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1. INTRODUCTION AND NOTATION

Mintz’s beautiful classical theorem character-
izes sequences (A;)52, with

O=XAg < A < A < -+

for which the Mintz space

span{z™0, 2, ...}

is dense in C|0, 1]. Here, and in what follows, the
above span denotes the collection of finite linear
combinations of the functions z*°,z* ... with
real coefficients, and Ca, b] is the space of all real-
valued continuous functions on |a, b] C R equipped
with the uniform norm. Miintz’s Theorem [Bo-

Er3, De-Lo, Go, Mii, Sza| states the following.
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Theorem A (Miintz). Suppose (A\;j)52, is a se-
quence with

D= <A1 < Ag < -+

Then

span{z™° 2™, ...}

is dense in C0,1] if and only if Y32, 1/X\; = oo.

The original Miintz Theorem proved by Mintz
[Mii] in 1914, by Szész [Sz4] in 1916, and antici-
pated by Bernstein [Be| was only for sequences of
exponents tending to infinity. The point O is spe-
cial in the study of Mintz spaces. Even replac-
ing [0,1] by an interval [a,b] C [0,00) in Miintz’s
Theorem is a non-trivial issue. This is, in large
measure, due to Clarkson and Erdés [Cl-Er| and
Schwartz [Sch] whose works include the result that
if Z;x;l 1/X; < oo then every function belonging
to the uniform closure of

span{z™0, 2, ...}

on [a, b] can be extended analytically throughout
the region {z € C\ (—o00,0] : |2| < b}.



There are many variations and generalizations
of Miintz’s Theorem [An, Be, Boa, Bol, Bo2, Bo-
Erl, Bo-Er2, Bo-Er3, Bo-Er4, Bo-Erb5, Bo-Ero6,
Bo-Er7, B-E-Z, Ch, Cl-Er, De-Lo, Er-Jo, Go, Lu-
Ko, Op, Sch, So|]. There are also still many open
problems. In [Bo-Er6] it is shown that the inter-
val [0, 1] in Miintz’s Theorem can be replaced by
an arbitrary compact set A C [0,00) of positive
Lebesgue measure. That is, if A C [0,00) is a
compact set of positive Lebesgue measure, then
span{z?, 2t ...} is dense in C(A) if and only if
Z;il 1/X; = oco. Here C'(A) denotes the space of
all real-valued continous functions on A equipped
with the uniform norm. If A contains an interval
then this follows from the already mentioned re-
sults of Clarkson, Erdds, and Schwartz. However,
their results and methods cannot handle the case
when, for example, A C [0,1] is a a Cantor type
set of positive measure.
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In the case that > 7, 1/A\; < oo, analyticity
properties of the functions belonging to the uni-

form closure of span{z?°,2*1,...} on A are also
established in [Bo-Er6].

In [Bo-Er3, Section 4.2] and in [Bo-Er4] the
following result is proved.

Theorem B (Full Miintz Theorem in C|0, 1]).

Suppose (A;)52; is a sequence of distinct positive
A2

real numbers. Then span{1, M T

in C[0, 1] if and only if

,...} is dense

N Aj = 0.

pt A7+ 1
Moreover, if

N Aj < 00

pt A7+ 1 ’

then every function from the C|0, 1] closure of

span{1, ™, 272, ...}

is infinitely many times differentiable on (0,1).



The new result of this paper is the following.

Theorem 1.1 (Full Clarkson-Erdés-Schwartz

Theorem). Suppose (\j)72, is a sequence of dis-

tinct positive numbers. Then
span{1,z ', 272, ...}
is dense in C10, 1] if and only if

ZAgilzoo‘

g=1

Moreover, if

> <
A§+1 ’

j=1
then every function from the C|0,1] closure of
span{1, ™, 22, ...}
can be represented as an analytic function on
{z€ C\ (—00,0]: |2] < 1}
restricted to (0,1).
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Theorem 1.3 (Full Miintz Theorem in L,(A)
for p € (0,00) and for compact sets A C [0, 1]
with positive lower density at 0). Let A C
0, 1] be a compact set with positive lower density at
0. Let p € (0,00). Suppose (X\;)32; is a sequence
of distinct real numbers greater than —(1/p) .

