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ABSTRACT. We give an elementary proof of the “convergent sum part” of the full Miintz
Theorem in L,(A) and in C'(A), together with the “Clarkson-Erdés-Schwartz phenomenon”
for all p € (0,00), and for all compact A C [0,00) with positive lower density at 0. This
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1. INTRODUCTION

Denote by span{ f1, fo, ... } the collection of all finite linear combinations of the functions
fi, f2,... over R. For the sake of brevity we introduce the notation

R J
=D A2 41
j=1"1J

and
o0

__ Aj+ (1/p)
i ; (A +(1/p)?+17

which will be used throughout the paper. Extending earlier results of Miintz, Széasz,
Clarkson, Erdés, L. Schwartz, P. Borwein, Erdélyi, and Operstein, in [EJ] we proved the
result below.

Theorem 1.1 (“Full Miintz Theorem” in L,[0,1] for p € (0,00)). Let p € (0,00).
Suppose ()32, is a sequence of distinct real numbers greater than —(1/p). Then
span{z™, 2?2 ...}

is dense in Ly[0,1] if and only if oxp = co. Moreover, if o5, < 0o, then every function
from the L,[0,1] closure of span{z™, 2?2 ...} can be represented as an analytic function
on {z € C\ (—00,0] :|z| <1} restricted to (0,1).

In handling the “convergent sum part”, that is when oy ), < oo, in [EJ] we use Bastero’s
[Ba] extension of the Krivine-Maurey stable theory. In [EJ] the authors were not able to
include the case p = oo in their discussion. The right result when p = oo is proved in [Er].

Theorem 1.2 (“Full Clarkson-Erd&s-Schwartz Theorem” in C[0,1]). Let (A;)52,

be a sequence of distinct positive numbers. Then span{l,z*, 2*2 ...} is dense in C|0,1]
if and only if o\ = oco. Moreover, if o\ < oo, then every function from the C[0,1] closure
of span{1,z* 2?2 ...} can be represented as an analytic function on {z € C\ (—o0,0] :
|z| < 1} restricted to (0,1).

This result improves an earlier result by P. Borwein and Erdélyi (see [BE1] and [BE2])
stating that if o) < oo, then every function from the C[0, 1] closure of span{1, 2, 2*2, ...}
is in C*°(0,1).

The purpose of this paper is to replace Bastero’s [Ba| extension of the Krivine-Maurey
stable theory in the proof of the above “full Miintz Theorem” in L,[0, 1] for p € (0, 00)
by more elementary text book methods. It turns out that this is possible. In Section
2 we show this in the case when p > 1 by combining the “full Clarkson-Erdos-Schwartz
Theorem” in C[0, 1] above and a guided exercise from [BE] (see E.7 on page 216). We
formulate this guided exercise as well before presenting our new “text book proof” of the
“full Miintz Theorem” in L,[0,1] for p € [1,00) in the “convergent sum part”, that is,
when oy, < 00. In this “convergent sum part” a “Clarkson-Erdés-Schwartz phenomenon”
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is shown to hold as well. That is, we prove that every function in the L,|0, 1] closure of
span{z?, 2, ...} can be represented as an analytic function on

{z€ C\ (—00,0]: |2| < 1}

restricted to (0,1). As far as the completeness of this paper is concerned, Section 2 may
as well be disregarded; in Sections 4 - 7 we formulate and prove more general results. In
Sections 4 and 5 we will discuss the full Miintz Theorem in C(A), while Sections 6 and
7 focus on the full Miintz Theorem in L,(A) when p € (0,00). A large part of Sections
6 and 7 is similar to the discussion in Sections 4 and 5, however, it would be a bit of an
overstatement to call the presentation in the case of L,(A) as a “simple modification” of
the arguments handling the case of C'(A).

Compared with Section 2, in Sections 6 and 7 the main challenge is to include the case
p € (0,1), although replacing [0, 1] with a compact set A C [0,00) with positive lower
density at 0 is also remarkable, where the lower density of a measurable set A C [0,00) at
0 is defined by

d(A) := liminf m(An1[0.9)) :
y—0+ Y
Note that the guided exercise E.7 from [BE] on page 216, that is used in Section 2, offers
a bounded Nikolskii-type inequality only for p € [1,00), so one is unable to refer to this to
handle the p € (0,1) case in the proof of Theorem 3.1.

