. O

Lemma 5.5. Let A be a closed subset of [0,1] with Lebesgue measure at least
s€(0,1). Then

P(W)] < |TnfAo, Ary -5 Ani [T =5, 11H(0)] - [lplla
for every p € M, (A) and y € [0,inf A).

Proof. Let y € [0,inf A) be fixed. Simple compactness and perturbation arguments
show that
lp(y)|

0£peM,(A) ||pla

is attained by
Tn,A = Tn{)\o, )\1, e 7>\n; A} .

Note that A9 = 0 implies that T, 4 is decreasing on [0, inf A], otherwise

)\1—1,!r

v € span{z R

must have at least n 4+ 1 zeros in (0, 1], which is impossible. Hence, by Lemma 5.4,

W)l _ [Tna()l
Iplla = [ITn,alla
for every 0 # p € M,,(A). This finishes the proof. O

= Tna(®)] < [Tn,a0)] < |Tu{Ao, Aty s Ans [1 = 5, 1]}(0)]

Proof of Theorem 5.1. Without loss of generality we may assume that A is closed.
Let
Tn = Tn{)\o, )\1, ce ,)\n; [1 — S, 1]}

By Lemma 3.1, there exists a constant ¢ depending only on A := {\;}32, and s
(and not on the “length” of p) so that
ITollo,1) < el Tullp—s,0 = ¢

for every p € M(A) := span{z*, 2™ ...}. By combining this with Lemma 5.5,
there exists a constant ¢ depending only on A := (X;)2, and s (and not on g, A4,
or the “length” of p) so that

1Pll10,e1 < cllplla

for every p € M(A) := span{z?°,z* ...} and for every set A C [g, 1] of Lebesgue
measure at least s. [

The next theorem establishes on L? version of Theorem 5.1.
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Theorem 5.6. Suppose Y .o 1/X\; < co. Let s > 0 and q € (0,00). Then there
exists a constant ¢ depending only on A == (X;)2,, s, and ¢ (and not on o, A, or
the “length” of p) so that

12ll10.61 < ¢ lIPllzacay

for every p € M(A) := span{z*0, 2?1 ...} and for every set A C [o,1] of Lebesgue
measure at least s.

Proof. Note that m(A) > s implies that

1/q s

m ({x € A:|p(x) > <§> ||p||Lq(A)}> < 3
2 L/a s

m <{x €A:|p(x) < (g) ||p||Lq(A)}> > R

The theorem now follows from Theorem 5.1. 0O

hence

6. MUNTZ’S THEOREM ON COMPACT SETS OF POSITIVE MEASURE

The results of this section are straightforward consequences of the Remez-type
inequality of Theorem 5.1.

Theorem 6.1. Suppose > .=, 1/A\; < oo and A C [0,00) is a set of positive
Lebesgue measure. Then M(A) is not dense in C(A).

Moreover, if the gap condition
(61) inf{/\i+1 — N i€ N} >0

holds, then every function f € C(A) from the uniform closure of M(A) on A is of
the form

f(x):Zaix’\i, zeAN[0,ra),
i=0
where
ra = sup{z € [0,00) : m(A N (z,00)) > 0}.
is the essential supremum of A.

If the gap condition (6.1) does not hold, then every function f € C(A) from
the uniform closure of M(A) on A can still be extended analytically throughout the
Tegion

{z€C\ (—00,0]: |2| <ra}.

Proof. Suppose f € C(A) and suppose there is a sequence (p;)2; C M(A) so that

lim [p; — flla=0.
i—»00
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Then the sequence (p;)$2; is uniformly Cauchy on A. Therefore, Theorem 5.1
and the definition of r4 yields that (p;)$2; is uniformly Cauchy on every closed
subinterval of [0,74). If the gap condition (6.1) holds, then the characterization of
the uniform closure of M(A) on A follows from the results of Clarkson and Erdés
[12]. The result of Clarkson and Erdés [12] we need here claims that if the gap
condition (6.1) holds and 0 < a < b < oo, then every function f € Cla,b] from the
uniform closure of M(A) on [a,b] is of the form

f(z) = ZaixAi, x € [a,b).
i=0

If the gap condition (6.1) does not hold, then results of Schwartz [24] yield the
theorem. The result of Schwartz [24] we need here claims that for every 0 < a <
b < 00, even if the gap condition (6.1) does not hold, every function f € C|[a, b] from
the uniform closure of M(A) on [a, ] can still be extended analytically throughout
the region

{z€C\ (—00,0]: |z] <ra}.

O

Theorem 6.2. Suppose A C [0,00) is a compact set of positive Lebesgue measure.
Then M(A) is dense in C(A) if and only if Y .0, 1/X; = c0.

