ON THE DERIVATIVES OF UNIMODULAR POLYNOMIALS

TAaMAS ERDELYI

ABSTRACT. Let D be the open unit disk of the complex plane. Its boundary, the unit circle
of the complex plane, is denoted by dD. Let PS denote the set of all algebraic polynomials
of degree at most n with complex coefficients. Associated with A > 0 let

n
K) = {pn ipn(z) = ZakkAzk, ap € C, |ag| = 1} C Py
k=0

The class K, is often called the collection of all (complex) unimodular polynomials of degree
n. Given a sequence (gy,) of positive numbers tending to 0, we say that a sequence (Py) of
polynomials P,, € K\ is (g, )-ultraflat if

nAt+1/2 nAt+1/2
l—ep)———< |Ph(®)| < (14ep) ——, z€0D, mneN.
(1= e) s S IPu < (o) T

Although we do not know in general, whether or not ultraflat sequences (Py,) of polynomials
P, € IC?‘L exists, we make an effort to prove various interesting properties of them. These
allow us to conclude that there are no sequences (Py) of conjugate, plain, or skew reciprocal
unimodular polynomials P, € K9 such that (Qn) with Qn(2) = 2P/, (2) + 1 is an ultraflat
sequence of polynomials Q,, € KJ..

1. INTRODUCTION

Let D be the open unit disk of the complex plane. Its boundary, the unit circle of the
complex plane, is denoted by 0D. Let P; denote the set of all algebraic polynomials of
degree at most n with complex coefficients. Associated with A > 0 let

n
KX =< pn i pul(z) = Zakkkzk, ap €C, lag|=1p C Py .
k=0
The class KU is often called the collection of all (complex) unimodular polynomials of
degree n. Given a sequence (g,) of positive numbers tending to 0, we say that a sequence
(P,) of polynomials P, € K is (e,,)-ultraflat if

A+1/2 nAt1/2
1_571 TV S Pn z S 1+6n T e~ =
( ) 22 +1 Pa(2)] < ( ) 22+ 1
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In 1957 the existence of an ultraflat sequence (P,) of unimodular polynomials P, € K%
seemed very unlikely in view of a conjecture of P. Erdés (Problem 22 in [Erl]) asserting
that, for all P, € K% with n > 1,

P(z)] > (1 1/2
max [P, (z)] = (1+e)n'/?,,

where € > 0 is an absolute constant (independent of n). Yet, combining some probabilistic
lemmas from Koérner’s paper [K6|] with some constructive methods (Gauss polynomials,
etc.), which were completely unrelated to the deterministic part of Kérner’s paper, Kahane
[Ka] proved that there exists a sequence (P,) with P, € K2 which is (g,,)-ultraflat, where
en =0 (n_l/ 17, /log n) . Thus the Erdés conjecture was disproved for the classes KC.

In this paper we study ultraflat sequences (P,) of polynomials P, € K) in general,
not necessarily those produced by Kahane in his paper [Ka]. We prove an extension of a
conjecture of Saffari [Sa] (see also [QS2]).

2. THE PHASE PROBLEM: RESULTS AND CONJECTURES OF SAFFARI

Let (,,) be a sequence of positive numbers tending to 0. Suppose (P,) is an €,-ultraflat
sequence of polynomials P, € K. We write

Pp(e") = Ru()e' ™ Ry(t) = [Pa(e™)].

It is a simple exercise to show that «, can be chosen to be in C*°(R). This is going to
be our understanding throughout the paper. The Lebesgue measure of a measurable set
A C R or {-} will be denoted by m(A) or m{-}, respectively.