We conclude the introduction by expressing the opinion shortly that this paper offers
another, arguably more elementary and more elegant approach to handle the “convergent
sum part” of the “full Miintz Theorem” in L,(A), together with the “Clarkson-Erdds-
Schwartz phenomenon”, for all p € (0,00) and for all compact sets A C [0,00) with
positive lower density at 0. In addition, the paper extends the Erdds-Clarkson-Schwartz
phenomenon from the case of [0, 1] discussed in [Er| to the case of a compact set A C [0, c0)
with positive lower density at 0. This is the content of Theorem 3.2.

2. THE “FuLL MUNTZ THEOREM” IN L,[0, 1] TOGETHER WITH THE
“CLARKSON-ERDOS-SCHWARTZ PHENOMENON” FOR p € [1,00)
Our main tool in this section is from [BE] (see E.7 on page 216).

Theorem 2.2 (Bounded Nikolskii Type Inequality). Suppose p € [1,00) and (A;)52,
is a sequence of distinct real numbers greater than —(1/p). If ox, < 00, then for every
v > 0 there is a constant c,, depending only on v >0 and (A\;)52, such that

27Q(2)] < & 1Qlz, 0.1

for every Q € span{z*, 2?2 ...} and for every x € [0,1 — 7).

Now we are ready to present our new “text book proof” of the “convergent sum part”
of the “full Miintz Theorem” in L,[0, 1] together with the “Clarkson-Erdds-Schwartz phe-
nomenon” for p € [1,00).
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A new proof of the “convergent sum part” of Theorem 1.1 when p € [1,00). Suppose
p € [1,00) and (A;)32, is a sequence of distinct real numbers greater than —(1/p). Let
oxp = 00. Suppose f is in the L,[0,1] closure of span{z*1,2*2,...}, that is, there are

Qn € span{z™, 2™, ...}

such that
nh—>nolo 1Qn — fHLp[o,l] =0.

Then the sequence (Q,,) is Cauchy in L,[0, 1], and by Theorem 2.2 the sequence (S,,) with
Sp(x) = 2YPQu(x), n=1,2,...,

is uniformly Cauchy on [0,1 — v]. Now we can apply a linearly scaled version of Theorem
1.2 to the interval [0,1 — 7]. We obtain that

Jim 10 = gllzcfo.1-5 =0,

where g can be represented as an analytic function on {z € C\ (—00,0] : |2| < 1 —~}
restricted to (0, 1—~) and by a well known theorem in complex analysis, called the “Normal
Family Principle” (see Theorem 14.6 in [Ru2]) we have

Tim 1Sy = gL a) =0

for any compact set A C {z € C\ (—00,0] : |z| < 1}. Therefore Q,(z) := 27/75,(2)
converges uniformly on any compact set A C {z € C\ (—00,0] : |2|] < 1}, and the “new
proof” is finished by a well-known theorem of complex analysis (see Theorem 10.28 in

[Ru2]).

3. “FuLL MUNTZ THEOREM” IN L,(A), TOGETHER WITH THE
“CLARKSON-ERDOS-SCHWARTZ PHENOMENON” FOR ALL p € (0,00), AND
FOR ALL COMPACT A C [0,00) WITH POSITIVE LOWER DENSITY AT 0

Our first theorem is an extension of the main result in [Er] from the case of [0,1] to
the case of an arbitrary compact set A C [0,00) with positive lower density at 0. The
reasonably straightforward changes required in the proof of this extension, which can be
made by following the method of the proof in [Er] closely (see Lemma 4.1) while keeping
in mind how the “convergent sum part” of a compact set A C [0,00) with positive lower
density at 0 was handled in [EJ] (see Lemmas 4.2, 4.3, and 4.4 in [EJ]) are worked out
carefully. The key lemma to prove Theorem 3.1 is Lemma 4.1. Based on some ideas from
[Er], [EJ], and [BE3] we give a short proof of Lemma 4.1 in Section 5. The proof of the
“convergent sum part” of Theorem 3.1 is presented in Section 5 as well. It requires no
more than a familiarity with complex analysis at an introductory level. An elementary
proof of the fact that oy = oo implies the denseness of span{1, z**,z*2,...} in C(A4) when
A = [0, 1] may be found in both [BE2] and [BE1]. However, this fact extends easily to the
case when A C [0, 00) is an arbitrary compact set by using a linear scaling and the Tietze’s
extension theorem.
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Theorem 3.1 (“Full Clarkson-Erdés-Schwartz Theorem” in C(A)). Let A C [0, 00)

be a compact set with positive lower density at 0. Suppose ()\j);?‘;l 18 a sequence of distinct
positive numbers. Then span{l,z*, 2?2 ...} is dense in C(A) if and only if oy = oo
Moreover, if oy < 0o, then every function from the C(A) closure of span{l,z*,z*2, ...}

can be represented as an analytic function on {z € C\ (—o00,0] : |z| < ra} restricted to
AN(0,74), where
ra:=sup{y € R: m(ANy,o0)) >0}

(m(-) denotes the one-dimensional Lebesgue measure).

