ON THE L, NORM OF CYCLOTOMIC LITTLEWOOD
POLYNOMIALS ON THE UNIT CIRCLE

TAMAS ERDELYI
Dedicated to the memory of Professor Paul Turdn on the occasion of his 100th birthday.

ABSTRACT. Let L, be the collection of all (Littlewood) polynomials of degree n with coeffi-
cients in {—1, 1}. In this paper we prove that if (P2,) is a sequence of cyclotomic polynomials
Py, € Lo, then

Mg(Pay) > (2v + 1)

for every ¢ > 2 with some a = a(q) > 1/2 depending only on g, where

1 27 ) 1/q
My(P) = (ﬁ/o |P(e“f)|th) . ¢>0.

The case g = 4 of the above result is due to P. Borwein, Choi, and Ferguson. We also prove
that if (Pay) is a sequence of cyclotomic polynomials Pa, € L2, then

Mq(Pay) < (20 +1)°
for every 0 < ¢ < 2 with some 0 < b = b(q) < 1/2 depending only on g. Similar results are

conjectured for Littlewood polynomials of odd degree. Our main tool here is the Borwein-Choi
Factorization Theorem.

1. INTRODUCTION

Let D be the open unit disk of the complex plane. Its boundary, the unit circle of the
complex plane, is denoted by 0D. Let KC,, be the set of all polynomials of degree n with
complex coefficients of modulus 1. Elements of IC,, are often called (complex) unimodular
polynomials of degree n. Let £, be the set of all polynomials of degree n with coefficients
in {—1,1}. Elements of £,, are often called real unimodular polynomials or Littlewood

polynomials of degree n. The Parseval formula yields

27
/ Po(¢)[2 dt = 27(n + 1)
0

for all P, € K,,. Therefore

min |P,(z)| < vn+1 < max |P,(2)].
z€0D z€0D

An old problem (or rather an old theme) is the following.
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Problem 1.1 (Littlewood’s Flatness Problem). How close can a P,, € K,, or P,, € L,
come to satisfying

(1.1) P.(2)| =vn+1, z€dD?

Obviously (1.1) is impossible if n > 1. So one must look for less than (1.1), but then there
are various ways of seeking such an “approximate situation”. One way is the following. In
his paper [Lil] Littlewood had suggested that, conceivably, there might exist a sequence
(P,) of polynomials P, € K, (possibly even P, € L) such that (n + 1)~1/2|P,(e®)|
converge to 1 uniformly in ¢ € R. We shall call such sequences of unimodular polynomials
“ultraflat”. More precisely, we give the following definition.

Definition 1.2. Given a positive number ¢, we say that a polynomial P,, € K,, is e-flat if

(I1—e)vn+1<|P(2)| < (1+4+e)vn+1, z€0D.

Definition 1.3. Given a sequence (e, ) of positive numbers tending to 0, we say that a
sequence (P, ) of polynomials P,, € IC,, is (en,)-ultraflat if each P, is (e, )-flat. We
simply say that a sequence (P,, ) of polynomials P, € ICy,, is ultraflat if it is (ep,,)-ultraflat
with a suitable sequence (e, ) of positive numbers tending to 0.

The existence of an ultraflat sequence of unimodular polynomials seemed very unlikely,
in view of a 1957 conjecture of P. Erdés (Problem 22 in [Er]) asserting that, for all P, € KC,,
with n > 1,

(1.2) max |P,(z)| > (1+¢e)vn+1,

z€0D

where & > 0 is an absolute constant (independent of n). Yet, refining a method of Kérner
[K&], Kahane [Ka] proved that there exists a sequence (P,) with P, € K,, which is (&,)-

ultraflat, where
e, =0 (n_l/”\/logn) )

See also [QS]. A recent paper of Bombieri and Bourgain [BB] is devoted to the construc-
tion of ultraflat sequences of unimodular polynomials. In particular, one obtains a much
improved estimate for the error term. A major part of this paper deals also with the
long-standing problem of the effective construction of ultraflat sequences of unimodular
polynomials.