Proof. Suppose Y .2, 1/\; = 0. Let f € C(A). By Tietze’s Theorem there exists
an f € C[0,1] so that f(z) = f(x) for every x € A. By Miintz’s Theorem there is
a sequence (p;)2; C M(A) so that

lim ||f = pilljoa = 0.
71— 00

Therefore
lim [|f —pila=0,
11— 00

which finishes the trivial part of the theorem. Suppose now that > =, 1/\; < cc.
Then Theorem 6.1 yields that M (A) is not dense in C(A). O

The following surprising theorem shows that if > ;~, 1/\; < oo, then the point-
wise and locally uniform convergence of a sequence (p;)$2, C M(A) on [0,b) are
equivalent. An amusing consequence of this is that if .-, 1/A; < oo, then the set

{ff(a:) :Zaix)‘i, a, €R, xe€ [O,b)}
i=0

is closed under pointwise convergence.

Theorem 6.3. Suppose Y .o 1/ < oo. Let A C [0,00) be a set of positive
Lebesgue measure, and let r 4 be the essential supremum of A defined as in Theorem
6.1. Assume (p;)2, C M(A) and

pi(z) = f(z), reA.
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Then (p;)2, converges uniformly on every closed subinterval of [0,74).

This characterizes non-dense Miintz spaces within Miintz spaces, since in any
Miintz space M (A) with Y .2, 1/A; = oo and for any A C [0,00) of positive
Lebesgue measure, there exists a sequence (p;)32; C M(A) that converges point-
wise on [0,00) but not locally uniformly on A. This follows easily from Miintz’s
Theorem.

Proof of Theorem 6.3. Let § € (0,74) be fixed. Egoroff’s Theorem and the defini-
tion of r4 imply the existence of a set B C AN (4§, o) of positive Lebesgue measure
so that (p;)$2, converges uniformly on B, hence it is uniformly Cauchy on B. Now
Theorem 5.1 yields that (p;)$2, is uniformly Cauchy on [0,6], which proves the
theorem. [

Theorem 6.4. Suppose > = 1/\; < 0o, A C [0,00) is a set of positive Lebesgue
measure, w is a nonnegative-valued, integrable weight function on A with fA w >0,
and q € (0,00). Then M(A) is not dense in LI (A).

Moreover, if the gap condition (6.1) holds, then every function f € L% (A) be-
longing to the LI (A) closure of M(A) can be represented as

f(x):ZaixA", reAN[0,7y),
=0

where

Ty i=supy « € [0,00) : / w(z)dx >0y .
AN(z,00)

If the gap condition (6.1) does not hold, then every function f € L% (A) belonging
to the LL(A) closure of M(A) can still be represented as an analytic function on
{z€C\ (—00,0]: |z] <71y}
restricted to A.

Proof. Suppose f € L% (A) and suppose there is a sequence (p;)2, C M(A) so that

lim || f = pillz2a) = 0.

11— 00
Minkowski’s Inequality (if ¢ € (0,1), then a multiplicative factor 21/9~1 is needed)
yields that (p;)$2, is a Cauchy sequence in L% (A). The assumptions on w imply
that for every 6 € (0,r,) there exists an o > 0 so that

B:={x € AN (§,00) : w(z) > a}

is of positive Lebesgue measure. Note that

Ipllzacm) < @ pllLe,s) < o™ ipllws a
for every p € L1 (A). Therefore, (p;)2, is a Cauchy sequence in LY(B). So, by
Theorem 5.2, (p;)$2, is uniformly Cauchy on [0, ¢]. If the gap condition (6.1) holds,
then the theorem now follows from results of Clarkson and Erdds [12] (see the end
of the proof of Theorem 6.1). If the gap condition (6.1) does not hold, then a
result of Schwartz [24] yields the theorem (see also the end of the proof of Theorem
6.1). O
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Theorem 6.5. Suppose A C [0,1] is a set of positive Lebesgue measure, w is a
nonnegative-valued integrable weight function on A with fA w >0, and q € (0,00).

Then M(A) is dense in LI (A) if and only if Y .o, 1/X; = o0.

Proof. Suppose Y .0 1/X\; = co. Let f € LL(A). It is standard measure theory to
show that for every ¢ > 0, there exists a g € C[0, 1] so that

13
If —QHL?U(A) < 3"

Now Miintz’s Theorem implies that there exists a p € M(A) so that

1/q
lg —pllzacn < lg—pla < /A w) <

Therefore M (A) is dense in L (A).

N ™

Suppose now that » .o, 1/A; < co. Then Theorem 6.4 yields that M (A) is not
dense in LI (A). O

7. PrRoDUCTS OF MUNTZ SPACES

For
(71) Aj = ()\i,j)?iov OZAQJ‘ </\17j <)\21j RGN j:1,2,... s

we define the sets

k
M(A1, Az, ..o Ag) = p:Hpj 1 pj € M(A)

j=1

First we prove the following Remez-type inequality for M (A1, Ao, ..., Ag).

Theorem 7.1. Suppose (7.1) holds and

= 1
7.2 < 00, =1,2,... k.
(7.2) ; W j
Let s > 0. Then there exists a constant ¢ depending only on A1, Ao, ... Ak, s, and

k (and not on o or A) so that

IPllo.0 < cllplla

for every p € M (A1, A, ..., Ax) and for every set A C |o,1] of Lebesgue measure
at least s.