In the paper [EJ] not only 0 < p < 1 has been allowed, but even the underlying set has
been extended in the “full Miintz Theorem”. Namely the interval [0, 1] has been replaced
by an arbitrary compact set A C [0, 00) with positive lower density at 0. In Sections 6
and 7 we give a new simple proof of the “convergent sum part” of the main result of [EJ]
below. That is, we offer a proof of the “convergent sum part” of the result below in its
complete form without using Bastero’s [Ba| extension of the Krivine-Maurey stable theory.
It is nice to see this difficult case of the full result from two quite different points of view.

Theorem 3.2 (“Full Miintz Theorem” in L,(A) for p € (0,00) and for compact
sets A C [0,00) with positive lower density at 0). Let A C [0,00) be a compact
set with positive lower density at 0. Let p € (0,00). Suppose (A\;)52; is a sequence of
distinct real numbers greater than —(1/p). Then span{z™,z*2,...} is dense in L,(A) if
and only if o, = 0o . Moreover, if o), < 00, then every function from the L,(A) closure
of span{z™ 22 ...} can be represented as an analytic function on {z € C\ (—o0,0] :
|z| < ra} restricted to AN (0,r4), where

ra:=sup{y € R: m(AN[y,00)) > 0}

(m(-) denotes the one-dimensional Lebesgue measure).

The key lemma to prove Theorem 3.2 is Lemma 6.1. We give a short proof of Lemma
6.1 in Section 7. The proof of the “convergent sum part” of Theorem 3.2 is presented in
Section 7 as well. Similarly to the proof of the “convergent sum part” of Theorem 3.1 it
requires no more than a familiarity with complex analysis at an introductory level. An

elementary proof of the fact that oy, = oo implies the denseness of span{z*1,2*2,...} in
L,(A) may be found in [EJ].

4. LEMMAS TO THEOREM 3.1

The proof of the “convergent sum part” in Theorem 3.2 follows from Lemmas 4.1, 4.2,
and 4.3 below. The proof of Lemma 4.1 can be given by a simple modification of a key
observation in [Er], by replacing the interval [0,1] by an arbitrary compact set A with
positive lower density at 0. This will be done in Section 5. For the sake of brevity we will
use the notation

[f1la = sup [f ()]
€A

for real-valued functions f defined on a set A.
5



Lemma 4.1. Let A C [0,00) be a compact set with positive lower density at 0. Suppose
()‘j)?il 1s a sequence of distinct positive numbers satisfying oy < oo. Suppose that the
positive numbers B;, v;, and d; are distinct and satisfy

{Njg=12,...}={B;:5=1,2,...}U{vy;:i=1,2,...}U{d;: 5 =1,2,... ,k},

k

j—1 are increasing, 11 > 1, and

where (5;)52, is decreasing, (v;)52, and (0;);

o.] o.]
Zﬁjgn and Zl/'yj<oo.
j=1 j=1

Let
Hp :=span{z” 272 ...}, H., :=span{l,z™ 272, ...},

and

Hs :=span{z®*, 2%, ... a%}.

Suppose () € Hg + H, is written as Q = Qg + Q- with some Qg € Hg and Q- € H,.
Suppose n > 0 is sufficiently small. Then there are constants Cg and C., depending only
on on Hg and H.,, respectively, so that

(4.1) 1Qslla < CsllQlla
and
(4.2) [Qy]la < CyQla

for every Q € Hg + H.,.

To prove Lemma 4.1 one can follow the method used in [Er] to prove the weaker state-
ment in the case A := [0,1], and replace the interval [0, 1] by an arbitrary compact set
A C [0,00) with positive lower density at 0. To record a proof of Theorem 4.1, one can
modify the arguments in [Er|. This can be done simply with the help of Lemmas 4.2 - 4.5
below.

The proof of the next lemma is similar to that of Corollary 2.8 in [EJ]. It is a straightfor-
ward combination of the Mean Value Theorem and D. J. Newman’s Markov-type inequality
formulated in Theorem 2.6 of [EJ] (see also [BE1, Theorem 6.1.1 on page 276] or [Ne]).
Newman’s result is formulated by Lemma 4.5 of this section.