Theorem 2.1 (Distribution Theorem for the Angular Speed). Let (P,) be an
en-ultraflat sequence of polynomials P, € K. Then

(2.2) m{t €[0,27]: 0 < o, (t) < na} = 272® ! + 0, (z)
for every x € [0, 1], where lim,,_,o 0, (x) = 0. As a consequence

A 3/2,

(2.3) m{t € [0,2m] : [P (e")] < AT 1)i2

} = 22?1 + 0, (2)

for every x € [0, 1], where lim,,_,o 0, (x) = 0 for every x € [0, 1].
In both statements the convergence of o, (x) is uniform on [0,1] by Dini’s Theorem.

When A = 0, the basis of conjecturing Theorem 2.1 was that for the special ultraflat
sequences of unimodular polynomials P, € K2 produced by Kahane [Kal, (2.2) is indeed
true. In Section 4 we prove Theorem 2.1 for every A > 0.

In the general case (2.2) can, by integration, be reformulated (equivalently) in terms of
the moments of the angular speed a/,(t). We will present the proof of this equivalence in
Section 4 and will verify Theorem 2.1 by proving the following result first.
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Theorem 2.2 (Reformulation of the Distribution Theorem). Let (P,) be a &,-
ultraflat sequence of polynomials P, € K\. Then, for any q > 0 we have

1 [ (2\ + 1)n?
2.4 — ()] dt =
(2.4) 3 | el = S

with suitable constants o, 4 converging to 0 as n — oo for every fized g > 0.

+ op qn?.

An immediate consequence of (2.4) is the remarkable fact that for large values of n € N,
the L,(0D) Bernstein factors

2Pl ()9 dt
JZT | Pa(eit)|a dt

of the elements of ultraflat sequences of polynomials P, € K\ are essentially independent
of the polynomials. More precisely (2.4) implies the following result.

Theorem 2.3 (The Bernstein Factors). Let (P,) be a e, -ultraflat sequence of polyno-
mials P, € K. We have

o IPae)|7dt @At 1nt |
Jo Pa(en)jdeat2A+ 1

n?, q>0,

and as a limit case, .
maxo<i<ar [ (")

- =n-+o,n.
maxo<t<ar | Pn (€] "

with suitable constants oy, 4 and o, converging to 0 as n — oo for every fized q.

In Section 3 we will show the following result which turns out to be stronger than
Theorem 2.2.

Theorem 2.4 (Negligibility Theorem for Higher Derivatives). Let (P,) be a &,-
ultraflat sequence of polynomials P, € K\. For every integer r > 2, we have

() < T
Og%%}éw lo,” ()] < On,rT

with suitable constants oy, > 0 converging to 0 as n — oo for every fized r = 2,3, ....

We will show in Section 4 how Theorem 2.1 follows from Theorem 2.4.
Finally we give an extension of Saffari’s Uniform Distribution Conjecture to higher
derivatives. This will be shown in Section 4 as well.

Theorem 2.5. Suppose (P,) be a e,-ultraflat sequence of polynomials P, € K\. Then
nr—l—)\—|—1/2xr

. (r) (it
m{te Darls PO < T

} = 22 M 40, ()

for every x € [0, 1], where lim,,_.oc 0y n(x) = 0 for every fired r =1,2,... and x € [0, 1].
For every fized r = 1,2,..., the convergence of o, r(x) is uniform on [0,1] by Dini’s

Theorem.

As a consequence of Theorems 2.1 and 2.4 we obtain
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Theorem 2.6. Let (P!) be an e, -ultraflat sequence of polynomials P!, € K)*1. Then

lim n~ A2 max |P, ()| = 0o
n— oo teR
Theorem 2.6 and Lemma 4.4 imply
Theorem 2.7. Let (P,) be a sequence of polynomials P, € K% so that

*/ _ / —
max |[P7(z)| = max [Po(2)],  n=12,....

Then (Q,) with Qn(z) := zP!(2) +1 is not an ultraflat sequence of polynomials Q, € KCL.

Corollary 2.8. There are no sequences (P,) of conjugate, plain, or skew reciprocal uni-
modular polynomials P, € K% such that (Q,) with Q,(z) = zP!(z) + 1 is an ultraflat
sequence of polynomials Q, € L.

