MUNTZ’S THEOREM ON COMPACT
SUBSETS OF POSITIVE MEASURE
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ABSTRACT. The principal result of this paper is a Remez-type inequality for Miintz
polynomials:

p(x) = Z a;z™,

or equivalently for Dirichlet sums:
n
P(t) := Zaiefkit,
i=0

where (A;)$2, is a sequence of distinct real numbers. The most useful form of this
inequality states that for every sequence (X;)$2 satisfying

> i<
im0 |l
A;#0

there is a constant ¢ depending only on (A;){2,, A, &, and 3 (and not on n or A) so
that the inequality
pll{a,8 < cllplla

holds for every Miintz polynomial p, as above, associated with (X;)$2, for every set
A C [0,00) of positive Lebessgue measure, and for every

[, B] C (ess inf A, ess sup A).

Here || - || 4 denotes the supremum norm on A.

This Remez-type inequality allows us to resolve several problems. Most notably
we show that the Miintz-type theorems of Clarkson, Erdds, and Schwartz on the
denseness of

span{gvAO7 ™ML 1 A; € R distinct

on [a,b], a > 0, remain valid with [a, b] replaced by an arbitrary compact set A C
(0, 00) of positive Lebesgue measure. This extends earlier results of the authors under
the assumption that the numbers \; are nonnegative.
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1. INTRODUCTION
Miintz’s classical theorem characterizes sequences A := (\;)32, with
O=X < A <A<+

for which the Miintz space
span{z*0, 2™ ...}

is dense in C[0, 1]. Here, and in what follows, span{xz*°, z* ...} denotes the collec-
tion of finite linear combinations of the functions z*°, z*1, ... with real coefficients,
and C'(A) is the space of all real-valued continuous functions on A C [0, c0) equipped

with the uniform norm. Miintz’s Theorem [11, 18, 27, 30] states the following.

Theorem 1.1. Suppose (X\;)32, is an increasing sequence of nonegative real num-
bers with Ao = 0. The Miintz space span{z*°, 2, ...} is dense in C[0,1] if and
only if >0 1/ N = .

The original Miintz Theorem proved by Miintz [16] in 1914, by Szdsz [27] in
1916, and anticipated by Bernstein [3] was only for sequences of exponents tending
to infinity. The point 0 is special in the study of Miintz spaces. Even replacing
[0,1] by an interval [a,b] C (0,00) in Miintz’s Theorem is a non-trivial issue. This
is, in large measure, due to Clarkson and Erdés [12] and Schwartz [24] whose
works include the result that if > 72 1/\; < oo, then every function belonging
to the uniform closure of span{z*°,z*1,...} on [a,b] can be extended analytically
throughout the region

{z € C\ (—00,0] : || < b}.

There are many generalizations and variations of Miintz’s Theorem [1, 4, 5, 6,
7, 8,9, 16, 17, 19, 24, 26, 28, 29]. There are also still many open problems. For
example, the proper generalizations to many variables are still open.

Schwartz [24] extended the results of Clarkson and Erdds to sequences (A;)$2,
of arbitrary real numbers. His main results in this direction are formulated by the
next two theorems.

Theorem 1.2. Suppose (X;)$2, is a sequence of distinct real numbers. Suppose
0<a<b, and q € (0,00). Then

span{z™, 2™ ...}

is dense in L1[a,b] if and only if

oo

1
Z |)\l| < 0.

—0
0

i

>
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Theorem 1.3. Suppose (\;)52 is a sequence of distinct real numbers satisfying

1=—00
> g
i=—00 |AZ|
A #0

with A; < 0 fori <0 and \; > 0 fori > 0. Suppose 0 < a < b, and q € (0,00).
Then span{z™i : i € Z} is not dense in Li[a,b].

Suppose the gap condition
inf{\; —X\i—1:9€Z} >0
holds. Then every function f € L%[a,b] belonging to the L%[a,b] closure of
span{z?i : i € Z}

can be represented as

flz) = iaix)‘i, z € (a,b).
i=0

If the above gap condition does not hold, then every function f € Li[a,b] belong-
ing to the L1a,b] closure of

span{z? 2™ .}
can still be represented as an analytic function on

{z€C\ (-00,0]: a < |z| < b}.

In [8] the authors extended Theorem 1.1 and other related results by replacing
[0,1] by an arbitrary compact set A C [0,00) of positive Lebesgue measure. The
main results of this paper, Theorems 3.6 and 3.7, extend Theorems 1.2 and 1.3
to arbitrary compact sets A C (0,00) of positive Lebesgue measure. Moreover,
Theorems 3.6 and 3.7 extend to weighted L4 (A) spaces, where w is a nonnegative
integrable weight function on A with [, w > 0.