Lemma 4.2. Let p € (0,00). Let B C [0,b] be a measurable set satisfying

m(BN10,0]) = 6f

for every 3 € [0,b] with some § € (0,1]. Let 51, Pa, ..., Bn be distinct positive real numbers.

Suppose that
— <
Zﬁ ST
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Then
Q0,5 < 207Qlls

and hence

1Qllx < e1(K,b,9)[QllB
for every Q € span{xP 272 ... P} and for every compact set K C C\ {0}, where the
constant c¢1(K,b,0) depends only on K, b, and §.

Proof of Lemma 4.2. Let Q € span{x®, 272 ... 2P} Without loss of generality we may
assume that @ is not identically 0. Choose a value 5 € [0, b] such that
Q(B)| =M := ||Q||[o,b]-

Note that Q(0) = 0 and @ is not identically 0, we have § > 0. Then the set [§3/2, 5]N B is
not empty. Choose a point v € [03/2, 5] N B. Then, combining the Mean Value Theorem
and D. J. Newman’s Markov-type inequality formulated in Lemma 4.5, we obtain

M —1QMMI < 1QB) — QMM < (B =NNQ I8

9
< (B =N Npssyam < (1 - 6/2)[3# M

<(1- 5/2)5%1\4 <(1-8/2)M,
that is, |Q(y)| > (6/2)M, and hence

Q0,5 < 2671Qlls -

The second statement of the Lemma can be obtained as follows. Using a linear scaling if
it is necessary, we may assume that b = 1. Repeated applications of Lemma 4.5 with the
substitution = e~ imply that

Q™) ™ 0,00y < OMN™IQE M0,00) s M =12,

in particular

Q™)™ O) < O™ Q(e Mooy,  m=12,...,

for every Q € span{z*',z*2,...}. By using the Taylor series expansion of Q(e~!) around

0, we obtain that
1Q(2)] < c2(K,0)||Q

for every @ € span{z”', 2”2 ...} and for every compact K C C\ {0}, where, recalling that
9n < 6/2, we have

[0,1] » ZEK?

ca(K,0) == i (5/2)m<masz!eK ’logz‘) = exp <((5/2) rzréaj)((\ log z\)

m=0

is a constant depending only on K and §. [

The next lemma is the key result in [BE3] (see Theorem 6.1 there). It gives a a Clarkson-
Erdés-Schwartz type result for Miintz spaces span{l, 7 272 ...} on sets A C [0,00) of
positive Lebesgue measure when the exponents v; are positive and satisfy Z;il 1/v; < oc.
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Lemma 4.3. Suppose Z;il 1/v; < o0 and A C [0,00) is a set of positive Lebesgue

measure. Then span{l, 7,272 ...} is not dense in C(A). Moreover, if the gap condition
(4.3) inf{yj41—7;:7 €N} >0
holds, then every function f € C(A) from the uniform closure of span{l,z7, z72, ...} on

A is of the form

f(:l;):Zaja:%', xeAN[0,ra),
5=0

where
ra = sup{z € [0,00) : m(AN (z,00)) > 0}
is the essential supremum of A.

If the gap condition (4.3) does not hold, then every function f € C(A) from the uniform
closure of span{l,x7, 272 ...} on A can still be extended analytically throughout the region

{z€ C\ (—00,0]: |z| <Ta}.

In the proof of Lemma 4.1 we also need the following well known fact the proof of which
is pretty standard (see Theorem 1.42 in [Rul], in fact the result is true for any topological
vector space).

Lemma 4.4. Let p € (0,00) and suppose A C R is a compact set. Let X denote either
L,(A) or C(A). Let U C X be a closed linear subspace and let V. C X be a finite
dimensional (hence closed) linear subspace. Then U +V is closed in X.

The following Markov-type inequality for Miintz polynomials is due to Newman [BEL,
Theorem 6.1.1 on page 276] (see also [Ne]). It is used in the proof of Lemma 4.2.

Lemma 4.5. Suppose that 31, B2, ..., B, are distinct nonnegative numbers. Then

12Q' () 0.y <9 | D55 | 1QlIo.

j=1
for every Q € span{z®, z%2, ... 2P},

The bounded Bernstein-type inequality below (see the guided exercise E.5 b] on page
182 of [BE1]) for certain Miintz spaces on [0, 1] is needed in the proof of Lemma 4.1 as
well.

