ON THE STRUCTURE OF ASYMPTOTIC /, SPACES

E. ODELL, TH. SCHLUMPRECHT AND A. ZSAK

ABSTRACT. We prove that if X is a separable, reflexive space which
is asymptotic ¢, for some 1 < p < oo, then X embeds into a reflexive
space Z having an asymptotic ¢, finite-dimensional decomposition. This
result leads to an intrinsic characterization of subspaces of spaces with an
asymptotic £, FDD. More general results of this type are also obtained.
As a consequence we prove the existence of universal spaces for certain
classes of separable, reflexive, asymptotic ¢, spaces.

1. INTRODUCTION

Let X be a separable Banach space with a finite-dimensional decomposi-
tion (FDD), (Ey). Let 1 < p < oco. X is asymptotic £, with respect to (Ey)
[10] if there exists C' < oo so that for all n and all block sequences (x;)!" 4

o(3 )" < | e

(if p = oo we use the co-norm max ||z;]|).

A coordinate-free version of this notion is as follows [9]. Let X be an
arbitrary Banach space, and let cof (X) denote the set of all closed subspaces
of X having finite codimension. We say X is asymptotic £, if there exists
C < oo so that

(1) VneN 3Y; € cof(X) Yy, € Sy, (unit sphere of Y1)
3Y; € cof (X) Yya € Sy,

<o(X )
i=1

3Y,, € cof(X) Yy, € Sy,

(i)i=1 is C-equivalent to the unit vector basis of /.

We prove (Corollary 4.9) that if X is separable, reflexive and asymptotic
¢,, then there exists a reflexive space Z with an FDD (E,) so that Z is
asymptotic £, with respect to (E,) and X embeds isomorphically into Z.
This is deduced from a more general result (Corollary 4.8) which considers
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separable, reflexive spaces X that satisfy the following for some 1 < g < p <
oo and C' < oo.

(2)

Vn e N 3Y] € cof(X) Yy, € Sy,
3Y; € cof (X) Yya € Sy,

éYn € cof(X) Yy, € Sy,
%(i \ai’p>1/p < H zn:aiyi
i=1 i=1

We characterize such spaces as those that embed into reflexive spaces Z with
an FDD (E;) satisfying asymptotic (£p,{,)-estimates. This means that for
some C' < oo, for all n € N and all block sequences (z;)7_; of (£;)2

LS tall)” <[ o] < (X ealir) ™.
=1 i=1 =1

We also show that this is equivalent to X being a quotient of such a space
Z.

To accomplish that we develop a more general machinery concerning as-
ymptotic U-upper and V-lower estimates, where U and V are certain spaces
with subsymmetric bases. Theorem 4.7 is concerned with this general set-
ting, and Corollary 4.8 will then be obtained as a special case.

In an earlier paper [11] analogous results were obtained characterizing
when a reflexive space embeds into ( D2 E,) 0 the £,-sum of some se-

< C(i \ai\q) a whenever (a;)i; CR .

quence E = (E;) of finite-dimensional spaces. In this paper the role of
(@;’21 EZ) 0 is played by a space Zy (E), where V is a space with an uncon-
ditional basis, especially a convexified Tsirelson space. Section 2 contains
the precise definition of Zy (E) and some structural results about it. In sec-
tion 3 we present several embedding theorems (Theorem 3.1, Corollary 3.2
and Theorem 3.4) which characterize when a reflexive space embeds into
some Zy (E) and is a quotient of some Yy (F). Section 4 contains our main
results. The authors thank Haskell Rosenthal for valuable remarks.

Before proceeding we first introduce some definitions and notation.

Let Z be a Banach space with an FDD E = (E,). For n € N we denote
the n-th coordinate projection by PF ie. PP :Z — E,, > z + z,. For
finite A C N we put P¥ = >, 4 PF. The projection constant of (E,) (in
Z) is defined by

K = K(B,2) = sup [P},
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Recall that K is always finite and, as in the case of bases, we call (E,)
bimonotone (in Z) if K = 1. By passing to the equivalent norm

I-1:2—R, =z sup |PE (),
m<

we can always renorm Z so that K = 1.
For a sequence (E;) of finite-dimensional spaces we define the vector space

coo (B2 ) = {(2i) : z € E; for i € N, and {i € N : 2; # 0} is finite},

which is dense in each Banach space for which (E;) is an FDD. For A ¢ N we
denote by @;c 4 E; the linear subspace of coo (D FE;) generated by the elements
of J;ca Ei- As usual we denote the vector space of sequences in R which
are eventually zero by cgp and its unit vector basis by (e;). We sometimes
will consider for the same sequence (E;) of finite-dimensional spaces different
norms on coo(@E;). In order to avoid confusion we will therefore often index
the norm by the Banach space whose norm we are using, i.e. || - ||z denotes
the norm of the Banach space Z.