Theorems 3.6 and 3.7 can be proved fairly simply, once one has established the
bounded Remez-type inequality of Theorem 3.1 for non-dense Miintz spaces

span{z* 2™ ... }.

This is the central result of the paper, and is a result we believe should be a basic
tool for dealing with problems about Miintz spaces.

Let P,, denote the set of all algebraic polynomials of degree at most n with real
coeflicients. For a fixed s € (0,1) let

Pu(s) = {p € Pn:m{z € [0,1] : [p(x)| <1}) > s}
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where m(-) denotes linear Lebesgue measure. The classical Remez inequality con-
cerns the problem of bounding the uniform norm of a polynomial p € P, on [0, 1]
given that its modulus is bounded by 1 on a subset of [0,1] of Lebesgue mea-
sure at least s. That is, how large can |[p||j0,1; (the uniform norm of p on [0, 1])
be if p € P,(s) ? The answer is given in terms of the Chebyshev polynomials.
The extremal polynomials for the above problem are the Chebyshev polynomials
+T,(x) := £ cos(narccosh(x)), where h is a linear function that scales [0, s] or
[1—s,1] onto [—1,1].

For various proofs, extensions, and applications, see [13, 14, 15, 22, 23].

Our bounded Remez-type inequality of Theorem 3.1 states the following. If
(Ai)2, is a sequence of distinct real numbers satisfying

oo

1
Z |)\l| < 00,

—0
0

i

>

then there is a constant ¢ depending only on (A\;)°,, 4, «, and 8 (and not on the
number of terms in p) so that

IPll{e.m) < cllplla

for every Miintz polynomial p € span{z*°,2* ...}, for every set A C [0,00) of
positive Lebessgue measure, and for every [o, 8] C (ess inf A, ess sup A).

This extends the Remez-type inequality of the authors [***], where the exponents
A; are nonnegative. One might note that the existence of such a bounded Remez-
type inequality for a Miintz space span{z*°,z* ...} is equivalent to the non-
denseness of span{z*, 2 ...} in C[a,b], 0 < a < b.

The key to the proof of Theorem 3.1 is Theorem 3.2. This thteorem states that
for the “positive and negative parts” p*t and p~ of a p € span{z*}° _ | the
inequalities that

Ip*[la < cllplla

and
Ip~1la < cllplla
hold with a constant ¢ depending only on (A;)2_ . and A (but not on the number

of terms in p).

Yet another remarkable consequence of the bounded Remez-type inequality of
Theorem 3.1 is that the pointwise and locally uniform convergence of a sequence
(pn)3e; C span{z?*®, 2™ ...} on (0,1) are equivalent whenever

oo

1
Z |)\i| < 0.

=0
0

i

>,

(See Theorem 3.5.) In fact, one can characterize the non-dense Miintz spaces within
the Miintz spaces span{z*°, 21, ...} as exactly those in which locally uniform and
pointwise convergence on (0, 1) are equivalent.
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2. NOTATION

The notations

llplla := sup |p(z)],
€A

Pl = ( [ @) dx)l/q,

1/q
Pl ecay = ( /A |p<x>|qu)

are used throughout this paper for measurable functions p defined on a measurable
set A C [0, 00), for nonnegative measurable weight functions w defined on A, and
for ¢ € (0,00). The space of all real-valued continuous functions on a set A C [0, c0)
equipped with the uniform norm is denoted by C'(A).

and

The nonnegative-valued functions z*¢ are well-defined on [0,). For a fixed
sequence ()2, the collection of Miintz polynomials

p(x) = ZamAi, a; €R, neN

i=0
is denoted by
span{z*® 2™, ...},
Similarly, for a fixed sequence (\;)$2___, the collection of Miintz polynomials

n
p(x) = Z a;x™, a; € R, neN

i=—n

is denoted by
span{z™ : i € Z}.

The above spaces are called Miintz spaces.

For a measurable set A C R, we use the notation
ess inf A :=sup{z € R: m((—o0,z] N A) =0}

and
ess sup A :=sup{z € R: m([z,00) N A) =0}

where m(-) denotes One-dimensional Lebesgue measure.

3. NEw RESULTS

The central result of this paper is the following theorem.
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Theorem 3.1. Suppose (X;)2, is a sequence of distinct real numbers satisfying

oo

1
Z |)\i| < 0.

=0
0

>,

i

Then there is a constant ¢ depending only on (X\;)52,, A, a, and B (and not on the
number of terms in p) so that

I2lla,81 < cllplla

for every Miintz polynomial p € span{z?0,z* ...} for every set A C [0,00) of
positive Lebesque measure, and for every [a, ] C (ess inf A, ess sup A).