(a) Then
span{z’, 22, ...}

)

is dense in L,(A) if and only if

i A + 1/p)

3:1 +(1/p))? +1



(b) Moreover, if

f: A+ (/p)

g=1

can be represented as an analytic function on
{z€ C\ (—00,0]: |z| <7ra}
restricted to AN (0,74), where
ra:=sup{y € R:m(AN][y,o0)) > 0}

(m(-) denotes the one-dimensional Lebesgue mea-
sure).
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This corrects, improves, and extends earlier re-
sults of Miintz [Mii|, Szasz [Szd], Clarkson and
Erdos [Cl-Er|, P. Borwein and Erdélyi [Bo-Er3,
Bo-FEr4|, and Operstein [Op].

The notation

If]l4 := sup [f(z)]

€A

is used throughout this paper for real-valued mea-
surable functions f defined on a set A C R The
space of all real-valued continuous functions on a
set A C R equipped with the uniform norm is de-
noted by C'(A). Denote by span{fi, fa,...} the
collection of all finite linear combinations of the
functions fy, fo,... over R.
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2. AUXILIARY RESULTS

The following result is the “bounded Remez-

type inequality for non-dense Mintz spaces” due
to P. Borwein and Erdélyi [Bo-Er6|.

Theorem 2.1. Suppose (%‘)?i1 1S a sequence of
distinct positive numbers satisfying

Zl/fyj < 00.
j=1

Let s > 0. Then there exists a constant c(I',s)
depending only on I" := (v;)52, and s (and not on
o, A, orthe “length” of f) so that

1RQIl0,0] < (', 5) [| Q] 4

for every f € span{l,z7" x72, ...} and for every
set A C |o,1] of Lebesgue measure at least s .

Combining a result of Clarkson and Erdés [Cl-
Er| and its extension given by Schwartz [Sch] we
can state the following
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Theorem 2.2. Suppose (7;)52, is a sequence of
distinct positive numbers satisfying

Zl/fyj < 00.
j=1

Then span{1, 7 z72 ...} is not dense in C|0, 1].
In addition, if the gap condition
inf{7j+1 — 75 - ]: 1,2,} >0

holds, then every function f € C|0,1] belonging to
the C|0,1] closure of

span{1l,z", 272 ...} can be represented as

f(x)zzajx%a xE[Oal)a
j=1

If the gap condition (2.1) does not hold, then every
function f € C|0,1] belonging to the C|0, 1] closure
of span{l,z", x72 ...} can still be represented as
an analytic function on

{z€ C\ (—00,0]: |2] < 1}
restricted to (0,1).
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Now we offer a sufficient condition for a se-
quence (§;)72; of distinct positive numbers con-
verging to 0 to guarantee the non-denseness of

span{z”t, 272, ...} in C0, 1].

Theorem 2.3. Suppose that ()52, is a sequence
of distinct real numbers greater than 0 satisfying

Zﬁj =:n <.
1=1

Then span{z”,x”2,...} is not dense in C[0,1].
In addition, every function in the C0,1] closure

of span{x”t, P2 ...} can be represented as an an-
alytic function on C\ (—o0, 0] restricted to (0,1).

Proof of Theorem 2.3. The theorem is a conse-
quence of D. J. Newman’s Markov-type inequal-
ity [Bo-Er3, Theorem 6.1.1 on page 276] (see also
[Ne]). We state this as Theorems 2.4. Repeated
applications of Theorem 2.4 with the substitution
r = e~ ! imply that
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1Qe™) ™ Nlj0,00) < (9™ 1Q(e™)0,00) -

m=1,2,...,

in particular

(Q(e™)™(0)] < (9)™|Q(e™)l0,00) -

m=1,2,...,

for every Q € span{zP',z"2,...}. By using the
Taylor series expansion of Q(e~?) around 0, we
obtain that

(21) Q)| < (& )|Qllo,y,  z€K,

for every Q € span{z”,x"2, ...} and for every
compact K C C\ {0}, where

©  (9n)™ ( max,c g |log z])

Cl<K777) = Z m'

m=0

= exp (977 max | log z])

is a constant depending only on K and 7.
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Now (2.1) shows that if
Q,, € span{z’, 2”2 ...}

converges in C|0, 1], then it converges uniformly
on every compact K C C\ {0}, and the theorem
is proved. [

The next result is a Markov-type inequality for
Miintz polynomials due to Newman [Bo-Er3, The-
orem 6.1.1 on page 276] (see also [Ne]).

Theorem 2.4. Let 31,32, ... , 3, be distinct non-
negative numbers. Then

12Q" (@) lo,y <9 DB | 1Qllo,1
=1

for every Q € span{zP, 2P ... zPr}.

We will also need the bounded Bernstein-type
inequality below (see |[Bo-Er3, page 178]).
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Theorem 2.5. Suppose I' := (v;)52; is a se-

quence of distinct nonnegative numbers satisfying
2;11 1/v; < oo. Then

Q']

0,2] < ¢z, D)[|Ql 0,1

for every Q € span{l,x" 272, ...} and for every
x € [0,1), where c¢(x,T") depends only on x and T").