If Z has an FDD (E;), the vector space coo(B52,E;), where Ef is the
dual space of E; for each ¢ € N, can be identified in a natural way with a
w*-dense subspace of Z*. Note however that the embedding E — Z* is, in
general, not isometric unless K = 1. We will always consider E; with the
norm it inherits from Z* instead of the norm it has as the dual space of E;.
We denote the norm closure of coo(®$2, Ef) in Z* by Z*). Note that Z)
is w*-dense in Z*, the unit ball B,(.) norms Z, and (E}) is an FDD of AY
having a projection constant not exceeding K(FE,Z). If K(E,Z) = 1 then
B, (. is 1-norming for Z and Z®E) = 7.

For z € coo(DE;) we define the E-support of z by

suppp(z) = {i € N: PP(z) # 0}.

A sequence (z;) (finite or infinite) of non-zero vectors in coo(®E;) is called
a block sequence of (E;) if

max suppg(2z,) < minsuppg(2zn+1) whenever n € N (or n <length(z;)),
and it is called a skipped block sequence of (F;) if
max suppg(z,) < minsuppg(zn+1)—1 whenever n € N (or n <length(z;)).

Let § = (6,) C (0,1) with 6, | 0. A (finite or infinite) sequence (z;) C Sz =
{2 € Z: ||z|| = 1} is called a 0-block sequence of (E,) or a 0-skipped block
sequence of (Ey) if there are k1 < k2 < ... in N so that (kg = 1)

llzn — P[En,l,kn)(zn)” < Op, Or ||z, — P(%'n—l,kn)(zn)” < 0p, respectively,

for all n € N (or n <length(z;)). Of course one could generalize the notion
of §- block and d-skipped block sequences to more general sequences, but
we prefer to introduce this notion only for normalized sequences.
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Remark. If (F}) is a blocking of (E;) and if (z;) is a 5-skipped block sequence
of (F;), then (z;) is not necessarily a 6-skipped block sequence of (E;) (since
in the definition of skipped block sequence we skip exactly one coordinate).
Nevertheless it is clear that (x;) is a 2K 6-skipped block sequence of (E;),
where K is the projection constant of (E;) in Z.

A sequence of finite-dimensional spaces (G,,) is called a blocking of (Ey,)
if there are 0 = kg < k1 < k9 < ... in N so that G,, = @f;k FE; for
n=12....

n71+1

Definition. For two normalized basic sequences (e;) and (f;) we say that
(fi) C-dominates (e;) or that (e;) is C-dominated by (f;), where C > 1, if

for all (a;) € coo
Hzaiei < CHZ ai fi

We say that (f;) dominates (e;) or that (e;) is dominated by (f;) if, for some
C > 1, (f;) C-dominates (e;).

Let V' be a Banach space with a 1-unconditional and normalized basis (v;)
and let 1 < C < oo. We say that an FDD (E,,) of a Banach space Z satisfies
C-V-lower estimates (in Z) if all normalized block sequences of (E,) in Z
C-dominate (v;), and (E,) satisfies C-V-upper estimates (in Z) if (v;) C-
dominates all normalized block sequences of (E;) in Z. If U is another space
with a normalized and 1-unconditional basis (u;), we say that (E,) satisfies
C-(V,U)-estimates (in Z) if it satisfies C-V -lower estimates and C-U -upper
estimates.

We say that (E,,) satisfies V-lower estimates (in Z), U-upper estimates (in
Z) or (V,U)-estimates (in Z) if there is a constant C' so that (Ey,) satisfies C-
V-lower estimates (in Z ), C-U-upper estimates (in Z) or C-(V,U)-estimates
(in Z ), respectively.

Remark. It is easy to show that if every normalized block sequence of (E;)
in Z dominates (v;), then (E;) satisfies V-lower estimates in Z. A similar
remark holds for U-upper estimates.

We define for £ € N

Ty = {(’I’Ll,’I’LQ,...,’I’Lg) iny <ng <...<nyarein N}
and
(o]
T = | JT0.
=1
If a = (my1,ma,...,my) € Ty, we call £ the length of a and denote it by |a],
and 8 = (n1,n9,...,n) € Te is called an extension of a, or « is called a

restriction of B, if kK > ¢ and n; = m; for i = 1,2,...,/. We then write
a < ( and with this order (T, <) is a tree.

A set S C Ty is called well-founded if it is closed under taking restrictions
and if it does not contain any infinite chain with respect to <. Note that this
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means that the set max(S) of maximal elements of S is not empty (provided
S #0) and that

S = {(nl,ng,...,nk) > kIng <ngy1 < ...<ng (n1,...,np) EmaX(S)}.