3. PROOF OF THEOREM 2.4

To prove Theorem 2.4 we need a few lemmas. The first one is a standard polynomial
inequality ascribed to Bernstein. Its proof is a simple exercise in complex analysis (an
application of the Maximum Principle), and it may be found in a number of books. See
[BE, p. 390], for example. We will use notation

D(zp,R):={2€C:|z— 2| < R}, 0D(z0,R) :={2€ C: |z — z| = R},

and || f|la := sup{|f(2)| : z € A} for a complex-valued function f defined on a set A. As
before, let D := D(0,1) and 0D := 0D(0,1).

Lemma 3.1. We have
[P(2)| < |z|"|Pllap

for every polynomial P of degree at most n with complex coefficients, and for every z € C
with |z| > 1. As a corollary (consider P(e') := e"™T(t)), we have

IT(2)] < "™ P||T g

for every trigonometric polynomial T of the form

and for every z € C.

The main tool to prove Theorem 2.4 is the following well-known Jensen’s Formula. For
its proof, see, for example, E.10 c] of Section 4.2 in [BE].
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Lemma 3.2 (Jensen’s Formula). Suppose h is a nonnegative integer and
f(z):chzk, cn # 0,
k=h

is analytic on a disk D(0, R') with some R’ > R. Suppose that the zeros of f in D(0, R)\{0}
are ai,as, ... ,a.,, where each zero is listed as many times as its multiplicity. Then

m R 1 27 )
lges] + hlog R+ 1o 70 = o [ Jog F(Re) | .
k=1 0

Lemma 3.3. Suppose (g,,) is a sequence of numbers from (0,1/3) tending to 0. Let (P,)
be an e, -ultraflat sequence of polynomials P, € K. Then P, does not have a zero in the

open annulus
1
ond, |’

5 2 1
n = 1M T o N\
ax —log(3e,) ' n

{zGC:l— < |zl <1+

1
2nd,,

where the positive numbers

tend to 0.

Proof of Lemma 3.3. Associated with a polynomial
Qn(z) =) a2, aj € C,
§=0

of degree n, we define the polynomial

n

(3.1) Qn(2) = 2"Qu(1/2) = ) @n—j2’ .

J=0

of degree at most n. Let (P,) be a &,-ultraflat sequence of polynomials P,, € K, that is,
P, € K satisfies

pAH1/2 pAH1/2
M P2 < (14e,)
Tt <Gl < (L+en)Zo=s

for every z € C with |z| = 1. Then

(1 —¢p)

. ) n2)\—|—1 —np pr P 5 . ) n2)\+1
(e < RO = IRER <0y




for every z € 0D. We define

21
(3.2) Qn(2) = Pu(2)Py(2) — 537 2"
Then @,, is a polynomial of degree 2n and
e P < QU = P T <
for every z € 0D. From this we conclude that
N2\ 1
(3.3) |Qn(2)] < 3en 1

for every z € 9D. Using Lemma 3.1 and (3.3), we obtain that

22+1 n2)\—|—1

n
'4 n < 2n n
(3.4 Qu(2)] < 3730 5 < 35—

for every z € C for which

1
1<zl <1+ —,
noy,

where §,, is defined in the lemma. Suppose that P,, has a zero in the annulus

1
cC:1- < |z <1 .
{Z 2no, 12 N 2nd, }
Then P, P has a zero 2y in the annulus
1
{ZE(C:1§|Z|<1—|——}.
ndy,
Hence by (3.2) we have
n2A+1 21 2241
n — Pn P* o n - n Z e

which is impossible by (3.4). O

Lemma 3.4. Suppose (€,,) is a sequence of numbers from (0,1/3) tending to 0. Let (P,)
be a e,-ultraflat sequence of polynomials P, € PS. Let 1/n < R < 2. Let z9 € 0D. Then
P,, has at most 5nR zeros in the disk D(zp, R).

