MARKOV-BERNSTEIN TYPE INEQUALITY
FOR TRIGONOMETRIC POLYNOMIALS WITH
RESPECT TO DOUBLING WEIGHTS ON [—w,w)]

TaMAs ERDELYI

ABSTRACT. Various important weighted polynomial inequalities, such as Bernstein,
Marcinkiewicz, Nikolskii, Schur, Remez, etc. inequalities, have been proved re-
cently by Giuseppe Mastroianni and Vilmos Totik under minimal assumptions on
the weights. In most of the cases this minimal assumption is the doubling condi-
tion. Here, based on a recently proved Bernstein-type inequality by D.S. Lubinsky,
we establish Markov-Bernstein type inequalities for trigonometric polynomials with
respect to doubling weights on [—w,w]. Namely, we show the theorem below.

Theorem. Let p € [1,00) and w € (0,1/2]. Suppose W (arcsin((sinw) cost)) is a
doubling weight. Then there is a constant C' depending only on p and the doubling
constant L so that

/w T (1)|PW (t) (w/n +Vw? = t2)p dt < OnP /w T (8)[PW (t) dt

—w

holds for every Ty, € Ty, where T,, denotes the class of all real trigonometric poly-
nomials of degree at most n.

1. THE WEIGHTS

For Introduction we refer to Sections 1 and 2 of the Mastroianni-Totik paper
[15] and the references therein. See [1] — [6], [8], [9], [11], [14], and [16]. See also [7]
and [12]. Here we just formulate the original and some equivalent definitions that
we shall use. We shall work with integrable periodic weight functions W satisfying
the so-called doubling condition:

W(2I) < LW(I)

for intervals I C R, where L is a constant independent of I, 2I is the interval
with length 2|I| (|| denotes the length of the interval I') and with midpoint at the
midpoint of I, and

W(I) ::/IW(u) du.
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In other words, W has the doubling property if the measure of a twice enlarged
interval is less than a constant times the measure of the original interval.

Associated with a periodic weight function W on R, let

(L.1) Wi(l) = n/:;/" W(0)do.

Let w € [—1/2,1/2]. Associated with a weight function W(z) on [—w,w], we define

(1.2) W,,(t) = W (arcsin((sinw) cost))
and
(1.3) Wy o(t) = n /t t:;/n W, (0)do.

The class of all real trigonometric polynomials of degree at most n will be denoted
by 7,. Associated with a trigonometric polynomial T;, € 7, we define

(1.4) T w(t) :== T, (arcsin((sinw) cost)).

Lemma 1.1. Let W be a periodic weight function on R. Then W is a doubling
weight if and only if there are constants s > 0 and K > 0 depending only on W
such that

Wh(ta) < K(1+nlta — t1])° Wi (t1) .

holds for all n € N and t1,t2 € R. Here, if L is the doubling constant, then with
the choice s =log L, K depends only on L.

Markov-Bernstein type inequalities play a basic role in proving inverse theorems
of approximation. Mastroianni and Totik [15] proved the following Bernstein-type
inequality recently.

Theorem 1.2. Let W be a doubling weight and let 1 < p < oo arbitrary. Then
there is a constant C' depending only on the doubling constant L so that

s

/7r | () PW (t) dt < Cnp/ T, ()|PW (¢) dt

—T —T

holds for every T, € T,,.

The above inequality is extended in [7] for all p > 0. The purpose of this paper is
to establish the right analogue of Theorem 1.2 when the period [—m, ) is replaced
with a shorter interval [—w,w]. Our main result is the Markov-Bernstein type
inequality below.
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Theorem 1.3. Letp € [1,00) and w € (0,1/2]. Suppose W (arcsin((sinw) cost)) is
a doubling weight. Then there is a constant C' depending only on p and the doubling
constant L so that

/w T (8) PW () (w/n+ Va2 —t2) dt < cnp/ T (8)[PWV (1) dt

—w —w

holds for every T, € T,,.

Our main tool is the following inequality proved recently by Lubinsky [12] (see
also the paper [10] by Kobindarajah and Lubinsky).

Theorem 1.4 (Lubinsky). Letw € (0,1/2]. We have

/w ITLOF (w/n+ Vi? = t2>p dt < Cn? /w T, (1P dt

—w —w

for all T, € T,,.
This may be viewed as the L, version of the Videnskii’s inequality [17] below.