In this work trees in a Banach space X are families in X indexed by T4,
and thus they are countable infinitely branching trees of countably infinite
length. In Section 4 we will consider families in X indexed by U§:1 T; for
some £ € N, and we refer to them as trees of length £.

We introduce the following notation only for trees of infinite length, but
note that they can be similarly defined for trees of finite length.

For a tree (z4)aer,, in a Banach space X, and o« = (ny,ng9,...,np) €
T U {0} we call the sequences of the form (z(q,n))n>n, nodes of (Ta)aeTs -
The sequences (y,,) with y; = T(ny na,...,n;) f0r @ € N and for some strictly in-
creasing sequence (n;) C N are called branches of (z4)aer,, . Thus branches
of a tree (z4)aer,, are sequences of the form (z,, ), where (o) is an in-
creasing (with respect to extension) sequence in Tn, with |a,| = n for all
n € N.

If (Zo)acer,, is a tree in X and if 77 C Ty is closed under taking restric-
tions so that for each @ € 7" U {0} infinitely many direct successors of «
are also in 7", then we call (z4)aer a full subtree of (x4)act,,. Note that
(Za)aer could then be relabeled to a family indexed by T, and note that
the branches of (z4)ac7 are branches of (z4)acr,, and that the nodes of
(Za)aecr are subsequences of certain nodes of (z4)aer.. -

We call a tree (zq4)act,, in a Banach space X normalized if ||zo|| = 1 for
all « € T, and weakly null if every node is weakly null. If (z4)aer,, is a
tree in a Banach space Z which has an FDD (E,), then we call it a block
tree of (E,) if every node is a block sequence of (E,).

We shall need a coordinate-free version of lower and upper estimates.

Definition. Let V' be a Banach space with a 1-unconditional and normalized
basis (v;) and let 1 < C < oco. We say that a Banach space X satisfies C-
V-lower tree estimates if every normalized weakly null tree (xq)act,, n X
has a branch (y;) which C-dominates the basis (v;). Of course we defined
domination for basic sequences only but since every normalized, weakly null
tree in X admits a full subtree with all branches 2-basic, say, this does not
constitute a problem.

We say that X satisfies C-V-upper tree estimates if every normalized
weakly null tree (zq)aet,, in X has a branch (y;) which is C-dominated by
('Ui).

If U is a second space with a 1-unconditional and normalized basis (u;),
we say that X satisfies C-(V, U)-tree estimates if it satisfies C-V -lower and
C-U-upper tree estimates.

We say that X satisfies V-lower tree, U-upper tree or (V,U)-tree esti-
mates if for some 1 < C < oo X satisfies C-V-lower tree, C-U-upper tree
or C-(V,U)-tree estimates, respectively.
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Proposition 1.1. Let U and V' be Banach spaces with normalized, 1-unconditional
bases (u;) and (v;), respectively. For an infinite subset N C N we let UN)
and VIN) be the closed subspaces spanned by (u;)ien and (v;)ien, Tespec-
tively.

If C > 1 and a Banach space X satisfies C-(V,U)-tree estimates, then it
also satisfies C-(VIN) UWN)) tree estimates (with respect to the 1-unconditional
bases (v;)ien and (u;)ien) for any infinite N.

Proof. Let ny < my < ng < ... be such that N = {ny,ng,...}, and let
(a)acT,, be a normalized, weakly null tree in X. Let (z,) be any weakly
null sequence in Sx (e.g. the top node of (x4 )aer.,)-

We now consider the following tree (Z,)aer,, Which, up to finitely many
elements of each node, is an expansion of (4 )aer,,: for a = (k1,ka,..., ky) €
Too we define

- {x(knl,knz,...,kni) if £ = n; for some 7 € N

T if 0 e N\ N.

Our claim now follows from the fact that (Z4)aer,, is also a normalized,
weakly null tree and that for any branch (y;) of (Z4)aer,, the subsequence
(yn,) is a branch of (x4 )aeT,, - O

In the definition of U-upper and V-lower tree estimates it is actually not
necessary to assume that C' exists uniformly for all trees as the following
proposition shows.

Proposition 1.2. Let U and V' be Banach spaces with normalized, 1-unconditional
bases (u;) and (v;). Assume that X is a Banach space with the property that
every normalized, weakly null tree in X has a branch which dominates (v;)

and a branch which is dominated by (u;). Then X satisfies (V,U)-tree esti-
mates.

Proof. Assume that X has the property that for any C' > 1 there is a weakly
null tree in Sy so that every branch does not C-dominate (v;) (the argument
for U is similar). We will choose a tree (z4)aer,, Which has the property
that each branch of (z,)qer,, does not dominate (v;).