Proof. We use Jensen’s formula on the disk D(zp, 2R). Note that since (P,,) is a e,-ultraflat
sequence of polynomials P, € K, we have

1
log | P (20)| > log(1 —€,) + (A +1/2)logn — 3 log (2A+ 1)

1 1
> -5t (A+1/2)logn — 510g(2)\+1),
6



while Bernstein inequality given by Lemma 3.1 yields

A 1/2

|Pa(2)] < (1+ En)\/ﬁ

(1+2R)", z € 0D(%,2R),
that is,

log |P,(2)] < % + (A+1/2)logn — %log (22 +1) +n(2R), z € 0D(2,2R) .
Now if m denotes the number of zeros of P, in D(zp, R), then by Jensen’s formula

1
——+(A+1/2)logn — §log(2)\—|— 1) +mlog2

1
+ (A +1/2)logn — 510g(2)\—|— 1)+ 2nR,

Wl DN =

<

whence
3nR

log 2

m < <5nR,

and the lemma is proved. []
Our next lemma is a well-known inequality in approximation theory.
Lemma 3.5 (Bernstein’s Inequality). We have
IP'llap < nl|Pllap
for every P € Pt.
Now we are ready for the proof of Theorem 2.4.

Proof of Theorem 2.4. Observe that if zq, 29, ...z, denote the zeros of P, in the complex

plane, then
zP! (2) oz - zj
n — — 1 J .
P,(2) Zz—zj ( +z—zj)

Since P, € K;, we have
(37) |Zl|,|2’2|,... 7|Zn| <2.
To see this, let

n

Py(z) =) jma;z),  a;€C, |a;|=1.
5=0

Now if zp € C and |z| > 2, then

n
> itajzh| = ntzol™ = nM(|20|" T+ 20| 2+ + Jz0lt + [20]%)

j=0
n_1
=nt (|zo|" — L) > 0.
|20] — 1



Using (3.5) and (3.7) and substituting zy = e, we can give the following upper bound
for |a( )( to)| (the constants A, below depend only on m).

=12 (e () £ ()

m=

(3.8)

T

fes (i (2

m=0 k=1
Zop ZO ! (m+1)
< |Ap = Z [ Ap|m! Z|Zk||20—2k|
P! (
< AOZO +2Z|Am|m'2\z()—zk\ (et

Now we define the annulus
E,, = D(z0,2"(2n8,) ")\ D(z20,2" 1 (2n8,)" 1), p=1,2,...,

where 0,, ;== max{2/(—log(3e,)),1/n} as in Lemma 3.3. We denote the number of zeros
of P, in E,, by m,. By Lemma 3.4 we have m,, < 5n2"/(2nd,). Combining this with (3.8)
and Lemmas 3.5 and 3.3, we obtain

r n(1+e,)(2X + 1)~ 1/2p 172 r-1 n -
|04£L)(t>| <y (1= 2,) 2\ + 1) 1212 + C, Z Z|ZO—ZI«|
" m=1 k=1

r—1 oo o 1\ —(m—+1)
<20n+Cr Y Y my <2n5 )

m=1 pu=1

r—1 oo _ —(m+1)
52k (2K~
<2cm+0. 23 55 (G,
m=1 pu=1 n n
r—1 oo

<2Con+Cp Y Y 227 mEn (206, )™

m=1 pu=1
<2Cyn+C/n"6, < C'n"s, ,

where C,., C’, and C! are positive constants depending only on r. Since
T T
Oy, = max{2/(—log(3ey)),1/n}

tends to 0 together with €,, > 0, the theorem is proved. [
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4. PROOF OF THEOREMS 2.1, 2.2, AND THEOREM 2.3

First we prove Theorem 2.2 for positive integers q. To this end we need the lemmas
below. The first one is a classical polynomial inequality of Bernstein available in many
books. See [BE, Corollary 5.1.5], for example.

