Markov—Bernstein—Turan type inequalities for complex polynomials

T. Erdélyi and J. Szabados™

1. Introduction

We will be concerned with generalizations of the following classical polynomial in-
equalities

17'[1 < n*[[pllz (1.1)
(Markov inequality), and

1P"llp < nllpllo (1.2)
(Bernstein inequality), where I := [—1,1], D is the closed unit disk, p € PS (=the space
of polynomials of degree at most n with complex coefficients), and || - || means supremum

norm over the set specified. There is a striking difference beteween n and n? (the so-
called Markov-factors) in the above inequalities, due to the difference between the domains
considered. Our purpose in this paper is to create a transition between these Markov-
factors by considering ellipses whose limit cases are I and D. We shall also consider Turan
type inequalities in these domains, i.e. we intend to give lower estimates for the Markov
factors when the roots of the polynomials are constrained to these domains. Apart from
constants, these inequalities turn out to be sharp. We shall also consider these problems
for diamond shaped domains, but the results for such domains will be less complete.

2. Markov type inequalities

The most natural way of seeking connection between the inequalities (1.1) and (1.2)
is to introduce the ellipse

E.:={z=a+iy:e’z* +9* <e?}, 0<e<1,

in the complex plane, and establish an inequality there. (¢ = 0 and ¢ = 1 correspond to
(1.1) and (1.2), respectively.)

Theorem 1. There exists an absolute constant C > 0 such that

1 /
— min <E,n2> < sup M < min C’(ﬁ,n?) , 0<e<1. (2.1)
€

C peEPS p|| . €
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Proof. First we prove the upper estimate. Let p € Pr. Consider the trigonometric
polynomial

q(t) == p(cost + iesint) (2.2)

of order at most n. We have

q'(t) = (—sint + i cos t)p’(cost + iesint),

whence

/ / /
' (cost +iesint)| < : ||Q||3 _ ld'llr < ||Q||R.
t )
| —sint + ie cost]| \/sm 12 cos?t c

According to Corollary 5.1.5 in Borwein—Erdélyi [1],

¢l < nllqllr,

and since cost +iesint € E., t € R, implies ||q||r = ||p||g. by (2.2), we get

n
1Plle. < —llpll 5. -
€

This proves the first upper estimate in (2.1).
In order to prove the second upper estimate, let

o=¢c+Ve2+1, (2.3)

and define another ellipse

2 2
E(o) =R z=x+1iy: ° + Y <1, DE..

(=) (=)

(The inclusion follows from the fact that, because of (2.3), the minor axis [—¢,¢] of E.
coincides with that of E(p), while the major axis [—1, 1] of E. is contained in that of E(p).)
Thus by

pllE@ <eo"llpllr - pEPR, o0>1, (2.4)
(cf. E.17d) of [1]) and (1.2),

n
1115, <117 llme) < o"l1P/llr <n? (= + Ve + 1) [Iplly < n2e2|[pl;.

Now for € < % this yields the second upper estimate in (2.1), while in the opposite case

the already proved first upper estimate gives the Markov factor 2n?, and the theorem is
completely proved.

We now prove the lower estimates in (2.1). If ¢ = 1 then p(z) = 2™ proves the
statement. Let now first % < e < 1, and consider
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z4+evz2—14¢2 z—eVz22 —14+¢€2
ZZTm Tm
Pz < 1—¢e? ) < 1—¢€2

) , m=[n/2], (2.5)

where T,,(x) := cos(marccos z) is the Chebyshev polynomial of degree m, and [-] means
integer part. First we show that p € P,, (=the space of polynomials of degree at most n
with real coefficients). This follows from the representation T, (z) = 2™ [}, (z — z),
which implies

p(z):22m2ﬁ< z 5\/z2—1—|—€2> ( z E\/Z2—1+€2> _
k=1

1—52_xk+ 1—¢e2 1—62_xk_ 1—¢e2

C Pom C Php.

:22m_2ﬁ z . 2_52(22—1+52)
i |\ g2 (1 —¢g2)2

At the points z = cost + iesint on the ellipse E., we can give a simpler form of this
polynomial. An easy calculation yields

V22 —14¢e2=4(eccost+isint),

whence by (2.5)

(1 +&?)cost + 2iesint

p(z) =Tm (

)Tm(cost), z = cost + iesint.