By induction we will choose for every m € N a well-founded subset .S, C

T and a family (x,(;”))aesm in Sx so that

a) Sm—1 C Sm (with Sy = 00), and max(S,,—1) N max(S,,) = 0;

b) for any a = (ny,...,ng) € Sy, U {0} either « is maximal in S, or
Sy, contains all the direct successors (a,n), n > ny (put £ =ny =0
if a =0), of a;

c) (:rg;rf)n))n>w is a weakly null sequence for « = (ny,...,n0) € Sp \
max(Sy,);

d) if « = (n1,...,n¢) € max(Sy,) and k € {1,...,¢} is such that
(n1,...,ng) € max(Sy,—1) (K = 0 if m = 1), then the segment
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(yi)f:kﬂ, where y; = £ fori=k+1,k+2,...,¢, does not

(n1,n2,...,n4)
m-dominate (v;)f_,, 41
Once we have finished the construction of S, and (a:((xm))aegm we deduce
from (a) and (b) that (J,,cny Sm = Too- For a € T let x4 = 2™ with
m = m(a) = min{m’ : « € S,y}. Let (y,) be a branch of (z4)aer.., Say
Yn = Tq, for n € N and for some increasing (with respect to extension)
sequence (ay,) C T, with |ay| = n for n € N. For m € N let £, = max{¢ :

ay € Sy} and deduce from (d) that (yi)f:zm,lﬂ = (:z;&?’)fggmflﬂ does not
m-dominate (/Ui)fzgm—l +1- Thus (y,) does not dominate (vy,).
Assume we have chosen S,,—; and (a:gn_l))Olesmf1 for some m. For any

a € max(Sp,—1) we can choose a normalized weakly null tree (z(a))geToo

(if m = 1, and thus S,,—; = 0, we choose one tree (z3)ger,.) so that no

(a))

branch 3(|a| + m)-dominates (v;). Since (z
after passing to an appropriate full subtree, assume that every branch of

BeTs is weakly null we can,

(z(a)) BeTs is a basic sequence with projection constant less than 3.
For B = (nq,n9,...,np) € Ty \ Sm—1 we define a(8) to be the maximal
restriction of B which lies in S,,,—1 and let y.(ﬁ) = z((zl(@i i) fori=1,...,¢.

Define
S = Su-1U{8 € T\ Sucr = (1)1 3(1a(8)] 4+ m)-dominates (v)} 7'}

S is well-founded, otherwise for some o € max(S,,—1) some branch of
(z(a))ﬁeToo would 3(|a| + m)-dominate (v;). Since for any 8 € Too \ Sm—1
the sequence (yi(ﬁ))ﬁ(lﬁ)‘ 3| ()|-dominates (vi)l.i(lﬁ)l (a) holds.

If € Sy \ Sm—1 is not maximal in S,,, then (yi(ﬁ))iﬁzl1 3(la(B)] + m)-

dominates (vz)li‘l It follows that any direct successor of § is in .S,,, which

implies condition (b). Finally we put for v € S,

:Egm_l) if v € Sn-1
2m) —

z“(/a(w) if Y ¢ Sm—l-

Condition (c) is satisfied and, for 5 € max(S,,) C Too\Sm—1, if (y(ﬁ))w

i Ji=la(f)|+1
m-dominates (Ui)Lﬁ:‘\a(,B)\+1’ then (yi(ﬁ))gl 3(Ja(B)| + m)-dominates (vi)@l,
which is not true. Thus (d) holds. O

The following Proposition generalizes a result of Prus [14].

Proposition 1.3. Assume that Z has an FDD (E;), and let V be a space
with a normalized and 1-unconditional basis (v;).
The following statements are equivalent:

a) (E;) satisfies V -lower estimates in Z,
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b) (E}) satisfies V) -upper estimates in Z*).

(Here V) _upper estimates are with respect to (v}), the sequence of biorthog-
onal functionals to (v;)).

Moreover, if (E;) is bimonotone in Z, then the equivalence holds true if
one replaces, for some C > 1, V-lower estimates by C-V -lower estimates in
(a) and V™) -upper estimates by C-V*) -upper estimates in (b).

Remark. By duality Proposition 1.8 holds if we interchange the words lower
and upper in (a) and (b).

Proof. W.lo.g. we assume that F = (E;) is bimonotone in Z.
“(a)=(b)” Assume that (E;) satisfies C-V-lower estimates in Z, and let
(2F)i_; be a block sequence of E* = (E).