Lemma 4.6. Suppose I' := (%‘)3?11 15 a sequence of distinct positive numbers satisfying

71 =1 and Z;il 1/7v; < oo. Then

1Q 0,21 < es(T', 2)[|Qlljo,1)

for every Q € span{l,x" x72 ...} and for every x € [0,1), where c3(I',z) depends only
on I and x.

The following bounded Remez-type inequality due to P. Borwein and Erdélyi [BE3] is
also an important ingredient of the proof of Lemma 4.1. In the proof of Theorem 3.1 it
can be exploited similarly to the treatment of the case A := [0, 1] in [Er].
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Lemma 4.7. Suppose (’yj);?‘;l is a sequence of distinct positive numbers satisfying
(0.]
Z 1/v; < o0.
j=1

Let s > 0. Then there exists a constant c4(T', s) depending only on I' := (v;)32; and s (and
not on o, B, or the number of terms in Q) so that

1Qlj0,0) < ca(T,8) QB

for every Q € span{l,z7, x72, ...} and for every set B C |o,1] of Lebesque measure at
least s .
5. PROOF OF LEMMA 4.1 AND THEOREM 3.2

Proof of Lemma 4.1. Without loss of generality we may assume that
1=ry:=sup{y e R: m(ANJ[y,00)) > 0}.

It is sufficient to prove only (4.1); (4.2) follows from (4.1).

Suppose to the contrary that inequality (4.1) fails for a sufficiently small n > 0 (we will
tell later in the proof how small 1 should be to get a contradiction). Then there are Miintz
polynomials Qg.n, € Hg and @, € H, so that

(5.1) [Qonlla=1,  lm [[Qyalla=1.
and
(5.2) Tim [[Qpn+ Qnlla = 0.

Choose a number « > 0 so that the set [, 1—«a|N A has a positive measure s depending only
on A. Let n > 0 be sufficiently small. Then by Lemmas 4.2 and 4.5 {Qg, :n=1,2,...}
is a family of bounded, equi-continuous functions on [«, 1], while by Lemmas 4.7 and 4.6
{Qyn :n=1,2,...}is a family of bounded, equi-continuous functions on [0,1—«]. So by
the Arzela-Ascoli Theorem there are a subsequence of (Qg,,) (without loss of generality
we may assume that this is (Qgs,,) itself) and a subsequence of (Q,,,) (without loss of
generality we may assume that this is (Q,») itself) so that

(5.3) Jim [[@sn = flifay =0
and
(5.4) Jim {|Qy.n = glljo,1-a) = 0
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with some continuous functions f on [o, 1] and g on [0,1 — a]. By (5.2), (5.3), and (5.4)

we have f = —g on [, 1 — a] N A, so the function

f(x), x € la,1]NA
(5:5) Mz) = { —gé:l;; : x €0, 1[— a} NA
is well-defined on A. By (5.2) — (5.5) we can deduce that
(5.6) Jm (|Qpn — hl[a =0
and
(5.7 Tim ||~ @y — hla=0.
Let n € (0,6/18), where

0<0= 18 w '

Using (5.1), (5.6), Lemma 4.5, Z;; B; <n, Lemma 4.2, and (5.7), we can deduce that

|h(x) = h(1)] < 18n][A]

0,1] < 18026 ||Alla = 36n0~ ", re(l1/2,1]NA.

Note that (5.1), (5.5), and (5.6) imply that ||h||4a = 1 and h(0) = 0. Now observe that the
function h — h(1) is in the uniform closure of

H, =span{l,z"",27%,...}
on A, hence Lemma 4.7 implies with s := ¢5(A) := m([1/2,1] N A) that
[h = h(1)]la < ca(T, ) [|h = B(D)]|j /2,104 < ea(T, e5(A)) 3605~ < 1/2

whenever 7 is sufficiently small (more precisely whenever, in addition to n € (0,0/18), we
have

J
"= T26a(T, 5 (A))
This contradicts the facts that h(0) = 0 and ||hlla = 1 (note that ||h — h(1)]|a < 1/2
implies that h(x) € (h(1) —1/2,h(1) + 1/2) for every x € A, and 0 € A). Hence the proof
of (4.1) is finished for all sufficiently small n > 0..

Proof of Theorem 3.1. An elementary proof of the fact that o) = co implies the denseness

of span{1, 2 2?2 ...} in C(A) when A = [0,1] may be found in both [BE2] and [BE1].