Lemma 4.1 (Bernstein’s Inequality for Trigonometric Polynomials). We have

max |TU™(t)] <n™ max |T(t)], m=1,2,...,

0<t<2mw 0<t<2m

for every trigonometric polynomial T' of degree at most n with complex coefficients.

Lemma 4.2. Suppose (P,) is an ,-ultraflat sequence of polynomials P,, € K\. Using the
notation (2.1) we have
on < al(t) <n+op,, teR,

with some real numbers o, tending to 0.

Lemma 4.3. Suppose (g,) is a sequence of numbers from (0,1/3) tending to 0. Suppose
(P,) is a (g,)-ultraflat sequence of polynomials P, € K\. Using notation (2.1), we have

(4.1) Jmax |RIV(1)] = 0nmn™ Y2 m=12,.

with suitable constants oy, m, converging to 0 as n — oo for every m =1,2,....

Proof of Lemma 4.2. 1t is easy to find a formula for a,(t) in terms of P,,. One can easily
verify formula (8.2) from Saffari’s paper [Sa], which asserts that

ez‘t P’ ( eit)
3.9 "(t) =Re | — 22— .
(35) () = ke () )
Combining this with Lemma 3.5 ( Bernstein’s inequality) and the ultraflatness of the
sequence (P,), we obtain the upper bound of the lemma. Associated with the (&, )-ultraflat
sequence (P,) of polynomials P, € K, we study the (e,)-ultraflat sequence (P) of the

corresponding conjugate polynomials Py (see (3.1) for the definition). The associated
angular function o}, and modulus function R} are defined by

(36) Pi(e") = Ry Ri(t) = |Pi(e")].

It is a simple exercise to show that o} can be chosen to be in C*°(R) on R. By applying
formula (3.5) to P}, it is easy to see that

an(t) +a(t) =n, teR.
Since the upper bound of the lemma is valid for o, as well, the lower bound of the lemma

follows from this. O
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Proof of Lemma 4.3. The proof is very similar to that of Lemma 3.2. Let
Oy, = max{2/(—log(3en)),1/n},

as in the proof Lemma 3.3. Let (P,) be a (&, )-ultraflat sequence of polynomials P, € K\,
that is, P, € K satisfies

A+1/2 nA+1/2

<|Pu(2)| < (Ql4ep) i 2€dD.

(4.2) (1- 5n>( (2A + 1)1/2°

2) + 1)1/2

(In fact, in this proof we will not use that P, € K, we will use only that P, is a poly-
nomial of degree n with complex coefficients that satisfies (4.2).) To denote the conjugate
polynomial of a polynomial @,, € PS \ PS_,, we use the notation @ introduced by (3.1).

Step 1. By Lemma 3.3,
(4.3) T, (t) := e "™ P, (e")Pr ()

has no zeros in the strip

(4.4) &p:{ZGC:Hm@ﬂ§4;%}.

Therefore

To(t) := V(1) = e Py () Py (')

is a well-defined analytic function in in the strip &,.
Step 2. We show that

TL(1)] < 0,n™*3/2, teR,

with suitable constants o, converging to 0. Indeed, T, is a trigonometric polynomial of
degree n (with complex coefficients). Note that (4.2) implies that

n2A+1 n2A+1 2 1
4.5 —3en—— < T,(1) — <3ep——r.
(4.5) R e LU Yo Sy e
Combining this with Lemma 4.1 (Bernstein’s inequality for trigonometric polynomials),
we obtain
, d n2>\—|—1
(46) o2, Tl = max |7 (Tn@ B zmﬂ
n2A+1 n2A+1
< — < e —
snomax \Tnlt) = o3| <™ o
< 3€n 22
T 22 +1