For an appropriate z € Sz with suppg(z) C [minsuppg-(2]), max suppg-(2;)]
we have (putting maxsuppg-(23) = 0)

l V4
[, -3

1
E
= Z Z;( (P(maxsuppE* (zf_,),max supp g (z:‘)}(z))
i=1
l
E
< Z ||z;k|| ’ HP(maxsuppE*(z;‘il),maxsuppE*(z;‘)}(z)H
1=1

1
<[ nt- v
i=1

)4
<O|> 1l v
1=1

A
E
oo HZ [P max supp s (1 y);masx suppgs (7] (2) 102

1=

\%4

V4
E
ol 12 1P supp e ) s supp e (2] (2) 12
=1

«(2F (2 (2)
< where z; = (max suppp+ (=i, ) maxsupp s (2])] fori=1,...,¢ with 8 =

2
0)

(max supp g+ (2;_; ), max supp g= (z})] (Z) ”

)4 l
X N 1 R NN ETEYel i B
i=1 =1

This implies (b).

“(b)=(a)” Assume that (FE}) satisfies C-V*)-upper estimates in Z*), and
let (2;){_, be a block sequence of (E;). Choose Zle a;vj € Sy () so that

¢ l l ¢
S aillzill = (3 awr) (3 laillr) = |3 =il
=1 =1 i=1 i=1

v

V’
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and choose, for i =1,2,...,¢, a vector zf €S, with 2/ (z;) = ||z and
suppg-«(z;) C [minsuppg(z; ), max suppg(z;)].

((E;) is assumed to be bimonotone in Z.) Let z* = Zle a;z}. It follows
from our assumption (b) that ||z*|| < C, and thus that

l 1 l 1 Y 1 )
H; zi|| = 6;,2*(7:@) = Egaznzlﬂ = 6”; l| il vi

which implies (a). O

v?

Proposition 1.4. Assume that U is a space with a normalized, 1-unconditional
basis (u;) and that X is a reflexive space which satisfies C-U-upper tree es-
timates for some C' > 1.

Then, for any € > 0, X* satisfies (2C + 6)-U(*)-lower tree estimates.

Remark. One might ask, whether or not the converse of Proposition 1.4
s true, i.e., similar to the FDD case, whether X satisfies U-upper tree
estimates if X* satisfies U™ -lower tree estimates.

The answer is affirmative under certain conditions on U, but we do not
give a direct proof for that fact. Once we have shown that, under appropriate
conditions, a separable, reflexive space X which satisfies U-lower tree esti-
mates is both a subspace and a quotient of spaces having an FDD satisfying
U-lower estimates, this result will follow easily (see Corollary 3.3 in Section

3).

Proof. Let n > 0 and let (z}) be a normalized, weakly null sequence in X*.
¥ ) and a normalized, weakly null sequence

Then there is a subsequence (z}
for n € N. Indeed, for each ¢ € N choose

in
(yn) in X so that z} (yn.) > zin
x; € Sx with x}(z;) = 1, take a subsequence (z;,) so that x = w-lim,, o 2,

exists, and then for an appropriately large ng and for each n € N let

a;jn+n0 — T

Yn =7 ——
[Ea——l
and i, = Jp4n,-

Now let (z})aer,, be a normalized, weakly null tree in X*. By replacing
certain nodes by subsequences, using the previous observation, we can pass
to a full subtree (Z})q,er,, for which there is a normalized, weakly null tree
(Ya)aeT,, With Z%(ya) > ﬁ for all o € T,,. Secondly, we may assume,
again after passing to full subtrees, that |77 (ys)| < 277 "n and |7}(ya)| <
277"y whenever «, 3 € Too, || = m < |B] = n and 3 is an extension of «.

By our assumption we can extract a branch (z,) from (y,)aer,, Which is
C-dominated by (u;). Let (z;) be the corresponding branch of (Z})aer..,
and let (a;) € cgp. Choose (b;) € cop with || > bl = 1 and > a;b; =
O aiu) (0 biug) = || X° aqul]]. It follows that || > biz|| < C, and thus that
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(note that aib- >0 for i € N)

|3zt Zaz (b)) 2 5 S abier () — 5 3 byl 125 (2)

2#)

02 g Zal i max|a2b n,
which implies our claim if we choose n > 0 small enough. U

The following connection between lower and upper tree estimates and
lower and upper estimates for spaces with FDDs will be shown with tech-
niques developed in [11] and [7].

Proposition 1.5. Assume that V is a Banach space with a normalized and
1-unconditional basis (v;), and let Z be a reflexive space with an FDD (FE;).

If Z satisfies V-upper or -lower tree estimates, then (E;) can be blocked
into an FDD (F;) which satisfies V-upper or -lower estimates in Z.

For the proof of Proposition 1.5 we will need to recall some notation and
a proposition from [11] and [12].

Definition. If A C 5%, the set of all normalized sequences in X, and e > 0,
we set

Az = {(zn) € S5 ¢ there exists (yn) € A with ||z, — ynl| < for allm} .