Thus the Erdds conjecture (1.2) was disproved for the classes /C,,. For the more restricted
class L,, the analogous Erdos conjecture is unsettled to this date. It is a common belief
that the analogous Erdés conjecture for £, is true, and consequently there is no ultraflat
sequence of polynomials P, € £,,. An interesting result related to Kahane’s breakthrough
is given in [Be]. For an account of some of the work done till the mid 1960’s, see Littlewood’s
book [Li2] and [QS]. The structure of ultraflat sequences of unimodular polynomials is
studied in [Erl], [Er2], [Er3], and [Er4], where several conjectures of Saffari are proved.
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The Rudin-Shapiro polynomials appear in Harold Shapiro’s 1951 thesis at MIT and
are sometimes called just Shapiro polynomials. See Chapter 4 of [Bo] for the construc-
tion(s). Cyclotomic properties of the Rudin-Shapiro polynomials are discussed in [BLM].
A sequence (P,) of Rudin-Shapiro polynomials satisfies P, € £,, and

|P.(2)| < CVn+1, 2€0D,

with an absolute constant C'. In this paper we prove that a sequence of cyclotomic Lit-
tlewood polynomials of even degree is far from having the above “flatness” property of a
sequence of Rudin-Shapiro polynomials. Note that (see page 271 of [BE], for instance) a
Littlewood polynomial has Mahler measure one if and only if it is cyclotomic, that is, it
has all its zeros on the unit circle 0D.

For a polynomial P let

1/q

1 2m )
mp)i= (g [T IPEa) L a0,

and

M (P) := Pe™)].
(P) tén[oa}gﬂl (e)]

2. PRELIMINARY RESULTS

An unpublished observation of the author is the following.
Theorem 2.1. If (P,) is a sequence of cyclotomic polynomials Pa, € Lo, then
Mo (Pay) > (2v 4+ 1)%,
where a :==1 —logg 5 = 0.5889... > %
The stronger result below is due to P. Borwein, Choi, and Ferguson [BCF].
Theorem 2.2. If (Py,) is a sequence of cyclotomic polynomials P, € Lo, then
My(Poy) > (2v +1)°
with a = +log,y (1 + v/17) = 0.5892... > 1/2.

In the proof of both theorems above the result of Borwein and Choi [BC] stated below
has been a key. Our new results follow from it too by a standard technology. Similar
arguments were used, for example, by Eminyan [Em] and by Green and Ruzsa [GR].

Theorem 2.3. Fvery cyclotomic polynomial P € L,, of even degree can be factorized as
P(2) = £y, (£2)y, (£271) -+ @y, (7170,

where n + 1 = p1pa - - - py, the numbers p; are primes, not necessarily distinct, and

Gl
Q,(2) = sz =7
j=0

18 the p-th cyclotomic polynomial.

It is conjectured that this characterization also holds for polynomials P € L, of odd
degree. This conjecture is based on substantial computation together with a number of
special cases.
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3. NEw RESULTS

Theorem 3.1. If (P,) is a sequence of cyclotomic polynomials Pa, € Lo, then
My(P2) > 2v+1)¢

for every q > 2 with some a = a(q) > 1/2 depending only on q.
Theorem 3.1 follows from our next result.

Theorem 3.2. If (P,) is a sequence of cyclotomic polynomials Pa, € Lo, then
Ml(ng) < (2V + 1>b

with some absolute constant 0 < b < 1/2.
In fact, Theorem 3.2 is a special case of our result below.

Theorem 3.3. If (P,) is a sequence of cyclotomic polynomials Pa, € Lo, then
M,(Py,) < (2v+1)°

for every 0 < q < 2 with some 0 < b =0b(q) < 1/2 depending only on q.

It is conjectured that similar results hold for cyclotomic Littlewood polynomials of odd
degree.

4. PROOFS

Although Theorem 2.2 beats Theorem 2.1, we present the short proof of Theorem 2.1
that is simpler than and quite different from that of Theorem 2.2.

Proof of Theorem 2.1. We use the factorization theorem of Borwein and Choi. We prove
the theorem by induction on the number of factors. The theorem is obviously true when
P>, has only one factor. The proof of the inductive step goes as follows.

Suppose the theorem is true for f, where f has £ — 1 factors. We have to prove that
the theorem is true for

g(z) == @, (£2) f(2P).

Let M(f) be the maximum modulus of f on the unit circle. The key observation is that
M(f) is achieved by |f(2P)| at a system of p equidistant points on the unit circle. Denote
these by 21, 22,...,2,. Then there is at least one z; such that the angular distance between
1 and z; is at most 27/(2p). Similarly there is at least one z; such that the angular distance
between —1 and z; is at most 27 /(2p). Now the proof can be finished by Lemma 4.1 below
the proof of which is a straightforward geometric argument. Using Lemma 4.1 the proof
of the inductive step is obvious, since a := 1 —logz & ensures (2/m)p > p® for every p > 3.
In fact, using the prime factorization of 2v + 1, where 2v is the degree of P, one can get
a larger value of the exponent a in the theorem if the primes in the factorization of 2v 4 1
are large. [



Lemma 4.1. If z is a point on the unit circle such that the angular distance of z from 1
is at most 2m/(2p), then |®,(2)| > (2/m)p. If z is a point on the unit circle such that the
angular distance of z from —1 is at most 2w /(2p). Then |®,(—=2)| > (2/7)p.