10



Now

(4.7)
" 1 2242
T (1)) = [ n)_| o _3en n < S
2 /Tn(D) |~ 2A+12(1—c,) 2N+ 1) 212 = (1—¢,)
< ggnnwrza/z — o 32 LeR,

with suitable constants o,, converging to 0.
Step 3. Let

Fon = {z e C: [Im(2)| < %} .
We show that there is a sufficiently small absolute constant ¢ > 0 such that
(4.8) ITh ()] < 0an**3/2,  te Fon,
with suitable constants o,, converging to 0 as n — oo. To see this, first note that

T,(t)
2\/T (t)

where T, is defined by (4.3). Using (4.6) and Lemma 3.1 we obtain that

(4.9) IT,(t)] =

)

(4.10) T (t)] < o, n2 2en(e/m) — o, 222 te Fen

with suitable constants o/, and o, converging to 0 as n — oo and with a sufficiently small
absolute constant ¢ > 0. Similarly, (4.5), ¢, € (0,1/6), and Lemma 3.1 give

n2)\+1

(4.11) Ta(®)] > 5

Tax . a\ t c,n
2r+1)’ € Fe,

for a sufficiently small absolute constant ¢ > 0, Now (4.9) — (4.11) imply that
(4.12) IT.(t)] < 0,032, te Fun,

with suitable constants o,, converging to 0 as n — oo and with a sufficiently small absolute
constant ¢ > 0.
Step 4. From Step 3 we conclude by the Cauchy Integral Formula that

/ T,(£) d§
aD(t,c/n) (§—1)™

< 2 (= Do, a2 (£) "
n

n

T (8)] = (m — 1)

= Op,mnN ’

I

with suitable constants o,, ,, converging to 0 as n — oo for every fixed m =1,2,....
11



Step 5. Note that for t € R we have

(4.13) R (1) = |[Pa(e”)| = /e P, () Pr(et) = To(1),

hence by Step 4

max |[R™ (t)| = opmn™ /2
0<t<1

with suitable constants oy, ,, converging to 0 as n — oo for every fixed m = 1,2,.... This
proves the lemma. [

Now we are ready to prove Theorem 2.2 for positive integers q.

Proof of Theorem 2.2 for integers ¢ > 0. Let (P,) be a (&,)-ultraflat sequence of polyno-
mials P, € K. We define

(4'14) Sn(t) = Pn(eit> = Z k‘)\ak,neikt ) |ak,n =1.
k=0

We calculate )

1 T —

— S\D(1)S,(t) dt

5 | S0WS.0
in two different ways. On one hand, using orthogonality, we have

1 2m n ndt22+1

4.15 — [ SW@)S,(t)dt =1 ka2 = i + 0, T
@15) oo [ SO D=3 R P = 0 L o

k=0

with suitable constants o,, , converging to 0 as n — oo for every fixed ¢ =0,1,....
On the other hand, with our standard notation introduced by (2.1), Theorem 2.4 and
Lemmas 4.2 and 4.3 give

(4.16)
500 =3 (1) e () R M0

k=0

- g £ () ) e

(q cn’k(t)nkon’q_k(t)nq—k—l—)\—l—l/Q
= (e'Wal (£)9i7 + o), ,(t)n?) Ry, (t) + o, ,(t)nTT>T1/2
with suitable numbers oy, (), cnx(t), 0}, ,(t), and o],  (t), where

o 02x fon.g—(1)]

12



converge to 0 for every fixed g and £k =0,1,...,¢—1,

t
onax |cn,k(t)]

is bounded by a constant independent of n for every fixed k =0,1,...,¢ — 1, and

/ /!
Og{gﬂlon,q(t)l and Oggﬂlon,q(wl

converge to 0 as n — oo for every fixed q. Now (4.13), (4.14), and (4.16) yield

(4.17)
1 27

— (9)
o J, S (t)S,(t) dt

1 27

=5 ((eian(t)a;@(t)%‘q +of, (N9 Ry () + Oz,q(t)nq+>‘+1/2) Ry (t)e~in® gt
0

1 2m n2>\—|—1 / q. / 111 FA+1/24241/2
T or 0 (2)\ +1 (1 —on(t)(ay, ()i + oy, ,(t)nT) + o)), (t)n? ) &t
2m 2A+1