1—e?
Hence, with the notation
1+e¢
= 2.6
¢TI o (2.6)
we obtain
2 2
1 _
p(z) =T (Q + cost +i2 sint) cosmt , z = cost + iesint.
20 20
Here, with the notation w := pe®* we have
2 2
w +1 w™ +1
p(z) =T ( o ) cos mt = Wcosmt =
1 m imt —m _—imt ol
25(9 e + o e ) cosmt , z = cost +icsint. (2.7)
Hence it is clear that
1Pl Be) = —— (2.8)



Differentiating (2.7) with respect to t and putting z =1 (i.e. t = 0) we obtain

) .m _
p'(1)ie = 25(9”‘ -0 ™),

whence by (2.8)

m m

) , ~m 0" — o
1P e. = [P/ (1)] = ;IIPIIESW'

Here by (2.6)

1ie 2m
o —o ™ (1—6) _1>(1+s)m—1> em
om0 <1+a)2m+1_(1+€)m+1_€m+2

. 1 1
provided € > o> I

Finally, if 0 < ¢ < 1/n, then with the notation (2.3) we get o < 1+ %, whence

2 n
Tl < I Tolle < (1+2) 11Tl <
ie.

2
n
T3 ]s. > T,(1) = n* > 5 ||Tul| .,
which completes the proof of the lower estimate.

Remark. We can see from the first part of the proof that

n .
pEDI < Zllplle. and |p'(Eie)] < nllpl| s,

i.e. the estimate is much better at the endpoints of the minor axis than at the endpoints
of the major axis.
To close this section, we mention a Markov type inequality for the diamond shaped
domain
Se:={z=x+1iy: elz|+|y| < e}, 0<e<oo0.

Proposition. There are constants c1,co > 0 depending only on € such that

2— % arctan e

/
Ssupmggn , 0<e <.
peps |[Pl]s.

_2
1 TL2 = arctane

This is a special case of a classical result of Szegd [3]. In particular, for the square
(e = 1) we obtain O(n3/2) for the order of magnitude of the Markov factor.

3. Lower estimates (Turan type results) for the ellipse
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The estimates given by Theorem 1 are sharp. Of course, this still permits that for
some polynomials the derivative estimates are much better. However, if we make some
restrictions on the roots of the polynomial then the supremum norm of the derivative
cannot be “too small” compared with that of the polynomial. In this respect we quote
two classical results of P. Turan [4]. For a compact set M, denote by PS(M) the set of all

algebraic polynomials of exact degree n with complex coefficients having all their roots in
M.

Theorem A. We have
n
12'[lp > gllpllD, p € P(D),
and

Vn c
HP/H127HPHI, p € Py(I).

Our next result interpolates between n and /n in the above estimates.

Theorem 2. There exists an absolute constant C > 0 such that

. < C(ne++vn), 0<e<l. (3.1)

1 : ||p
ne ++/n) < inf <
( )< e il

C

For the proof we need a slight generalization of the first inequality of Theorem A. In
fact, in this section we need only the case m = n of it, when we do not need to consider
the half-plane H. The lemma below will be fully expoited only in the proof of Theorems 3

and 4 in Section 4. We remark that N. Levenberg and E. A. Poletsky [2, Proposition 2.1]
have also used the case m = n of the lemma below to prove their main result.

Lemma. Let I'(a,r) be the circle of the complex plane centered at a with radius r. Let
29 € I'(a,r). Suppose p € PS has at least m zeros in the disk D(a,r) bounded by I'(a,r)
and it has all its zeros in the half-plane H = H(a,r, z9) containing a and bounded by the
line tangent to T'(a,r) at zg. Then

Proof. Let p € PS(H) be of the form

p(z):cH(z—zk), ¢,z € C.
ke

[y

Then




since

—1
— — 1
Re 22 0L:Re<(1—zl~C a) )2—, zr € D(a,r),
20 — 2k Z0— a 2

Z0 — a

and
Re

>0, 2z € H(a,r, 20) .
zZ0 — Rk

Proof of Theorem 2. In case ¢ = 0 or ¢ = 1 the lower estimate follows from
Theorem A, so we may assume that 0 < ¢ < 1. Let zg = x¢ + iyg be an arbitrary point on
the boundary of F., i.e.