Proof of Lemma 4.1. Recall that

and |sint| < [t| for every t e R. [

To prove Theorem 3.2 we proceed as follows. First we introduce some notation. As-
sociated with a positive integer p and a function f defined on the unit circle 0D of the
complex plane let

g(t) = f(e"), teR,

p—1
fo(2) = F(@P)®p(2),  Bp(2):=) 2, gp(t) = fule™),
7=0
that is,
gp(t) = F(ePDhy(t),  hy(t) := Bp(e™).
Let

1(f) = /8 NCIEE / e, I(g) = / g de.

so I(g) = I(f). The key to the proof of Theorem 3.2 is the following lemma that allows
an induction on the number of factors in the decomposition of the cyclotomic polynomial
Ps,, given by Theorem 2.3.

Lemma 4.2. If f is a continuous function on 0D such that |f(2)| = |f(Z)| for every
z € 0D, then

I(fp) < p*I(f)
for every odd prime p with an absolute constant 0 < a < 1/2.

Proof Lemma 4.2. Let k > 0 be an integer and we define

ik
Lix ;:/ gt)|dt,  j=1,2,....
(i~ /k

Then

Ljx = Ljtok ks j=1,2,...,
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and

jm/(kp)

I<gp>=/0 ”\gp<t>|dt=2/07r gy ()| dt = 22/ ()] de

(j— l)ﬂ/(kp)

kp  cjm/(kp) - i/ (kp) )
:22/ |f(e”>||hp(t)|dt§22/ FE))dt | My,
j=1

= G-/ k) (= 1)/ (kp)

=23 ([ Are)ldu) o0
=1 (-7 /k p PP

k 1 (p—1)/2 (p—3)/2
=2 Z Lu,kz_j Z M, ovk kp + Z Mok 11— pt2vk k,p
p=1 v=0
k
=2 ApkpLyk,
p=1
where
My ey 2= mase Iy ()] = max | B, (c™)
Jokp Jk.p
with ' _
Ly = [%2—;] j=12.... kp,
and
1 (p—1)/2 (p—3)/2
(4.1) Amkm = 2—9 Z MM+2yk’k’p + Z M2k+1_ﬂ+gyk’k’p , pu=12 ... k.
v=0 v=0

Here we used that the assumptions on f imply that the value of

ur/k )
/( ()] du

p—1)7m/k
remains the same when p is replaced with pu + 2vk or 2k + 1 — p + 2vk. The proof of
Lemma 4.2 now follows from Lemma 4.3. [

Lemma 4.3. Let the numbers A,k p, p = 1,2,... ,k, be defined by (4.1). There is an
absolute constant 0 < b < 1/2 such that for every odd prime p there is a positive integer k
such that

(4.2) Aprp<p’,  p=1,2,... k.

Proof of Lemma 4.5. It turns out that for large primes even A, ; , < clogp is true, while
for smaller primes we choose larger values of k to establish (4.2). Observe that

(1 = | S
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hence

~ 1 1 s
P, (e")] < <o = — te (0
| p(e >| Sln(t/2) — %% n ) E( 771-]
This implies
it . T
(4.3) 1@, (e™)] Smln{p,?} . te(0,7].
Observe also that
Bp(e) € —— < < te©n2
P = sin(t/2) © sn@/Ht = o) T
/4 2
hence
4.4 P, (e min < p, te(0,7/2].
(4.4 o) <min{p 4 e/
If 4 =k =1, then using (4.3) and (4.4) we easily obtain
1 (p—1)/2 (p—1)/2
Arp = > Mioap+ Y. Mooy Z i1p
v=0 v=0
1 (p—1)/2—-1 » p—1
SV DY VT > S
P =1 T =02
(p—1)/2—1 1 p—1
SEEDY N > =
j=1 T j=m—1)/2

1 1 P=1)/2 44 2 r=L dr
TR
V2 V24 o p=1 Jp-np

1 1 2
=1+ —=+—=(n(p—1)—In2)+ —— +1n2
1 2 1
<l+-—4=+ 1——)ln2+—+—lnp
V2 V2 p—1 V2
< p048

for every prime p > 23. Here we used the fact that Inp/p°4® is decreasing for p > 23.