1 g (™
22 +1

= ot 0 (1-— On(t))) a;(t)q dt + O;kz,qnq+2>\+1 ,

with suitable numbers oy, (t), o), ,(t), o}, ,(t), 0/, (t), and o}, ,, where

n,q n,q n,q’
/ /! /11
omax fon()], - max o, (6)],  max o (1), max foy, ()],

and oj, , converge to 0 as n — oo for every fixed g.
Now (4.15) and (4.17) give the statement of the theorem for integers ¢ > 0. [

Proof of Theorem 2.1. We introduce the normalized distribution functions
(4.18) Fo(z):=m{t €0,2r]: 0 < o/, (t) < nx}, z €10,1].
Each F,, is continuous and nondecreasing on [0, 1], and

0< F,(x) <2m, x € [0,1].

Suppose that the conjecture is not true. Then we can find a subsequence (F),,) of the
sequence (F,,), and numbers y € [0,1] and € > 0 such that

(4.19) |Fn, (y) =2y T >e, k=1,2,....
Then by Helly’s Selection Theorem, there is a subsequence (my) of (ny) such that

(4.20) klim Fp,, (z) = F(z)
13



exists for every x € [0,1]. Then Theorem 2.2, (4.18), Lemma 4.2, and the Lebesgue
Dominated Convergence Theorem imply that

1
21 (2 1
/a:qu(aj):M, g=1,2,....

That is, all the corresponding moments of the measures dF(z) and dG(z) with G(z) :=
272221 are the same on [0, 1]. Therefore, using the uniqueness part of the Riesz Repre-
sentation Theorem describing all continuous linear functionals on C10, 1], we obtain that
F(x) = 2r2? ! for all x € [0, 1]. However, this contradicts (4.19) and (4.20). So

m{t € [0,2n]: 0 < o/, (t) < nz} = 2rz** ! 4 0, (2)

for every x € [0, 1], where lim,,_, 0, (z) = 0 for every x € [0, 1].

To see the second statement of the theorem, we argue as follows. Using notation (2.1)
and Lemma 4.2 we have R/ (t) = 0, (t)n**+3/2 with a constant o, (t) tending to 0 as n — oo
for every t € R. Therefore

(4.21) 1P, ()] = |R), (t)e" W) +ial, (t)e' DR, (1)
nMt1/2
VoA +1’

where o, (t) and &,(t) tend to 0 as n — oo for every t € R. Now the result follows from
the first part of the theorem. [J

= 0 ()2 ol (DI(1 + en (1))

Proof of Theorem 2.2 for all real ¢ > 0. This follows from the already proved Theorem 2.1
in a routine fashion. [

Proof of Theorem 2.3. This follows immediately from Theorem 2.2 and (4.21). O
Proof of Theorem 2.5. To see the second part of the theorem, we write, as in (2.1),
P(e") = Ry (t)e ),
where, as before, R,,(t) = |P,(e")|. Then
d(r—Fk)

P’r(LT)(Z) = i (Z) R%k)(t)W (eian(t))

Now the theorem follows from (2.1), Theorem 2.4, Lemma 4.2, and Theorem 2.1. [

To prove Theorem 2.7 we need the lemma below. This is stated as Theorem 3.1.27 and
proved on page 689 of [MMR].

Lemma 4.4. We have

/ x/ _
max (|P(z)] + |P7(2)]) = n max |P(z)|

for every P € Py, \ Pp_1.

The proof of Theorem 2.6 is a simple consequence of Theorems 2.1 and 2.4, while
Theorem 2.7 follows easily from Lemma 4.4. These proofs are left to the reader.
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