Theorem 3.2. Suppose (X\;)2_ . is a sequence of distinct real numbers satisfying
> g
A
Xi#0

with \; <0 fori <0 and A\; >0 fori > 0. Associated with

p(z) == Z a;x™, n=0,1,...

i=—n
let
—1
p(x) := Z a;z™  and pt(z):= ZamAi.
i=—n i=0

Let A C [0,00) be a set of positive Lebesgue measure. Then there exists a constant
¢ depending only on (X\;)$2 and A (and not on the number of terms in p) so that

1=—00

Ip™lla < cllplla

and
[P~ [la < cllplla

for every p € span{z?i : i € Z}.

Theorem 3.3. Suppose (\;)2_ . is a sequence of distinct real numbers satisfying
> e
00
1=—00 |)\l|
Ai#0

with \; <0 fori <0 and A\; >0 fori > 0. Suppose A C [0,00) is a compact set of
positive Lebesgue measure. Let a := ess inf A and b := ess sup A. Let f € C(A),
and suppose there exist p, € span{z? :i € Z} of the form
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so that lim ||p, — flla =0.
n—00

Suppose the gap condition
1nf{/\z —XNi_1:1 € Z} >0
holds. Then f is of the form

f(z) = Z a;z™, x € (a,b),

1=—00

where

fH(z) = Zaiain, x €10,b),
i=1

—1
[ (z) = Z a;z™, z € (a,00), li_)m f(z)=0.

Furthermore, f can be extended analytically throughout the region
{z€ C\ (=00,0]:a < |z| < b},
and

lim a;n = Qj, i € 7.
n—oo

If the above gap condition does not hold then f can still be extended analytically
throughout the region

{z€ C\ (=00,0]:a < |z| <b}.

Theorem 3.4. Suppose (X;)$2, is a sequence of distinct real numbers. Suppose
A C (0,00) is a compact set of positive Lebesque measure. Then

span{z™ 2™ ..}

is dense in C(A) if and only if

oo

1
Z |>\l| < 0.

—0
0

i

>

Theorem 3.5. Suppose (X;)52, is a sequence of distinct real numbers satisfying

1
Z |)\i| < 0.

i=0
;0

Let A C [0,00) be a set of positive Lebesque measure, and let a := ess inf A and
b:=ess sup A. Assume (p,)32,; C span{z*® 2™ ...} and

pn(z) = f(2), x € A.

Then (pn)S2, converges uniformly on every closed subinterval of (a,b).
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Theorem 3.6. Suppose (\;)2

1=—00

is a sequence of distinct real numbers satisfying

o0

1
lgoom<00

Xi#£0

with \; < 0 for i < 0 and \; > 0 for i > 0. Suppose A C [0,00) is a set of
positive Lebesque measure with inf A > 0, w is a nonnegative-valued, integrable
weight function on A with [, w >0, and q € (0,00). Then

span{z’i : i € Z}
is not dense in L1 (A).
Suppose the gap condition
inf{\; = \i_1:9€Z} >0
holds. Then every function f € L (A) belonging to the L1 (A) closure of
span{z? 2™ .}

can be represented as
o0
f(x):ZaixM, x € AN (G, by),
i=0

where

@y = inf ye[(),oo):/ w(z)dx >0
AN(0,y)

by = sup{ye[o,oo):/ w(x)dw>0}.
AN(y,o0)

If the above gap condition does not hold, then every function f € LY (A) belonging
to the LL(A) closure of

and

span{z™ 2™ ..}
can still be represented as an analytic function on
{z€ C\ (—00,0]: ay < |2 < by}
restricted to A.

Theorem 3.7. Suppose (A\;)2, is a sequence of distinct real numbers. Suppose
A C (0,00) is a bounded set of positive Lebesgue measure, inf A > 0, w is a
nonnegative-valued integrable weight function on A with fA w >0, and q € (0,00).
Then

span{z™ 2™ ..}

is dense in L3 (A) if and only if

1
Z |)\i| < 0.

=0
0

i

>,
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4. TooLs

In this section we collect various previously known results concerning Miintz
spaces with exponents of the same sign. In Section 5 the proof of the new results
from Section 3, which deal with Miintz spaces with arbitrary exponents, will be
reduced to the results of this section. Our most important tool is the following
Remez-type inequality established in [8].