Hence the lemma holds for all primes p > 23 (we choose k = 1). Further, the estimates

A9 <1+ — Z —|—Z < 3.7< V19,
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j=1 j=6
and
) 1 4 1 10 1 \/7
P SRS S T o = <325 < V11
R 11 sin(7/22) * V2 J_ZQ J +j:5 g )

show that the lemma holds for all primes 11 < p <19 (we choose k = 1).
Now we study the case p = 7. We have

1
Avaz € Z(7T+ 142314 1.354 1.38 + 1.05 + 1.03) < 2.16 < V7,

—_

Apa7 < =(6.83+2.1542.07 + 1.42 + 1.23 + 1.06 + 1.02) < 2.26 < V/7,

— =

Agaz < 2 (6324 3.34+ 188+ 151 + 119+ 1.09 + 1.01) < 2.34 < VT,
and

1
Asar < (5524450 + LT3+ 161+ 115+ 111+ 1.01) < 2.38 < V7.

In the above four estimates we used that

Mia7=17, M 47 = % < 6.83,
Miar = % <632, Misr= % <552,
Ms.47= % <450,  Mgar= % <3.34,
Mg747 = % <215, Mg 47 = % <1,

and
1

M7= ;
AT Sin((j — 1) /56) J

Hence the lemma is proved for p = 7 (we choose k = 4).
Now we study the case p = 5. We have

=9,10,...,28.

1
Aras < 2(5+0.7440.59 + 042 +0.40) < 1.43 < V5,
8



1
Az < 2 (488 +1.56+1+0.80+0.72) < 1.80 < V5,

1
Asas < £ (453 +2.42+1.25+ 1.09 + 0.93) < 2.05 < V5,

and

1
Apas < (396 +324+1.25+1.25+1) <215 < V5,

In the above four estimates we used that

sin(7/8)
M =5 M. = —* * <488
1,45 ’ 2,4,5 sin(r/40) — ’
sin(27/8) sin(37/8)
M. = —— L 7 <4, M. = — < 3.
S48 Gin(2r/40) — 53, 457 §in(3m/40) — 396,
sin(4m/8) sin(57/8)
=— 17 <324 M, = — '~ <242
545 Sin(4r/40) 324, 6457 Sin(5r/40) — ©7
sin(67/8) sin(77/8)
M = — L 7 <156 M, =— 1 7 <0.74
5T sin(6r/40) — S5 sin(Tr/40) =
sin(97/8) sin(107/8)
Moas=——T100 <059, Mygas = —l =
A5 T sin(9n/40) — 10457 Gin(10m/40) ~
Mi,45 <1.25, Mo 45 < 1.25,
sin(137/8)
M <1.2 M = ————" 2 1.
13,45 < 1.25, 14,4,5 sin(137/40) = 09,
sin(147/8) sin(157/8)
M =————— <(0.80 M = — " 7 <042
A5 T (14 /40) © Y045 Gin(15m/40) —
sin(177/8) sin(187/8)
M = — " 2 <040 M = — L 2 <(0.72
A5 Gin(17r/40) = 457 Gin(187/40) — 7
e in(197/8) in(207/8)
sin(197 sin(207
M = ——— = <0. M. = 7 1.
1945 7 in(197/40) — 0.93, 20457 in(20m /40) —
Hence the lemma holds for p =5 (we choose k = 4).
Now we study the case p = 3. We have
M r3=3,
) — 1
Mj,k,3=1+2cos%, j=2.3,... 2k,
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and

Mj,k,3:—<1+2COSé—7]€T>, j=2k+1,2k+2,...,3k,
hence with ( )
w—1)m
= ——"—¢€10,7/3 =1.2,....k
y 3]{7 E[ ,7T/ ]7 /“L »“H 9 b
we have

3Au k3 =M, 13+ Mogi1—pk,3 + Mogy k3

_ (u—Dm (2k =)\ (2k + p)m
—<1—|—2cos Y + 14+ 2cos ok 1—1—20087:%

149 49 2r 27 5 27r+27r+
= cos Yy cos 3 ok Y cos 3 % Y

=1+ 2(cosy + V3siny) + (k) = 1 + 4sin (y—i— %) +c(k) <5+ c(k)

with ¢(k) — 0 as k — oo. Therefore

k
Au,k,3§§+¥<\/§, k=1,2,...,p,

for all sufficiently large k. Thus the lemma is proved for p = 3 (we choose a sufficiently

large k). O

Proof of Theorem 3.2. The polynomials P, can be factorized as it is given in Theorem
2.3. The theorem follows by induction on the number of factors in Ps,. We use Lemma
4.2 in the inductive step. U

Proof of Theorem 3.1. Let f be a continuous function on 0D and let

I (f) == My(f)* ! /Oﬂ\f(e“)\th.