However, this fact extends easily to the case when A C [0,00) is an arbitrary compact

set by using a linear scaling and the Tietze’s extension theorem. To extend the full result

from the interval [0, 1] to an arbitrary compact set A C [0, 00) with positive lower density

at 0, here we consider the case when o) = oco. To handle this case, suppose ()\j);";l is a
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sequence of distinct positive numbers satisfying o) < oo . Then there are positive numbers
n, B;, 75, and 0; such that

ij=12..3={8:j=12. 3 0{y:j=01,2... 0{6:5=1,2,... ,k},

k

where v1 > 1, (3;)32, is decreasing, (7;)52, and (d;)7_; are increasing, and

o0 o.]
> 8 <m, D /v <0,
Jj=1 Jj=1

and n > 0 is as small as in Lemma 4.1. Without loss of generality we may assume that
1=r4:=sup{y e R: m(ANJy,00)) > 0}.

Let H denote the uniform closure of a subspace H C C(A). Using the notation introduced
in Lemma 4.1, we want to prove that restricted to A we have Hg + H, + H; C A, where
A C C(A) denotes the collection of functions f € C(A), which can be represented as
an analytic function on {z € C\ (—00,0] : |z| < 74} restricted to A. Since H; is finite
dimensional, Lemma 4.4 implies that

Hs+H,+Hs C Hg + H,+ Hs,
so it is sufficient to prove that
(5.8) Hs+H,CA.
However, (4.1) and (4.2) imply that
T, c 0+ T,

where Hz C A by Lemma 4.2 and H, C A by Lemma 4.3. Hence (5.8) holds, indeed, and
the proof of the theorem is finished. [

6. LEMMAS TO THEOREM 3.2

The proof of the “convergent sum part” in Theorem 3.1 follows from Lemmas 6.1, 6.2,
and 6.3 below. The proof of Lemma 6.1 can be given by a simple modification of the
method used in the proof of Lemma 4.1. This will be done in Section 7.

Lemma 6.1. Letp € (0,00). Let A C [0,00) be a compact set with positive lower density
at 0. Suppose ()\j);‘;l is a sequence of distinct numbers greater than —1/p satisfying
oxp < 00. Suppose that the positive numbers 3, v;, and 6; are distinct and satisfy

ij=12..3={8:j=1,2.. 3 0{y:j=1,2...Y0{6:5=1,2,... ,k},
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where (3;)52, is decreasing, (v;)52, and (6;)%_, are increasing, v > 1, and

i + (1/p)) and il/vj<oo.
j=1

Jj=1

Let
Hg :=span{z” 22 ...}, H, :=span{l,z" 272, ...},

and
Hs := span{z’!, z° 20k}

Suppose () € Hg + H, is written as Q = Qg + Q- with some Qg € Hg and Q, € H,.
Suppose 1 > 0 is sufficiently small. Then there are constans Cg and C., depending only on
Hg and H,, respectively, so that

(6.1) 1Qsllz,a) < CsllQllL,a)
and
(6.2) 1@z, a) < CHIQI L, ()

for every Q € Hg + H.,.

To prove Lemma 6.1 we need to combine the bounded Nikolskii-type inequality below
with Lemmas 4.3, 4.4, and 4.5.

Lemma 6.2. Letp € (0,00). Let B C [0,b] be a measurable set satisfying m(BN[0,y]) >
dy for every y € [0,b]. Let B1,02,...,0, be distinct real numbers greater than —(1/p).
Suppose that

n

> (Bj+ (1/p)) =1 < 3b/36,

Jj=1

where § € (0,1]. Then

op+1\ 1/P
I Q@ o < (55 ) 1l

and hence

IZHGE}%HQ( z)| < (K, p,b,0)]|Qll L, (B
for every Q € span{xP,2P2 ... P} and for every compact K C C\ {0}, where the
constant cg(K,p,b,d) depends only on K, p, b, and 6.

Lemma 6.2 is borrowed from [EJ], see Lemma 2.8 there. For the sake of completeness
we present its short proof here as well.
12



Proof of Lemma 6.2. The proof of the lemma is easy. By using a linear scaling if necessary,
without loss of generality we may assume that b = 1. Let Q € span{zf', 272 ... P}
and pick a point y € (0, 1] for which

' /PQ(y)| = max [t/PQ(t)].
te[0,1]

Then using the Mean Value Theorem and applying Lemma 4.5 to

2PQ(x) € span{gP1H/P) gt /p) g Bt (/)Y

we obtain for x € [(§/2)y, y] that

(max |t”p@<t>|) 2 7Q(@)] < 1P QW)| - |27 Q ()]

te[0,1]

< 1p/7QM) ~ 27 Q@)] < (y = a) masx [(/7Q(0)’
< g o [H07Q()) | < 30 2L max [1/7Q(0)
< =5 ma [17Q(0)] < 5 max [17Q(0)].
Hence, for x € [(0/2)y, y] we have
21/7Q(a)| = 5 max 1/7Q(0)].