A, denotes the closure of A, w.r.t. the product topology of the discrete
topology on Sx.

The next result follows from Proposition 2.4 in [12] (which is a restatement
of a part of Theorem 3.3 in [11]) and Proposition 2.5 in [12]. In this section
we will only use it for the (much simpler) case X = Z. In section 3 we will
use it in its full generality.

Proposition 1.6. Let X be a Banach space which is a subspace of a reflexive
space Z with an FDD (E;). Let A C S%. Then the following are equivalent.

a) For all e > 0 every normalized, weakly null tree in X has a branch
in A..

b) For all e > 0 there exists a blocking (F;) of (E;) and § = (6;), 8; | 0,
so that if (z,) C Sx is a d-skipped block sequence of (F;) in Z, then
() € A..

of Proposition 1.5. If Z satisfies V-upper tree estimates, then Z* satisfies,
by Proposition 1.4, V) lower tree estimates, and if we can block (EY) into
an FDD (H;) which satisfies V() lower estimates in Z*, then, by Propo-
sition 1.3 and the remark following it, (H;) satisfies V-upper estimates in
Z.

Therefore we need to prove the Proposition only for the case that Z
satisfies V-lower tree estimates.
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Let K be the projection constant of (E;) in Z, and choose C' > 1 such that
the space Z satisfies C-V-lower tree estimates. Applying the implication
“(a)=-(b)” of Proposition 1.6 to X = Z,

A= {(zl) € 5% : (z;) C-dominates (vl)}
and to an € > 0 small enough so that
A C {(zz) € 5% : (%) 2C-dominates (v,)} )

we obtain a blocking (F)) of (E;) and a sequence § = (07), oL | 0, so
that every Sl-skipped block sequence of (F;) in Z 2C-dominates (v;). By
the remark following the definition of a é-skipped block sequence we may
assume, after replacing 5 by %3, if necessary, that in fact every Sl—skipped
block sequence of any subsequent blocking of (F;) in Z 2C-dominates (v;).

By Proposition 1.1 Z also satisfies C-[v;41]52,-lower tree estimates. Hence
we can repeat the above argument to obtain a further blocking G = (G;)
of (F;) and a sequence 0 = (&;), §; | 0 and &; < & for all 4, so that ev-
ery 6-skipped block sequence of (G;) in Z 2C-dominates (v;) and (vii1).
W.Lo.g. we can assume that » .°,d; < W Using a result in [4] (see
also [7], Lemma 4.2) we can block (G;) into H = (H;), say H; = @jyziNi,1+lGj
for i € N, where 0 = Ny < Ny < Ny < ..., so that for any z € Sy,
z = ZJO’;I x; with ; € G for j € N, and for every i € N there is a
t; € (Ni—laNi) so that

I1PS ()| = lle, || < 67

Assume now that (z,,) is a normalized block sequence of (H;) in Z. We will
1

show that
H 2| > g

For i € N let k; € N such that z; € @?;kiilJrlHj (ko = 0) and choose some

t; € (Ng;—1,Ny,) for which ||PC(z)|| < 62. For i € N write z; = g; + h;,
where

> =1.

whenever H E a;v;

9i = P[S;vki71+1,ti}(2i) and h; = P(%Nki}(zi)’
and let
B= {1 € N: ||la;ihi + air19i+1]] > 51’}'
We define for i € N
aih; + aiy19i+1
laihi + ait19i+1]|

W;

(0/0 =0) and

P =

||a2-hi + ai+1gi+1|| ifieB
0 ifi ¢ B.
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For i € N we put w; = w; if i € B and we let w; be some normalized element

in Gy, if i € N\ B. Note that (w;) is a J-skipped block sequence of (G;),
and we deduce that

H > aiz ‘ = H > aigi + aih

o
argr + Y llaihi + ait1gi || w;
i=1

1
> ‘ a191 + Z ||CllhZ + ai+lgi+1||wi _ W
1€B
1
> = [laalllon + quam Faglu]] - =t

- B K[

] B 32C}K2

1
+ H ZO‘“’”I‘H T 320K?
€N

o aillorl + | > ot

<o |l + H > o
€N

Y

1
= 30K [|a1|\|g1|| + H Z laihi + aiv1giv1l|vi
i€N
T llaih; + aiv1givillviea||| — %
; 16CK
1€N
> % —!allllng + laih;||vi|| + lais1gislvis ||| — %
SORTE - : 16CK
ieN ieEN
> 1 h 1
> gogell st + il | - g5
1 1
B 8CK2 ‘Zalvl 160K2 - 16OK27

which finishes the proof of our claim. U

2. THE SPACE Zy(E)

Let Z be a space with an FDD E = (E;), and let V' be a space with a 1-
unconditional and normalized basis (v;). The space Zy = Zy (F) is defined
to be the completion of coo(HLE;) with respect to the following norm || - ||z, .

k

B

lelzy = max | SOIPE @z, for e cn(@E.
0=no<ni<ne<..<np J=1

Note that (F;) is a monotone FDD in Zy, which implies that the projection

constant of (E;) in Zy is at most 2. (E;) is bimonotone in Zy if it is

bimonotone in Z, and if Z and Z’ are isomorphic and E' = (E}) is the
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image of E under an isomorphism, then Z{,(E’) and Zy (F) are naturally
isomorphic.

