THE NORM OF THE POLYNOMIAL TRUNCATION
OPERATOR ON THE UNIT DISK AND ON [-1,1]
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ABSTRACT. Let D and 9D denote the open unit disk and the unit circle of the
complex plane, respectively. We denote the set of all polynomials of degree at most
n with real coefficients by P,. We denote the set of all polynomials of degree at
most n with complex coefficients by P5. We define the truncation operator S, for
polynomials P, € Pg of the form

Pn(z) ::Zajzj7 a; € C,
j=0
by
n .
(1.1) Sn(Pa)(2) =Y @27, @ = (aj/|a;]) min{|a,|, 1}
=0

(here 0/0 is interpreted as 1). We define the norms of the truncation operators by

Sn (P,
”S’"«”xa{éD = sup maxX;eoD ‘ 77«( n)(z)|
’ P,eP, MaX:eop |Pn(Z)|

and

Sn (P,
”Sn”l;ngpD = sup maXzeaD ‘ 77«( ")(Z)|
’ P,ePg  MaX.eop |Pn(Z)|

Our main theorem in this paper establishes the right order of magnitude of the
norms of the operators S,. This settles a question asked by S. Kwapien.

Theorem. With the notation introduced above there is an absolute constant c1 > 0
such that
avV2n+ 1< (1Sullné%p < (1Sl < V2n+1.

Moreover, an analogous result in L,(0D) for p € [2,00] is also established and
the case when the unit circle 9D is replaced by the interval [—1, 1] is also studied.
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1. NEw RESULT

Let D and 9D denote the open unit disk and the unit circle of the complex plane,
respectively. We denote the set of all polynomials of degree at most n with real
coefficients by P,,. We denote the set of all polynomials of degree at most n with
complex coefficients by P5. We define the truncation operator S,, for polynomials
P, € P¢ of the form

n

P,(z) = Zajzj, a; € C,

=0

(1.1) Su(Pa)(z) =) @2, @ = (a5/)ay]) min{layl, 1}

(here 0/0 is interpreted as 1). In other words, we take the coefficients a; € C of
a polynomial P, of degree at most n, and we truncate them. That is, we leave
a coefficient a; unchanged if |a;| < 1, while we replace it by a;/|a;| if |a;| > 1.
We form the new polynomial with the new coefficients @; defined by (1.1), and
we denote this new polynomial by S, (P,,). We define the norms of the truncation
operators by
||Sn| xaéD = sup maXzeoD |Sn(Pn)(Z)|
’ P,eP, MaXzecoD |Pn (Z)|

and

o0 |Sn (P,
IS0t = sup 2Xzon 5n(F)(2)
’ P,ePs  MaXeeop |Fn(2)]

Our main theorem in this paper establishes the right order of magnitude of the
norms of the operators S,,. This settles a question asked by S. Kwapien.

Theorem 1.1. With the notation introduced above there is an absolute constant
c1 > 0 such that

V2 +1 < |[Sull5%p < [1Sulls5h < V2n+1.

In fact we are able to establish an L,(0D) analogue of this as follows. For
€ (0,00), let

I1Sn i35 =
poer, 1 Pallz,op)

and
1150 (o)l o)

1Snllpap =
’ S,ere | Pullz, (o)
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Theorem 1.2. With the notation introduced above there is an absolute constant
c1 > 0 such that

a(2n+ )Y <5,

pisp < ISully55 < (2n + 1)1271P

for every p € [2,00).
Note that it remains open what is the right order of magnitude of |5, |75}, and
||Sn|\;?5ng, respectively when 0 < p < 2. In particular it would be interesting to

see if [|Sy[[,75 < c is possible for any 0 < p < 2 with an absolute constant c. We
record the following observation, due to S. Kwapien, in this direction.

Theorem 1.3. There is an absolute constant ¢ > 0 such that

I1Sall555D = ev/logn.

If the unit circle 9D is replaced by the interval [—1,1], we get a completely
different order of magnitude of the polynomial truncation projector. In this case
the norms of the truncation operators S,, are defined in the usual way. That is, let

HS Hreal .— sup maxze[71,1]|‘sn(Pn)(x)|
Pl B e, maxee(—1,1) [ Pu(2))]

and

||S Hcomp = sup maxgze[—1,1) |Sn(Pn)(x)|
oo [-1,1] Poepe  Maxge(—1,1] | Po(7)]

Theorem 1.4. With the notation introduced above we have

2" 27 <[l sy S NSl Py g < V2T 82,

2. LEMMAS

To prove the lower bound of the theorem we need two lemmas. Our first one is
from [LSV].

Lemma 2.1 (Lovasz, Spencer, Vesztergombi). Let a;,j =1,2,... ,n1,k =
1,2,...,n2 be such that |a; k| < 1. Let also p1,p2,...,Pn, € [0,1]. Then there are
choices

Eke{_pkv]-_pk}v k:1a27"'7n27

such that for all j,

ny
E :5kaj,k

k=1

<Cym

with an absolute constant C.

Our second lemma is a direct consequence of the well-known Bernstein inequality
(see Theorem 1.1 on page 97 of [DL]) and the Mean Value Theorem.
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Lemma 2.2. Suppose Q,, is a polynomial of degree n (with complex coefficients),

27
Hn = exp <m) y

zj = exp(ijbn), ji=1,2,...,14n,

and
|Qn(zj)| < M, j=1,2,...,14n.

Then

<2M.
max |Qn(2)] <

The inequalities below (see Theorem 2.6 on page 102 of [DL]) will be needed to
prove the upper bound of the Theorem.