Using the assumption on the set B, we conclude that

m(BN[(6/2)y,y]) > 6y — (6/2)y = (6/2)y

and hence

Q1) = [ QI de= [ Q)P dt
B BN[(6/2)y,y]

> 622 ()" mx 100)”

t€[0,1]

> (6/2)277 (tren[gf] tPQ( )!)p

This finishes the proof of the first inequality of the lemma when b = 1. As we have already
remarked, the case of an arbitrary b > 0 follows by a linear scaling. The second inequality
of the lemma follows from the first one combined with Lemma 4.2. [
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7. PROOF OF LEMMA 6.1 AND THEOREM 3.2
Proof of Lemma 6.1. Without loss of generality we may assume that
l=rg:=sup{y e R: m(AN[y,00)) > 0}.

It is sufficient to prove only (6.1); (6.2) follows from (6.1). Suppose to the contrary that
inequality (6.1) fails for a sufficiently small > 0. Then there are Miintz polynomials
Qpn € Hg and Q.,,, € H,, so that

(7'1) HQﬁm |Lp(A) =1, nh_{rolo HQ%n |Lp(A) =1,
and
(7.2) nh_)H;o HQﬁ,n + Q%nHLp(A) =0.

Choose a number a > 0 so that the set [, 1 — a] N A has a positive measure depending
only on A. Let 7 > 0 be sufficiently small. Then by Lemmas 6.2 and 4.5

{Sgn(z) = :El/pQg,n(x) n=12...}

is a family of bounded, equi-continuous functions on [«, 1], while by Lemmas 4.7 and 4.6
{Qyn:n=1,2,...}is a family of bounded, equi-continuous functions on [0,1 — o] (note
that (7.1) ensures that there are measurable sets B, C [1 — a/2,1] N A with M(B,,) >
sm([1—a/2,1] N A) such that

—1/p
1
1@alle, < (Gm(-a/21004) 1@l

1 —1/p
< (im([l —a/2,1]N A)) sup 1@,k

|L,,(A) < o0,

hence by Lemma 4.7, we have sup,, [|@Q~,n|lj0,1—a/2] < 00). So by the Arzela-Ascoli Theorem
there are a subsequence of (Q)g,,) (without loss of generality we may assume that this is
(Qp,n) itself) and a subsequence of (@~ ) (without loss of generality we may assume that
this is (Q~,n) itself) so that

(73) Tim Qo — flljay = 0
and
(7.4) Jim @y, = gllj0,1-0] =0
with some continuous functions f on [«, 1] and g on [0,1 — a. By (7.2), (7.3), and (7.4)
we have f = —g on [, 1 — a] N A, so the function
f(x), r€la,1lNA,
(75) Mz) = { —gém; , x €0, 1[— oj NA,
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is well-defined on A. By (7.2) — (7.5) we can deduce that

(7.6) Jim {|Qpn = hllz, 4y =0
and
(7.7) Jim || = Qo = hllz,a) = 0.

Together with (7.1) either (7.6) or (7.7) shows that

(7.8) 17l L, 4y =1.

Let H(x) := x'/Ph(z). We claim that

(7.9) [H|la = cr(T, 0, A,p) > 0.

Indeed, we have

(7.10) Al 1jna < a7 P H]|4 .

Also, using (7.4), (7.5), m([a, 1 —a] N A) > 0, and Lemma 4.7, we deduce that
Ml < (T A)Rla1—aja < cs(Ts o Ao~ /7| H]La

with a constant ¢g(T', a, A) > 1 depending only on I', v, and A. This, together with (7.10)
gives

(7.11) Ihlla < cs(T,a, A)a=Y/7| H]|L4
As a consequence of (7.8) we have

m(A) P = m(A) V2| hl| L, a) < |1Blla
which, together with (7.11), yields (7.9). Let n € (0,6/36), where

0<d— inf ™ANDOY)
y€(0,1] )