Lemma 2.1. Assume that V is a Banach space with a normalized and 1-
unconditional basis (v;) and that (viy1) C-dominates (v;) for some C > 1.
Let Z be a space with an FDD E = (Ej;).

Then every normalized block sequence (z,) of (E;) in Zy(E) has a sub-
sequence (z;,) for which there is a normalized block sequence (by,) in V so
that for some d > 0

(3) H; a;z; Zv Z dH; ainbn

In particular (z;,,) dominates (by,) (choose a; =0 if i & {iy,ia,...}).

y whenever (a;) € coo.

Proof. We assume without loss of generality that (F;) is bimonotone in Z.
Let (z;) be a normalized block sequence of (E;) in Zy. We will choose a
subsequence (z;;)32; together with g9 > 0 and increasing sequences (m;)52,
and (ny)2, in N so that for all j € N

(4) N, = Maxsuppp(2;), and

(5) szmﬁﬁl ”P(gsﬂ,ns}(zij)uz - Vg ; > gg (where mg = ng = 0).

Then (3) follows immediately with b; = b;/||b;|| and
m;

b= >, IPE .Gz vs  forjeN.

S:mj,1+1

Indeed, if (a;) € coo and z = > a;z;, then

[e%e) m;
lelze = |3 0 PG @z

]:1 S:mj,1+1

) m;
> > dayl IPE )z v

jZl Szmj',l-i-l

v

|4

(using bimonotonicity)

[,z e,
We can, for each i € N, choose positive integers k(i) and 0 = ng(i) <
n1(i) < ... < ny)(7) = maxsuppg(2;) so that
k(i)
_ E ) oy _
(6) lzillzy = Hzl IPE, a2 | = 1.

j=

We can assume that we are in one of the following three cases:
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Case 1: ||z, ||z > eo for all n € N, some £y > 0 and some subsequence (z;, )
of (ZZ)

Case 2: HZijsuppE(zi") HPJE(zin)HZ . ijV > ¢gq for all n € N, some g5 > 0
and some subsequence (z;, ) of (z;).

Case 3: lim;_. ||zi]|z = 0 and

max suppg (2i)

E&H > PGz ijV = 0.
=1

Indeed, if all subsequences (z;,) fail Cases 1 and 2, then Case 3 holds.

In Case 1 we choose nj = maxsupp(z;;), m; = j, and in case 2 we choose
nj = j, m; = maxsupp(z;;) for each j € N. In case 3 we will choose by
induction 7;, m; and Nmj_1+1 < Mmy_q42 < oo < Ny, J € N, so that
(j), (m;) and (ns) are increasing and so that (4) and (5) are satisfied with
go=1/2 for all j € N.

For j =1 we choose i1 = 1, m; = k(1) and ng = ng(1) fors = 1,2,...,m;.
Assume we have chosen i1 < ip < ... < 1ij_1, m1 <mg < ... < m;_1 and
ny <...<mnm,_,. By the first condition of Case 3 we can choose 7’ > 11
large enough so that for all ¢ > ¢’ there is a /(i) € (m;_1, k(i)) with (we are
using that max,<y HP(%S,l(i),ns(i)](zi)HZ — 0as i — o0)

k' (4)

@) 1/3 < HZ 1P, iyt ()l 2 - 05 L <12,
s=1
and thus, by (6),
k(i)
E
®) H _g(:)ﬂ 1P (i) s ) (2] 2 - Vs L 1/2.

Since by our assumption (vs,+s)52; C*°-dominates (vs)32, for all sp € N, it
follows, using the second condition in Case 3, that n(; (i) — k(i) — oo as
i — 00. Indeed, assuming this is not true, we can choose an infinite subset
N C N so that for some M > 0 we have ny(; (i) —k'(i) = M foralli € N. Tt
follows that for each i € N at most M of the intervals (ns—1(7),ns(7)] in (7)
has length exceeding 1 and that the sum of the lengths of these intervals is
at most 2, and hence their contribution to the norm in (7) converges to 0
as i — 0o. Thus by a further stabilization, replacing N by an infinite subset
of N if necessary, we may assume that for some sy < M and for all i € N
there is an interval J; C {1,2,...,k'(i)} such that

1

P.E i . H >
| 1efateits o, 2 g
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and thus, by our assumption on (v;), for some dyp > 0

max supp(z;)
| > IPFGIz || = | Yo IR )z - vyrso | = b0,
Jj=1 Jj€J;i
which contradicts the second assumption of Case 3.