Lemma 2.3 (Nikolskii Inequality). Let 0 < ¢ < p < oco. If P, is a polynomial
of degree at most n with complex coefficients then

1/q—1/p
2nr 41
1Py < (Z52) T IPleya),

where r = r(q) is the smallest integer not less than q/4.
The next lemma may be found in [Ri].
Lemma 2.4 (Erd8s). Suppose that zo € C and |z9| > 1. Then

Paleo)|  [Taao) /2 e [PA@). P € P

where To, € Paop defined by
T, (x) := cos(n arccosz) , x e [-1,1],

is the Chebyshev polynomial of degree 2n. As a consequence, writing
n
Ton(z) = 2" ] (22 = 23), zj € (0,1),
j=1

we have

Po(2)] < 8"/2 P ()]
max |Pa(2)] < 87 max |P()
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3. PROOF OF THE THEOREM

Proof of Theorem 1.1. We apply Lemma 2.1 with n; = 14n,ns = n,

0y, = exp(27/(14n)), a; = exp(ijko,) ,
and p; = py = -+ = p, = 1/3, and with the choices
12
8}@6{—5,5}, k:1,2,...,n,

coming from Lemma 2.1, we define
Qn(z) = 32%2’“ .
j=1

Then @, is a polynomial of degree n with each coefficient in {—1,2}, and with the
notation
zj = exp(ijby), ji=1,2,...,14n,

we have

Qn(z)| <3CV14n,  j=1,2,...,14n.

Hence Lemma 2.2 yields

(3.1) max [Qn(2)] < 24CVn

In particular, if we denote by m the number of indices k for which e, = 2/3, then
3m —n| = [2m — (n —m)| = |@n(1)] < 24CV/n,

hence

(3.2) 1S0(@u)(D] = m — (0 —m)| = [2m —n| > T~ 320V,

Now (3.1) and (3.2) give the lower bound of the theorem.

To see the upper bound of the theorem, observe that Lemma 2.3 implies

V2n+1 V2n+1
< — <X -
ig%%'sn(ljn)(z)l = m ||Sn(Pn)||L2(8D) = \/ﬁ ||Pn||L2(8D)

<Vv2n+1 max | P, (2)]
zZE

for all polynomials P,, of degree at most n with complex coefficients. This proves
the upper bound of the theorem. [

Proof of Theorem 1.2. Let p € [2,00). Using (3.2) and the Nikolskii-type inequality
of Lemma 3.4, we obtain that

(3:3) 150 (@u)ll1,0m) > cxn® =P
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with an absolute constant ¢; > 0. On the other hand (3.1) implies

(3.4) 1@nllz,op) < can'’?
with an absolute constant co > 0, and the lower bound of the theorem follows.

To see the upper bound of the theorem, observe that Lemma 2.3 implies

2n + 1 1/2*1/17
15, (Pleyom < (Z5t ) ISu(P)lacan)

2n + 1\ /271"
() IR

< 20+ 1)V2VP|Py 1, o)

for all polynomials P, of degree at most n with complex coefficients. This proves
the upper bound of the theorem. [

Proof of Theorem 1.3. Let n = 2™*+2 — 2. Consider the polynomial

m 2k _2k
m41_ 24 +z
Po(z) = 422" 1 11 <1+ f> .
k=0

Then

m 2k _2k
¢ +z
@MFM[Q+—7—>

k=0

and hence || Pz, (9p) = 4. Also

Let

Then

150 (Pa)llLyop) 2 [150(Pa) = Pallzyop) = 1 Pallyop) = [1BnllL,op) —4-

We will prove that || Rz, op) > ¢y/m for some absolute constant ¢ > 0. It is easy
to see that if b, ag, ay, ..., a,, are complex numbers and

F(z)=b+ zm: ar (2 + 7)),
k=0

then we have

m 1/2
wmmgvﬁw+zmm>,
k=0
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Therefore

|Rnllryop) < V3V/9+4(m+1).
|Rullzo0p) = V9 +2(m +1).

Moreover

By Hoélder’s Inquality

2/3 1/3
1Rl 00 1 BallE op) = 1Bl Lacop) -

Hence we obtain

(\‘*/5\/9 TA(m+ 1))2/3 (1Bnllzyopy) " > 9+ 2(m + 1),

and thus || R,|/z,op) > cy/m. This gives
Sn (P
” ( )||L1(8D) ZC/\/EZCH\/@
I1PallLy(op)

with absolute constants ¢/ > 0 and ¢’ > 0. O

Proof of Theorem 1.4. Let

and
Su(Pa)(z) =) @z, @;:= (aj/|a;|) minflay|, 1} .
j=0
First we prove the upper bound. Using Lemma 1.4 we obtain
max [S(Pu)(a)] < max |.(P)()

< (Qn—l—l

21

2n+1
21

1/2
) 150(P) lao)

<

1/2
) 1 Pall acon)

o 4 1\ /2
- < n+ > -8"/2\/27 max |P,(z)],
o1 xe[*lyl]

which proves the upper bound of the theorem.
Now we turn to the lower bound. We define @Q,, € P4, by
Qulz) =2 (1 = 22 =2 3 (~1) <”> 2

i=0 J
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Then

(35) max 000 = (1)

z€[—1,1] 4
Also .
Sn(Qn)(z) = 2" (_1)j22j )
§=0
hence for every positive even n
(3.6) S0 (@n)(1)] = 1.

Now we conclude the the lower bound of the theorem by combining (3.5) and
(3.6). O
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