T o

Then h(q) := log(I,(f)) = qlog(M,(f)) is a convex function of ¢ on (0,00). This is a
simple consequence of Holder’s inequality. For the sake of completeness we present the
short proof of it. We need to see that if ¢ < r < p, then

r—q p—r

L(f) < Lp(f) 7= I (f) 7=,

that is,

149 (5 | y |f<e“>|fdt)p_q < (5 y |f<e“>|pdt)r_q (| y |f(e“)|th)q

To see this let




hence 1/a+1/f=1and 7+ § =r. Let

p(r—q)

F(t) = |f(e)" = £,

and
a(p—r)

G(t) = [f(e)° = |f(e) = .
Then by Hélder’s inequality we conclude
1/B

/O%F(t)G(t)dtg(/O%F(t)o‘dt) (/O%G(t)ﬁdt) :

and (4.5) follows. Using the convexity of log(/,(P,)) on (0,00), for ¢ > 2 we have

1/a

q—2 1

I(Pyy) < (I1(Pay)) e (Ig(P2y)) 7T,

and from Theorem 3.2 we obtain

1

2% + 1< (20 + 1)) (I,(Py,)) 7T

that is,
(20 + 1)V < [ (Py,) = (My(Pay))"

with an absolute constant 0 < b < 1/2. Hence with a = a(q) := (¢ — 1 — (¢ — 2)b)/q we
have
(2v41)% = Qv+ 1) 1-@=20/a <\ (Ry,).

Here a = a(q) := (¢ —1— (¢ —2)b)/q > 1/2, since (1 —2b)(¢/2—1) >0. O

To prove Theorem 3.3 we need the lemma below. As before, associated with a positive
integer p and a function f defined on the unit circle 0D of the complex plane let

g(t) = f(e"), teR,

fo(2) = [(Z")®p(2),  Pp(2) := ZZJ gp(t) = fp(e™)

that is,

and
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Lemma 4.4. Let 0 < g < 2. If f is a continuous function on 0D, then
M,(gp) < p*My(g)
for every odd prime p with some 0 < a = a(q) < 1/2 depending only on q.

Note that Lemma 4.2 is the special case ¢ = 1 in Lemma 4.4 below. However, in the
case ¢ = 1 the method of the proof of Lemma 4.2 offers a reasonably good explicit value
of the exponent 0 < « < 1/2 by brute force.

Proof of Lemma 4.4. We have
My(gp) < ApgMy(g),

where
1/q

p—1
Ap g = maX)Z|hp(t+27rj/p)|q
5=0

1
p telo,2w

Applying the inequality between ¢g-th mean and the quadratic mean (0 < ¢ < 2), we have

qa/2
p—1 p—1
> |yt +2mi /)T < p' V2D |y (t+ 27 /p))?
J=0 j=0

Using orthogonality we obtain

|
H

3
_

p

D hp(t+2m/p)|* <
=0 ‘

exp(ik(t + 275 /p))| =p”.

<
Il
=
>
Il

Combining the previous two inequalities we deduce

p—1
Z |hp(t + 27Tj/p)|q < pl—q/2+2q/2 _ p1+q/2 ,
j=0

and hence A, ; < /p. Equality could hold if and only if there is a ¢ € [0,27) such that
\hp(t + 275 /p)| = /D, j=0,1,...,p—1.

However this is impossible for any prime p > 3 in the light of Lemma 4.1. So A, , is
strictly less than ,/p. On the other hand, by using the obvious estimate

2
1D, (2)] Smax{p,m} , 2] =1,
it is an elementary calculus to show that there are constants ¢ = ¢(q) > 0 and a = a(q) €
(0,1/2) depending only on ¢ € (0,2) such that
A, 4 < cmax{logp, p' =1/} < p®
for all 0 < ¢ < 2 and for all sufficiently large primes p > 3. Combining this with 4, , < |/p,

we get the conclusion of the lemma. [J

Proof of Theorem 3.3. The polynomials Ps, can be factorized as it is given in Theorem
2.3. The theorem follows by induction on the number of factors in P;,. We use Lemma
4.4 in the inductive step. [
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