e?ay +y5 = €%,

and consider the circle

1—e2 \? 1—(1—¢e2)a2
a:2+(y+ 2 yo) = (62 )O-

An easy calculation shows that except the points (£xg,yp), there are no other common
points of this circle with the boundary of the ellipse E.. In fact, the disk D(r,a) with

1—(1—¢e?)a 1—¢?
:\/ (1= eP)zg and a=— 26
5 3

r Yo

determined by this circle fully contains the ellipse E.. Therefore p € P,(D(r,a)), whence
Lemma with m = n implies

’P'(Zo)!

> i p(20)] > = |p(z0)|
el pz _—pZ )
o0/T—(L—edzg = 27

which proves the first part of the lower estimate in (3.1), since zy can be chosen as the
point on the boundary 0F. of E. where ||p||g. is attained.
Now let 0 < ¢ < 1/4/n. Without loss of generality we may assume that

p(z0)| = [lpll2. =1

where zg = o + 1Yo € OF. is such that 0 < zy < 1 and 0 < yy < . Further assume that

1Plle. < dvnllplle. = dvn (3.2)

with some absolute constant d > 0. We shall prove that the latter assumption leads to
a contradiction if d is small enough, and this will prove the second lower estimate of the
theorem.

By the assumptions made above, for |z — zg| < ﬁ, z € E., we have

Ip(2) — p(20)| =

z
1
/pwwmﬂsv—%wwm&s§,
20
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whence

<|p(z)| <1, |z — 20| < ——=, z€E.. (3.3)

1
2
Denote the intersection of the circle (z —x¢)?+(y—y0)? = 1 with the ellipse e222 432 =

4d?n
€2 in the quarter-plane
{zeC:Rez < xp, Imz <0}

by (z1,y1). In fact, if d < 1/2 and n is large enough then an intersection such that
—1 < x1 < z¢ certainly exists. This coupled with (3.3) yields that

p(z) # 0, z1 < Re z < xp. (3.4)

We also have

1 1 1 1 4 1
> (21 —20)2 = —— — (y1 —yp)?2 > — 4e? > 2>
4d?n — (71 = 70) 4d? (v1 —0)" = 4d?n = 4d?n  n — 9d?%n
provided d < % Hence
L < <! (3.5)
3dyn = 1T =00 m '
With the notation
1:2.131+1110 and to_l‘l—f—QLL‘o
3 3
we obtain
'(t '(t (t (t
Adv/n > P(1)+P(0)>’Re<p(1)_]?(o))’:
p(t1) p(to) p(t1)  p(to)
to / / to 11 to | .t 2
:Re/ (p(x)) darzRe/ p(x)dx —/ () dxr >
t1 p(a:) t p(:z;) t1 p(:z;)
to I to 7 92
> Re/ PE) 4 — 4d®n(t — to) > / Re 2 (%) da:‘ — Zdvm,
t p(m) t p(m) 3
whence
to 1/ 14
/ Re P(%) d:v’ < Zdv/n.
t1 p(:z;) 3

The latter inequality together with (3.5) implies the existence of an x € [t1,to] such that

p// (aj)

EIE 42d%n. (3.6)

Ro




Now denote the roots of p(z) by zx = ug + vk, k=1,...,n. By (3.4) and (3.5),

o — I1 1 2
— > > > — >2 k=1,2,... 3.7
|£L' uk\_ 3 _9d\/ﬁ_ e ’Uk‘a y 4y y T, ( )
provided d < 1—18 Thus using the identity
P(@)? i 1 P’ (@)
P =2 ' pl)
as well as (3.6), we obtain
1|p(@)]? 1. p(a)? = 1 1_ p'(x)
/ 2
p(x)|” > = > —Re = —Re + —Re >
PR =1 2 iR e T et
— 2 _ g2 n _ 2
> 1 (= u) v2k — 42d%n > i (@ — ug) — 42d%n.
1o~ w)? + 0P 16 2 [~ w? + 1/
Since the function m is decreasing on [1/n,00), and in our case (x — ux)? > 4/n by