Observe that Lemma 6.2 and (7.6) imply that the sequence (S3 ) with
(7.12) Sgn(x) = :z:l/pQ/g’n(a:) , n=12...,

is uniformly Cauchy on [0, 1], and by (7.6) it has a subsequence that converges to H almost
everywhere on A. This together with Lemma 6.2 yields that H has a unique continuous
extension from A to [0, 1] (denote this extension by H as well) for which

(713) nlLII;O HSﬁm — HH[O,l] = 0.
15



Using (7.1), Lemma 6.2, (7.12), and (7.13), we obtain

op+1

1/p
(7.14) 1H o < ( ) — co(A,p)

with a constant cg(A, p) depending only on A and p. Applying (7.12), (7.13), Lemma 4.5,
Z;il (B; + (1/p)) <mn, and (7.14), we can deduce that

H(z)— H(1) < 189)|H]o1) < co(A,p)n, @ € [1/2,1]0 4,

with a constant c¢19(A,p) depending only on A and p. Note that since each ; is greater
than —1/p, (7.13) implies that H(0) = 0. Since the sequence (S ,) with

S%n(x) = wl/pQ%n(x) — H(1)

converges to H(x) — H(1) in L,(A), it has a subsequence (without loss of generality we
may assume that it is the sequence (S,,) itself) that converges almost everywhere on
A. Therefore by Yegoroff’s Theorem, for every p € (0,1), the sequence (S, ,) converges
uniformly on a compact set B, C [0, 1] N A of a positive measure s, depending only on o
and A. Hence by Lemma 4.7 the sequence (S, ,,) converges to H(x) — H(1) uniformly on
0, o] and

1H — H()l0,1/2 < crr (T, A, p)[[H — H(1)[1/2,1n4

with a constant ¢11(T, A, p) > 1 depending only on I', A and p. We conclude that

1H — H(1)|[a <en(D, Ap) [[H — H()[[ /2,104 < enn(Ls A, p)eio(A,p) 0
< (1/2)07(F7Q7A7p)

whenever n € (0,6/36) is sufficiently small (more precisely whenever in addition to n €
(0,9/36) we have

C7(F,O[, Aup)
< .
2011(F7A7p)610(A7p)
Therefore
H(w) S (H(l) - %07(F7 Q, A7p)7 H(]') + %07(F7 Q, Aup)) ) reA.

Since 0 € A and H(0) = 0, this contradicts (7.9). [|[H||a > ¢7(T, a, A, p). Hence the proof
of (6.1) is finished for all sufficiently small n > 0. O

Proof of Theorem 3.2. An elementary proof of the fact that oy , = oo implies the denseness
of span{z™,z*2,...} in L,(A) may be found in [EJ]. Suppose now that oy, < oco. To
handle this case, suppose ()‘j)?il is a sequence of distinct numbers greater than —1/p
satisfying oy, < oo. Then there are positive numbers 7, 3;, v;, and ¢; such that

ij=12..3={8:j=12. 3 0{y:j=1,2... 0{6:5=1,2,... ,k},
16



k

where v1 > 1, (3;)52, is decreasing, (7v;)52, and (d;)7_; are increasing, and

Z(ﬁj+(1/p))§n, Zl/vj<oo,

and n > 0 is as small as in Lemma 7.1. Without loss of generality we may assume that
l=ryg:=sup{y e R: m(AN[y,00)) > 0}.

Let H denote the uniform closure of a subspace H C L,(A). Using the notation introduced
in Lemma 6.1, we want to prove that restricted to A we have Hg + H, + H; C A, where
A C L,(A) denotes the collection of functions f € L,(A), which can be represented as
an analytic function on {z € C\ (—00,0] : |z] < 74} restricted to A. Since H; is finite
dimensional, Lemma 4.4 implies that

Hs+H,+Hs C Hg + H,+ Hs,

so it is sufficient to prove that
Hg+H,CA.

However, (6.1) and (6.2) imply that
Hsz+H,C Hz + H,,

where Hg C A by Lemma 6.2. The fact that E C A can be seen as follows. Suppose
that @, € H, converges in L,(A). Let o € (0,1). Then there is a subsequence of
(Qn,~) (without loss of generality we may assume that this is (Q,, ) itself) that converges
on [o,1] N A almost everywhere. Then by Yegoroff’s Theorem, it converges uniformly on
a compact set B C [o,1] N A with positive Lebesgue measure. Then, by Lemma 4.7 it
converges uniformly on [0, o], hence by Lemma 4.3 the limit function can be extended
analytically throughout
{2€C\ (~00,0]: |2 < o}

Since p € (0,1) is arbitrary and r4 = 1 the proof is finished. [
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