Proof. Theorem 5.1 implies that there exist constants a; > 0 depending only on
A1, Ao, ... Ak, s, and k so that

m({w € [y 1] p(a)] > o7 ")) 21—y — o



A REMEZ-TYPE INEQUALITY 21

for every p € M(A;) and y € [0,1 — s]. Indeed, o := ¢+ 1 is a suitable choice,
where c is the constant in Theorem 5.1 depending only on A := A; and § := s/(2k).
Otherwise, if

S

m({z € [y, 1] : [p(2)| > (c+ D)7 py)}) <1-y - %

for some p € M(A;), then, on one hand, |p(y)] > 0 would hold, while on the
other hand, Theorem 5.1 with A := {z € [y,1] : |p(z)] < (¢ + 1) tp(y)|}) and
m(A) > s/(2k) would imply that |p(y)| < e(c+ 1)71|p(y)|. This is a contradiction,
so the existence of the constants «; with the desired properties are justified.

Now let
pe M(A17A27"' 7Ak)7

that is,

k
p=1[r; pjeM®y).
j=1
Then, for every y € [0,1 — s],

m({z € [y,1] : [p(x)] > (araz - ar) " p(y)I})

k
>m [ ) {e€ly,1: Ipi(@)] > o) pi ()]}
j=1
S S
>loy—h—=1-—y—=>.
=TV e ¥=3

Hence y € [0,inf A] and m(A) > s imply
m({z € A:[p(x)| > (araz---ax) p(y)[}) > % >0,
and the theorem follows with ¢ := ayan -+ ag. 0O
Theorem 7.1 immediately solves Newman’s problem [20].

Corollary 7.2. Suppose (7.1) and (7.2) hold and A C [0,1] is a set of positive
Lebesgue measure. Then M(Aq,As, ..., Ay) is not dense in C(A). Moreover, if
w is a non negative-valued integrable weight function on A with wa > 0 and

€ (0,00), then M (A1, Aa, ..., Ag) is not dense in LI (A).
Our next theorem establishes a Bernstein-type inequality for M (A1, A, ... , Ag).

Theorem 7.3. Suppose (7.1) and (7.2) hold and
Ay >1, =12, k.

Let s > 0. Then there exits a constant ¢ depending only on A1, Ao, ... Ak, s, and
k (and not on o or A) so that

1P l10.0) < ¢ llplla
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for every p € M(A1, A, ..., Ax) and for every set A C |o,1] of Lebesgue measure
at least s.

Proof. Note that a combination of Theorems 5.1 and 3.2 implies that there exist
constants 3; > 0 depending only on Aj, As,..., A, s, and k so that
_ s
m({z € [y, 1]: (@) > 87 W W)IH) 2 1 -y - o
for every p € M(A;) and y € [0,1 — s]. Indeed, B; := (c1 + 1)c2 is a suitable
choice, where c; is the constant in Theorem 5.1 depending only on A := A; and
§:= s/(4k), while ¢y is a constant depending only on A := A; and s/(4k) so that

10" (y)| < callpllio,y+s/ (ar)]

the existence of which follows from Therem 3.2 by the scaling x — (y + s/(4k))z.
To see that 3; above is a suitable choice, suppose that

m({z € [y, 1] : [p(x)] > (c2(cr + 1)) ' W)} <1 -y -
for some p € M(A;). Then [p'(y)| > 0. Let
A= {z € [y+s/(4k), 1] : [p(a)] < ((er + Dea) ' ()]} -
Then m(A) > s/(2k) — s/(4k) = s/(4k), and by Theorem 5.1,

Pl 0,5-45/amy < crler+ 1) e ' () < e3P ()]
This contradicts the choice of co. Therefore the existence of the constants 3; with
the desired properties are justified.

=
2k’

Let a; > 0,5 =1,2,...,k, be chosen as in the proof of Theorem 7.1. Now let
S M(Al,AQ,... ,Ak),
that is,

k
p=1[ri, pjeM@,).
=1

Then, as in the proof of Theorem 7.1, for every y € [0,1 — 5],

k
m _ﬂ{ﬂﬁ € [y, 1]« Ip(x)| > 7 (p1 -+ pj—1Pipjr - pe) (W)}

5 5
zl—y—kﬁzl—y—g,
where
Vji=o g1 B o
So

_ s
mi{z €[y, 1] [p(@)| > W)} 21—y -3,
where ¢ := Z?Zl ~v;. Hence y € [0, inf A] and m(A) > s imply
_ s
m({z € A: [p(@)] > P W)} = 5 >0,

and the theorem follows with ¢ = Z;C:l v;. O

The following Nikolskii-type inequality is also valid for M (A1, Ag, ..., Ag).
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Theorem 7.4. Suppose (7.1) and (7.2) hold. Let s > 0 and q € (0,00). Then
there exists a constant ¢ depending only on A1, Aa, ... Ak, s, k,q, and w (and not
on ¢ and A) so that

Pl g < [ o) (e da

for every p € M(A1, Ao, ..., Ay), for every set A C [o,1] of Lebesque measure at
least s , and for every function w measurable and positive a.e. on [0,1].

Proof. This a straightforward consequence of Theorem 7.1 [
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