Theorem 4.1. Let (A\;)$2, be a sequence of distinct nonnegative exponents satis-

fying
=1
25 <

T

>*s
c°

7

Then there exists a constant ¢ depending only on (A\;)52,, s, and sup A (and not on
A or the number of terms in p) so that

l2ll10,inf 4] < cllpll A

for every p € span{z?, 2 ...} and for every compact set A C [0,00) of Lebesgue
measure at least s > 0.

By the substitution y = £~! Theorem 4.1 implies the followoing.
Theorem 4.2. Let (A;)$2, be a sequence of distinct nonpositive exponents satisfy-

mng
o0

>’s

Then there exists a constant ¢ depending only on (A;)2,, s, and inf A (and not on
A or the number of terms in p) so that

[Pl sup 4,00) < cllplla

for every p € span{z?®, 2 ...} and for every compact set A C [0,00) of Lebesgue
measure at least s > 0.

The following Bernstein-type inequality for non-dense Miintz spaces is also es-
tablished in [8].

Theorem 4.3. Let (X\;)2, be a sequence of distinct nonnegative exponents satis-
fying >"521 1/ X < oo. Suppose \g =0 and Ay > 1. Then for every € € (0,1), there
is a constant c. depending only on € and (X\;)52, (but not on the number of terms
inp) so that

19 lj0,1—¢ < cellpllio,

for every p € span{z?* 2 ... }.
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Theorem 4.4. Let A := (X\;)32, be a sequence of distinct nonnegative exponents
satisfying
o0
> 5+
Ai
i=

>4
<
o

Let 0 < a <b. Suppose

(p)3, C span{z™, ™, ...}

and ||pn|lja,p) < 1 for each n. Then there is a subsequence of (pn)y—; that converges
uniformly on every closed subinterval of [0,D).

Proof. Note that the assumptions of the Arzela-Ascoli Theorem are satisfied by
Theorems 4.1 and 4.3. O

By the substitution y = £~! Theorem 4.4 implies the following.
Theorem 4.5. Let (\;)$2, be a sequence of distinct nonpositive exponents satisfy-

mng
o0

>’s

Let 0 < a <b. Suppose

(Pn)pzy C span{z?®, 2™, ..}

and ||pn||ja,p) < 1 for each n. Then there is a subsequence of (pn)ye; that converges
uniformly on every closed subinterval of (a,0).

The following theorem is from Schwartz [24].

Theorem 4.6. Let (X\;)2, be a sequence of distinct nonnegative exponents satis-
fying

Let 0 < a < b. Suppose the sequence

(Pn)pzy C span{z™®, 2™, ..}
converges to a function f uniformly on [a,b]. Then f can be extended analytically

throughout the region
{z € C\ (—00,0] : |z| < b}.

By the substitution y = £~! Theorem 4.6 implies the following.
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Theorem 4.7. Let (A;)$2, be a sequence of distinct nonpositive exponents satisfy-

(2
mg
oo

1
Z |)\l| < 0.

—0
0

i

>

Let 0 < a < b. Suppose the sequence

(pn)oq C span{z®, 2™ .. .}

converges to a function f uniformly on [a,b]. Then [ can be extended analytically
throughout the region
{z€ C\ (—00,0]: a < |2|}.

The following two results are also from Schwartz [24].

Theorem 4.8. Let (A\;)2, be a sequence of distinct nonnegative exponents satis-
fying

Let (7:)52, be a sequence of distinct negative exponents satisfying
— 1
Z — < 00.
i—0 |7l
i #0
Let 0 < a < b. Suppose f € Cla,b] is a function so that both of the sequences
(pn)2%, C span{z?, 2, ...}

and
(¢n)n=1 C span{z™,z7", ...}

converge to f uniformly on [a,b]. Then f =0 on [a,b].

Theorem 4.9. Suppose (A\;)2_ . is a set of distinct real numbers satisfying
> o
1=—00 |AZ|
Xi#0

with A; < 0 fori <0 and \; >0 fori > 0. Suppose 0 < a <b. Let f € C[0,1], and
suppose there exist p, € span{z™ :i € Z} of the form
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so0 that lim |pp — f|lja,e) = 0.
n—oo
Suppose the gap condition
1Df{)\l — N1 1 E Z} >0
holds. Then f is of the form
oo
f(z) = Z a;ir™, z € (a,b),
1=—00

where

fH(z) = Zaiain, x €10,b),
i=1

—1
[ (x) = Z a;z™, z € (a,00), li_)m f(x)=0,

f can be extended analytically throughout the region
{z€ C\ (=00,0]:a < |z| < b},

and
lim A;n = Qj, i € 7.
n— o0

If the above gap condition does not hold then f can still be extended analytically
throughout the region

{z € C\ (—0,0]: a < |z] < b}.