Theorem 1.5 (Videnskii). Let w € (0,1/2]. We have
I[nax | T (t) (w/n+ Vw? — t2) <Cn r[nax | [T, (8)]
te
for all T, € T,.

2. THE MAIN THEOREM

In this paper C,C1,Cs,... always denote constants depending (possibly) only
on the value of p and the doubling constant L in the doubling weight involved.

Using the notation of (1.1) — (1.4), we prove the following basic theorem.

Theorem 2.1. Let w € (0,1/2]. Suppose W is a weight function on [—w,w| such
that W, is a doubling weight. doubling weight. Let 1 < p < oo be arbitrary. Then
there is a constant C depending only on the doubling constant L for W, such that
for every T,, € 7,, we have

(2.1) c! [T (t)[PW, (t) (sinw)| sint| dt <

—T

< / T ()P W (£) (sin )| sin £] dt <

<C |Th,w|P W (t) (sinw)| sint| dt ,

or equivalently

21) - / )P ( )dt</w| ()P Wi (#) (sin10) | sin £] dit
<c/ (O PW () dt

As the next lemma shows, W, , is very close to be a nonnegative trigonometric
polynomial of degree at most n.
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Theorem 2.2. Suppose W, satisfies the doubling condition. Then there is a con-
stant C > 0 depending only on the doubling constant L, and for each n € N there
is a nonnegative even trigonometric polynomial Q,, of degree at most n(1+1/p) so
that

(2.2) C™'Whw(t) < Qu(t)” < CWyu(t)
and
(2.3) QL (1P < CrPW,, (1)

uniformly in x € R.

Proof of Theorem 2.2. It is easy to see that W, ., (t) ~ Wy, o(¢) uniformly in z
whenever n ~ m.! So it is sufficient to verify the existence of a nonnegative
trigonometric polynomial @, of degree 2mn with the stated properties for some
fixed m € N satisfying 2m > s/p + 2, where s is the number from Lemma 1.1. To
be more specific, we define 2m as the smallest even number not less than s/p + 2.
Let

- 5 0) = - (/201

be the Jackson kernel. It is well known that
(2.5) / 10|'S,.(0) dt ~n~"
for each 0 <1 < 2m — 1. Indeed, the inequalities

Sp(0) < C™Mn, 0] <1/n,
S, (0) < M~ Gm-lg=2m 1 /p <t <,

are easy to establish, from where

/ 10|'S,.(0) d§ < Cy1n~"

—T

is obvious. On the other hand, there is a constant Cy > 0 depending only on m so
that
Sp(0) > Con, 0] <1/n,

from where

/ 10|'S,.(0) d§ > Cyin~"

1In what follows A ~ B means that the ratio of the two sides is between two positive constants.
Here the “similarity” constants in Wy o (t) ~ Wi,o(¢) depend only on the doubling constant L
and the “similarity” constants in n ~ m.



INEQUALITIES WITH DOUBLING WEIGHTS 5

for each 0 < I < 2m — 1 follows. By this (2.5) is completely shown. It clearly
implies that

(2.6) /W (14 n]0))*/7 5, (6)df ~ 1.

—T

Now we define
(2.7) Qn(t) = / Wiw(0)YPS,(t —0)db .
Then @Q,, € 72,n and

(2.8) Q.(t) = ! Ww(0)/PS! (t —6)df.

—T

Applying Lemma 1.1 and (2.6), we obtain

Qn(t) = /_ i Woo(t —0)/7S,,(0) db

< W (0)YPKYP(1 +n|0))*/?S,(0) d§ < CYHYPW,, ,(8)M/P.

The opposite inequality is simpler. For [¢t] < 1/(2n), we have W, ,,(t—6) ~ W), o, (1)
and Sy, (0) ~ n, therefore

1/(2n)
Qn(t) > / Wo(t —0)/7S,,(0) db
0
1 1/(2n) 141/
> C| mew(t)l/”/ ndf > CyTPW,, ()P
0

and the proof of (2.2) is complete. To prove (2.3), observe that

SI(0) < C™n?, 6] <1/n,
S(0) < CmpmBm=2g=2m - 1/ < |0 <7,

which follows from direct differentiation and from Bernstein’s inequality

! < < Oom 2
_max |5, (6)] <nm_max |S,(0)] < C"'mn”,

since (2.4) implies
max |Sp(0)| < C™Mn.