(3.7), each term in the above sum is greater than its value when (x — uy)? = 4, whence

3 — 1 3n
>SS 49dn > T 424%n >
Ip'()l —4;(4“/7@)2 "= 100 nean

provided d is small enough, which proves the second lower estimate of the theorem.
The proof of the upper estimate in (3.1) works with the same example as in [4]. Let

p(z) =1 =22 ep,. (3.8)

Then
1Pl By = p(ie)| = (1+ &)™/ (3.9)

With the notation z = cost + icsint € E. we obtain
P (2)] < mlz| - [1 = 22|20 =

[n/2]—1

= nVcos2t + &2 sin®t {(1+¢%)?sin’ t + e?sin®2t} * <

. . € .
< n||p||g()(| cost| 4 esint) {sm4t + A1ee sin? Qt} <

< nl|p||E.(| cost| sin™/2-1¢ 4 ).
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It is easily seen that the function on the right hand side attains its absolute maximum at
cost = —~— whence

VIn/2]

1P|z, < nllpl|E. <

[711/2] + 5) , (3.10)

and this completely proves Theorem 2.

4. Turan-type inequalities on diamonds

For a compact set M, denote by P, (M) the set of all algebraic polynomials of exact
degree n with real coefficients having all their roots in M. Recall that S. (¢ > 0) denotes
the diamond of the complex plane with diagonals [—1, 1] and [—ie, ic].

Theorem 3. There exists an absolute constant C' > 0 such that

i(ﬂz’:‘ + \/ﬁ) < inf Hp,HSs
C pplls.

<C(me++vn), 0<e<l,

where the infimum is taken for all p € PS(Se) with the property
p(2)| = Ip(=2)[, z€C, (4.1)

or where the infimum is taken for all p € Pp(Se).

Proof. For n > 2, the upper bound can be obtained by considering again the poly-
nomial (3.8). Namely, the absolute maximum of this polynomial in the ellipse E. or in
the diamond S is attained at +ie, hence ||p[/s. = ||p||g(). On the other hand, because of
S. C E(g), inequality (3.10) proves the statement. For n =1 we can take p(z) := z — 1.

To prove the lower bound we consider three cases.

Case 1: Property (4.1) holds and ¢ € [n=/2,1]. Choose a point zy on the boundary
of S such that

Ip(£20)| = [Iplls. (4.2)

(cf. Property (4.1)). Without loss of generality we may assume that 2o € [ie, 1]. A simple
calculation shows that there are disks D7 and D5 of the complex plane such that D; and
D5 have radii r = ce™!, and they are tangent to [ie, 1] at 29 and to [—1, —ig] at —zo,
respectively, and S; C D; U Dy for every sufficiently large absolute constant ¢ > 0. (In
fact, geometrical considerations show that the ‘worst” situation is when zy = 1, and then
c = 5v/2/4 suffices.) Since p € PS(S.), p has at least n/2 zeros either in Dy or in Ds.
Thus Lemma and (4.2) imply (with an appropriate choice of +)

IP'lls. o |P'(F20)] _ ‘p’(iZo)
Iplls. = lplls. p(£20)

no 1
47“_40716'

>

Case 2: p € P,(S.) and € € [n~'/2 1]. Then we can choose a point zy on the boundary
of S, such that

Ip(20)| = [p(Zo)| = lIplls. - (4.3)
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Without loss of generality we may assume that zg € [ig, 1]. Let Dy and Dy be disks of
the complex plane with radius » = ce~! such that they are tangent to [ie, 1] at 2o from
below, and to [—1, —ie| at Zg from above, respectively. Denote the boundaries of D; and
Dy by I'y and T's, respectively. A simple calculation shows that if the absolute constant
¢ > 0 is sufficiently large, then I'; intersects the boundary of S only at a; € [—1,i¢g] and
by € [—ig, 1], while I'y intersects the boundary of S. only at @; € [—1, —ig] and b; € [ie, 1].
Also, if the absolute constant ¢ > 0 is sufficiently large, then

1 - 1
—ie| = a1 +ie| < — —1=b -1 < —. 44
|a1 25’ ‘a]- +7’€’ — 647 ‘bl ’ ’b]- ‘ — 64 ( )
In the sequel let the absolute constant ¢ > 0 be so large that inequalities (4.4) hold. If
p € Pn(Se) has at least an zeros in D; or in Ds, then by using Lemma and (4.3), we
deduce

1P| s. > (Ol _
Iplls. — llplls.