5. PROOFS

Proof of Theorem 3.2. Tt is sufficient to prove only the first inequality, the second
inequality follows from the first one by the substitution y = x~!. If the first
inequality fails to hold then there exists a sequence (p,, )22, C span{z™ : i € Z} so
that
Iptlla=1, n=1,2,..., and lim ||p,|la =0.
n—oo

Since p = p* + p~, the above relations imply that
[pplla <K <oo, n=12,....

For the sake of brevity, let a := ess inf A and b := ess sup A. By Theorems 4.1,

4.2, 4.4, and 4.5, there exists a subsequence (p;})72; that converges uniformly to a

function f on every closed subinterval of [0,b), while (p;; )72, converges uniformly

to a function g on every closed subinterval of (a,c0). Now _lim lpn;lla = 0 and
(2 o0
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Pn; = D), + 1, imply that f+g = 0on AN(a,b). By Theorem 4.6, f is analytic on
(0,b). By Theorem 4.7, g is analytic on (a,00). So f+ g is analytic on (a,b). Since
f+9g=0o0n AnN(a,b), and since m(A N (a,b)) > 0, we conclude by the Unicity
Theorem that f 4+ g = 0 on (a,b). Now Theorem 4.8 implies that f = g = 0 on
(a,b).

Hence, for every y € (a,b),

i Il 1. = 0

and
Jim (17 [y, sup 4] = Hm {lpn, = Py, [l gy, sup 4y = 0.
Therefore
Jim Iy la =0
which contradicts the fact that |pt|la=1, n=1,2,.... O

Proof of Theorem 8.1. The result is a straightforward consequence of Theorems
4.1, 4.2, and 3.2. O

Proof of Theorem 3.3. The result is a straightforward consequence of Theorems 3.1
and 4.9. O

Proof of Theorem 3.4. Suppose

<1
PO

i #£0

Let f € C(A). By Tietze’s Theorem there exists an f € Clinf A,sup 4] so that
f(z) = f(x) for every z € A. By Miintz’s Theorem there is a sequence

(pl)'?il C span{x)‘o,:zr)‘l, s }

so that ~
lim || f — pilljo,1) = 0.
11— 00

Therefore
lim [|f —pila=0
71— 00

which finishes the trivial part of the theorem.

Suppose now that

Then Theorem 3.3 yields that

span{z*0, 2™ ...}
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is not dense in C(A). O

Proof of Theorem 3.5. Let [, 8] C (a,b). Egoroff’s Theorem and the definition of
a and b imply the existence of sets By C AN (0,«) and Bs C AN (B, 00) of positive
Lebesgue measure so that (p;)$2; converges uniformly on B := By N Bg, hence it is
uniformly Cauchy on B. Now Theorem 3.1 yields that {p;}$2, is uniformly Cauchy
on [a, 8]. which proves the theorem. O

Proof of Theorem 3.6. Suppose f € L4 (A) and suppose there is a sequence
(pi)2, C span{z™ :i € Z}
so that
Zlirgo ”f _pi”L?u(A) =0.

Minkowski’s Inequality (if ¢ € (0,1), then a multiplicative factor 2'/9=1 is needed)
yields that (p;)$2; is a Cauchy sequence in L (A). The assumptions on w imply
that for every (a, 8) C [a, b] there exists a ¢ > 0 so that the sets

By :={z € An(B,): w(z) > d}

and
By:={z € AN (0,a) : w(z) > §}

are of positive Lebesgue measure. Note that
1Pl Loy < 67 lpllnemy < 6 lpllne, ), 1=1,2,

for every p € L% (A). Therefore, (p;)2; is a Cauchy sequence in LY(B), where
B := B; N By. So, by Theorem 3.1, (p;)$°; is uniformly Cauchy on [, 3]. The
theorem now follows from Theorem 3.3. [

Proof of Theorem 3.7. Suppose

i=—00

Ai#0
Let f € LI (A). It is standard measure theory to show that for every € > 0 there
exists a g € C[inf A, sup A] so that

g
If —9||L?U(A) < 3

Now Miintz’s Theorem implies that there exists a p € span{z*°, 2*1,...} so that

1/q
lg = pllg o < g —pla </A w> <

Therefore span{z*0, 2?1, ...} is dense in L4 (A).

N ™

Suppose now that

oo

1

Xi#0
Then Theorem 3.6 yields that span{z*0,z*1, ...} is not dense in L% (A). O
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