—n<6<m
With this and (2.8) the proof of (2.3) is identical with the proof of the upper bound
in (2.2). O

By a routine application of the Mean Value Theorem and Theorem 1.5 (Viden-
skii) we obtain
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Corollary 2.3. Let w < 1. Let Ty, ,, be defined by (1.4). Then

/ [T (®)|P (Sinw) Wy, (1) dt < Cln/ |70 ()P (sinw)| sin t| W, ., (t) dt
or all Ty, € T, with a constant Cyr depending only on M.
for all T, € T, h Cy d d l M

Proof. Indeed, by Theorem 2.2, there is a nonnegative even trigonometric polyno-
mial @, of degree at most n(1 + 1/p) such that (2.2) holds. Observe that

Qn(t) = Up,w(arcsin((sinw) cost))
with some U,, € 7,,. Hence, with the notation
Sn,w = Tn,wUn,w S ,Tcn

it is sufficient to prove that
/ |Sn.w(t)[P (sinw)dt < Cm/ |Sn.w(t)|P(sinw)| sint| dt

—T —T

However, this follows easily from the fact that

1
2 —n<t<w

m{qte[-mm):|Snw() > = max [S,.(t) ] >C/n
(i )

with a constant depending only on p. The above inequality can be shown by a
routine combination of Theorem 1.5 (Videnskii) and the Mean Value Theorem.

Proof of Theorem 2.1. Let p > 1. We verify that there is a constant C' depending
only on the doubling constant L such that for every T,, € 7,, we have

(2.9)
/ T, (arcsin((sinw) cos t)|P (sinw((1/n + | sint]))P W, o (¢)(sinw)|sint| dt <

—T

SC’np/ | T (6) [P Wi o (1) (sinw)| sin t| dt .

—T

Indeed, by Theorem 2.2, there is a nonnegative even trigonometric polynomial @,
of degree at most n(1 + 1/p) such that (2.2) holds. We have

/Tr |77 (arcsin((sinw) cost) [P ((sinw)(1/n + | sint|))PW, . (¢)(sinw)|sint| dt ~

—T

~ /7T |T (arcsin((sin w)(cost))|P((sinw)(1/n + | sint|))?Qy (¢)P (sinw)| sin t| dt .

—T

Here

(2.10) Qn(t) = Uy (arcsin(w cost))
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with some trigonometric polynomial U,, of degree n(2 + 1/p). Also
1)U, = (T, U,) — T,U, ,

therefore

/_Tr |77, (arcsin((sinw)(cost))|P(sinw(1/n + | sint]))P W, ., (¢) (sinw)]| sin t| dt

<C /7T |(T:,Uy)' (aresin((sinw)(cos t)) [P (sinw(1/n + | sint|))P (sinw)| sin ¢| dt+

—T

+ /_’r |(T,,U})(arcsin((sinw)(cost))|P(sinw(1/n + |sint]))P(sinw)|sint| dt

< C1C2(n(2 4 1/p))p/ (T, Uy,)(arcsin((sin w)(cos t)))|? (sinw)]| sint| dt +

—T

+ Csn? /7r |(T5, Uy ) (arcsin((sin w)(cos t))|P (sinw)|sint| dt

—T

< Cnp/ | T 0 (6) [P Wi (t) (sinw)| sint| dt ,

—T

where at the first inequality we used that (A + B)? < Cy(AP + BP) for arbitrary
A,B > 0,p > 1; at the second inequality, to estimate the first term, we used
Lubinsky’s inequality in L,,0 < p < oo (see [1]) for trigonometric polynomials of
degree at most n(2 + 1/p); while to estimate the second term, the bound for |Q},|
given by Theorem 2.2 has been used; in the third inequality Theorem 2.2 has been
used again. Thus the proof of (2.9) is complete.

Now let M be a large positive integer to be chosen later, and set

[ka 2(k+1)m
I = Akt T

=|=— k=0,1,...,Mn—1.
Mn’ Mn :|7 057 ? n

Let ¢ € I be the place where |T), ,(¢)[P(sinw)|sint| attains its maximum on I,
and let 0 € I be a place where W, ,,(¢) attains its maximum on I} (note that
W is positive continuous). Finally we define