The following simple fact will also be needed.

Lemma 2.6. Let U C C|0,1] be a cosed linear
subspace of C[0,1] and let V' C C[0,1] be a fi-
nite dimensional (hence closed) linear subspace of
C[0,1]. Then U +V is closed.
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4. PROOF OF THEOREMS 1.1

Proof of Theorem 1.1. The first part of the the-
orem is contained in Theorem B, so we need to
prove only the second part. Suppose (A;)72; is a

sequence of distinct positive numbers satisfying

>y <o
A7+ 1 '

g=1

Then there are positive numbers 7, 3;, v;, and 9,
such that

N:j=1,2,...}=
(Bi:j=1,2,.. U{vy;:5=1,2,...}U
U{(Sjljzl,Q,... ,k},

where
Zﬁjéna Zl/’}/j<00,
j=1 j=1
and with T" := ()52, we have
36
c(I',1/2) < —
Ui

(c(T",1/2) is defined in Theorem 2.1).
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Let
Hg = span{z” 22, ...},
H., :=span{l,z" 27, ...},
and
Hjs := span{z®,z%, ... 2%} .

Every () € Hg+H,, can be written as () = Q)g+Q)~
with some ()3 € Hg and )5 € H,,. First we show
that there are constans C'gz and C., depending only
on Hg and H., respectively, so that

(3.1) 1@sll10,11 < Cs|Qlj0,1]
and
(3.2) 1@~ 10,11 £ CA Q10,11

for every ) € Hg + H.. Suppose to the conrary
that, say the first inequality fails. Then there are
Mintz polynomials Qg ., € Hg and @, € H, so
that

(3:3)  Qpnllpy =1, 1Qv.nlljo,1] =1,
and
(3.4) nh_{folo HQﬁ,n + Qv |[0,1] =0.
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Then by Theorem 2.4 {Qg, : n = 1,2,...}
is a family of bounded, equi-continuous functions
on [1/3,1], while {Q~.,, : n =1,2,...} is a family
of bounded, equi-continuous functions on [0,2/3].
So by the Arzela-Ascoli Theorem there are a sub-
sequence of (Qg.,) (without loss of generality we
may assume that this is (Qg,,) itself) and a sub-
sequence of (Q~.,) (without loss of generality we
may assume that this is (@) itself) so that

(3.5) Jim {|Qp.n = flljn/z =0
and
(3.6) lim {|Q~,n = 9glljo,2/3 = 0

with some continuous functions f and g on [1, 3, 1]
and [0, 2/3], respectively. By (3.4), (3.5), and (3.6)
we have f = —g on [1/3,2/3], so the function

f)  wel1/31]
(3.7) h(z) = { —g(x) z € [0,2/3]

is well-defined. By (3.4) — (3.7) we can deduce
that
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(3.8) Tim |[@p,n — Al =0
and
(3.9) Tim |[Qy,n = Ao =0

Using (3.3), (3.8), Theorem 2.4, and

Zﬁj <
j=1

we can deduce that
h(x) — h(1) < 18n, x € [1/2,1].

Note that (3.1) implies ||h||jp,1) = 1, and obviously
h(0) = 0. Now observe that the function h — h(1)
is in the uniform closure of

H., =span{l,z™, 272, ...},
hence Theorem 2.1 implies
[ = A1) o1y < eI, 1/2) [ = A(D)[12.1) <
<c(l,1/2)18n < 1/2.
This contradicts the facts that
h(0) =0 and A

[0,1] — ]. .



20

Hence the proof of (3.1) is finished. The proof
of (3.2) goes in the same way, so we omit it.

Let H denote the uniform closure of a subspace
H C C]0,1]. We want to prove that

H5+H7+H5C.A,

where A C C0, 1] denotes the collection of func-
tions f € C'|0,1], which can be represented as an
analytic function on

{z€ C\ (—00,0]: |2z| < 1}

restricted to (0,1). Since Hy is finite dimensional,
Theorem 2.6 implies that

Hﬁ—i—H,Y—l—Hg CH5—|—H7—|—H5.
so it is sufficient to prove that
(3.10) H5+ny cA
However, (3.1) and (3.2) imply that
Hg + H, CH5+H7,

where Hg C A by Theorem 2.3 and H., C A by
Theorem 2.2. Hence (3.10) holds, indeed, and the
proof of the theorem is finished. [