/
Pl on_a

p(C) 2r  2c
where ( is zg or Zg, respectively. Hence we may assume that p € P, (S:) has at least (1—a)n
zeros both in S \ Dy and in S. \ D. In the light of (4.4) this yields that p € P,,(E:) has
at least (1 —2a)n zeros in the disk centered at 1 with radius 1/32. However, we show that

this situation cannot occur if the absolute constant a > 0 is sufficiently small. Indeed, let
p € Pn(E.) be of the form p = fg with

f)=]](z~u) and g(z)zl_[(z—vj), (4.5)

j=1
where
u; € C, i=12....,n1, ni<22an, (4.6)
and
1 ,
]vj—1]§3—2, j=12....n3, ng>(1-2a)n. (4.7)

Let I be the subinterval of [—1,i¢] with endpoint —1 and length 1/32. Let yg € I be
chosen so that |f(yo)| = || f|lz. We show that |p(z0)| < |p(yo)]|, a contradiction. Indeed, by
Chebyshev’s inequality and (4.6) we have

1 ni 1 2an
|f(yo)| = <m) > (m) )

> (2;6)2(1” . (4.8)

31\n2 (1-2a)n
o) * (E) . (4.9)
32

hence

Also, (4.7) implies




By (4.8) and (4.9)

'p(yo)

1 20 31 (1—-2a)\ ™
> N _
(m) @) )

if & > 0 is a sufficiently small absolute constant. This finishes the proof in this case.

Case 3: € € [0,n~/]. The proof of Theorem 2 in this case can be copied almost word
for word.

It is an interesting question whether or not the inequality of Theorem 3 holds for all
p € P5(S:). As our next result shows this is the case at least when e = 1.

Theorem 4. There exists an absolute constants C > 0 such that

1 /
1o s,

< < Cn
C pEPS (S1) HpHsl

Proof. Choose a point zy € S7 such that |p(z0)| = ||p|ls,. Without loss of generality
we may assume that zy € [1, %(1 +z)] A simple calculation shows that there is an
absolute constant r > 0 such that the circle I' with radius r that is tangent to [1,14] at zg
and intersects the boundary of Sy only at a € [—1,4] and b € [—i, 1]. Moreover, if the r > 0
is sufficiently large, then

2 2
|a—i|§£ and |b—1|§6—\/4_.

o (4.10)

If p € P5(S1) has at least an zeros in the disk D with boundary I, then by Lemma we

deduce
an

s, . PGl _|#'(0)]| . am
- o

Iplls, = lplls, — |p(20)
Hence we may assume that p € P (S51) has at most an zeros in D, therefore that p € Py (1)
has at least (1 — a)n zeros in S7 \ D. However, we show that this situation cannot occur

if the absolute constant o > 0 is sufficiently small. Indeed, let p € P5(S1) be of the form
p = fg with (4.5), where

u; € C, i=12....n1, ni<an, (4.11)

and
v; € S1\ D, =12 ...,ny, nge>(1—a)n. (4.12)

Let I be the subinterval of [—1, —i] with endpoint —1 and length v/2/4. Let yo € I be
chosen so that |f(yo)| = || f|l7- We show that |p(z0)| < |p(yo)|, a contradiction. Indeed, by
Chebyshev’s inequality and (4.11) we have

\/5 ni \/5 an
|f(yo)| = (1—6> > (1_6> ;
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hence

' /(o)
f(z0)

()" s

Also, (4.10) and (4.12) imply

n2 n2

(A7) (o)) e
. <%)n2/2 . (%>(1/2—a)n.

CIORE

if a > 0 is a sufficiently small absolute constant.

)g(yo)
9(20)

By (4.13) and (4.14)
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