Ry =3 [Tpw(Ge)IP (sinw)| sin G [ W o (0k) ,

where, and in what follows, > is the taken for k = 0,1,... ,Mn — 1. Let & € I
be arbitrary. Let J; be the interval with endpoints (; and &;. Using Holder’s
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inequality, we obtain
Ry — Z T, (&P (sinw) | sin &k Wi o (0k)
= (ITnw(G)P(sinw)| sin G| — [T o (&) [P (sinw)| sin &) Wi (6r)

< Z/ ()| T (8) [P~ (sin10) | i £ Wi o, (6) d
+Y° / T (8) [P (sinw)| cos t| Wi, o (0)) dt

1/p
<p (Z/ T, ()P (sinw)]| sint|W,, ., (0k) dt) X
(r—1)/p
(Z/ (| T o (2)| P~ 1P/ (P 1)(s1nw)|smt|an(9k)dt)

+ Z |Tn w(®)|P(sinw)W,, o, (0r) dt

Using the fact that for u,v € Iy we have W, ,,(u) ~ W, ,(v) uniformly, then
applying (2.9) and Corollary 2.3 we can continue

I 1/p
gp( / |T,’L7w(t)|p(sinw)|sint|Wn,w(t)dt> «

™ (r—1)/p
X (/ |75 ()P (sinw)| sin t|W,, (%) dt> +

—T

+ / T (O (sin )W o (1) it

—T

—T

™ 1/p
< (pClnp / |Tn7w(t)|p(sinw)|sint|Wn7w(t)dt> y

™ (r—1)/p
X (/ | T (8)|P (sinw)| sin t|W,, o (%) dt> +

—T

+Cin / (T o (8)[P (sin )| sim £, o (£) dt =

—T

— Com / (T o (8)P (sin )| sim ¢] Wi o (£) dt <

< Czn— Y ITu(G) P (sinw)| sin Ge [ Waw (61) =

_ C’gn(27r)
T Mn

So we have proven

R, .

R, — Z | T o (&k)[P (sinw) | sin & [Wh,o (0k) <

from which it follows that

(211) Rn - Z |Tn,w(£k)|p(Sinw)| Sin£k|Wn,w(0k) < _Rn 5
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provided M > 4n(Cs.

Using also that W, ., (0x) ~ Wi, o(nx) uniformly whenever n, € I, we obtain
that there is a constant C' such that for any &, n, € I, we have

Z |Tnaw(§k)|p(5inw)| Sin€k|Wn,w (nk) > éRn .

In particular, this is true for the points & and n, where |T), ., (t)|(sinw)]| sint| and
Wi w(t), respectively, attain their minimum on I, from which we obtain that all
possible sums

Z [T (ug) [P (sinw) | sin ug | Wi, o (Vi) , U, Vg € I,

are uniformly of the same size (~ R,,). If we also observe that

Whw(vg) ~n W, (t) dt

Iy,

it follows, with some constant C > 0, that

oo / (max|Tw >|p<sinw>|smv|) W () du <

< Z | T 0 () [P (sinw) | sin g | Wi, o (vg) <

<CnZ/ <m1n T (0)[P (Sinw)|sinv|> W, (u) du

vely

whenever ug, vy € Ij. Setting uyp = vr, = 2kn/(Mn) + t and integrating this with
respect to t € [0,1/(Mn)], it follows that

= Z/ <max|TW )|”(sinw)|sinv|> W (u) du <
<Z/ [T (6)|P (sinw)| sint| W, o, (t) dt <
< CZ/ <1I)Iélr,1 |10 (V) |P(sinw)] sinv|> W (u) du .
We now conclude that
%Z /I o (sine)| stV (1) de < 3 /I o) sines)] sin Vo)
ch/I | T (1) [P (sin w) | sin ¢t|W,, (t) dt
:

which we wanted to prove. [
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3. PrRoOF OoF THEOREM 1.3

Proof of Theorem 1.3. With the help of Theorem 2.1 and with a piece of its proof,
the proof of the theorem is a triviality now. It is sufficient to prove that

/ |T (arcsin(sinw cos t)|P(sinw((1/n) + | sint]))PW,, (¢)(sinw)| sint| dt <
< / (T o0 (8) [PV (£) (sin ) sin £] i

holds for every T), € 7,. We have already proven this with W, replaced by W, .,
see (2.9). What remains to observe is that Theorem 2.1 allows us to replace W, ,,
by W,,. To this end we need to remark that if W (arcsin((sinw) cost)) is a doubling
weight, then W (arcsin((sinw) cost))(sinw)(1/n + |sint|))? with doubling constant
independent of n.
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