Therefore we can choose i; = i > i’ large enough so that n; (i) —
K'(i) > nm,;_,. Then set m; = k(i) and ng, = ny(i) for &'(i) < s <
k(i), choose npm; ;11 < Mm;_;12 < ... < My(;)—1 arbitrarily from the set
(nmjfl,nk/(i) (i), and deduce our claim from (8). O

Corollary 2.2. Assume that (v;) is a normalized, boundedly complete and
1-unconditional basis of a Banach space V' so that (viy+1) dominates (v;),
and let Z be a space with an FDD E = (Ej).

Then (E;) is a boundedly complete FDD for Zy (E).

Proof. Let (z,) be a normalized block sequence of (E;) in Zy. Choose a
subsequence (z;,) of (z,) and a normalized block sequence (b,) in V so
that (3) of Lemma 2.1 is satisfied for some d > 0. Then it follows from the
assumption that (v;) is boundedly complete that if (a;) C [e,00) for some
€ > 0, then

in n
H E ajsz de E ai‘ij — 00 as n — oo.
J
° Zy - \%
J=1 J=1

Since (z;) was an arbitrary normalized block sequence of (E;) in Zy it follows
that (E;) is boundedly complete in Zy . (]

Lemma 2.3. Let V be a Banach space with a normalized and 1-unconditional
basis (v;) and assume that the space Z has an FDD E = (E;).

If (v;) is shrinking and if (F;) is shrinking in Z then (E;) is shrinking in
Zy(E) .

Proof. W .l.o.g. we assume that (£;) is bimonotone in Z and therefore also in
Zy(E). We first note that if v* = ">, a;v] converges in V* and [jv*|| <1
and if (z}) is a normalized block sequence of (EY) in Z*, then the series
Y iy aizy converges in (Zy)* and || 3072 a;2f|(z,)+ < 1. Indeed, for m <n
in N there is a z € Sz, with suppg(z) C [minsuppg-(2},), maxsuppg«(2)]
so that

[$ o

= a;z; (z
(Zv)* Z:ZT;L (2)

E
< il P acsupp e (27 ) mascsupp e 217 (2) 12

i=m
n
[S
i=m

n
E
v ’ HZ ”P(maxsuppE*(zz‘il),maxsuppE*(z;‘)](z)”z Ui v
i=m
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n n
< HZ a;v; e 2l z, = HZ a;v;
=m =m

which implies the claim.
Define

[e.e] [e.e]
K = {Z a;z; HZaivf
i=1 i=1
¢ ¢
{Zaizf :leN, Zaivf
i=1 i=1

where we allow in the second of the two sets which form K the last element z;
to have infinite support. Clearly, K is a Zy-norming subset (isometrically) of

S

9

Vo

; <1, () is an infinite block sequence in SZ*}U

, <1, (z7) is a block sequence in Sz« of length €}

[ele] n *

B(z,)+. We claim that K is w*-compact. Indeed, let y;, = Yo, (i)

K for n € N (where, for n € N, al(-n) and zfn ;) may eventually vanish in case
that g is in the second of the two sets which form K). After passing to a
subsequence we can assume that
(n)

a; = lim a;

n—0o0

exists for all 7 € N, and

there exists £ € NU {oo} such that

zi = lim 2z, exists (in norm) for all ¢ < ¢,
n—oo ’
zg = w*- lim 2, exists, and
n—oo ’
zi = w'-lim 20, 5 =0 foralli e N, i>/¢.
n—oo ’

Moreover, (z)i<¢ is a block sequence in Sz«, and if £ € N, then z; € By«
and z;_; < z.

Since (v;) is a shrinking basis of V, the sequence (v}) is a boundedly
complete basis of V*, and hence v* = ) a;vf € By~. It follows that z* €
K, where z* = ), a;z’. Indeed, if / = oo or £ € N and z; = 0, then
25 =00z and Y. _,a;vf € By«, whereas if £ € N and z; # 0, then
¥ = Zf:ll a;zf + (a2||z2‘||)”z—§” and Zf;ll a;vf + (a¢||z}||)v) € By~ since (v))
is 1-unconditional.

Finally, for j € N and z € F; we have

o
Jim 32 =30zl (2) = #(2),
1=
and thus z* is the w*-limit of (y). This shows that K is w*-closed.
We deduce that Zy is embedded in C'(K), the space of continuous func-
tions on K. Let (z;) be a bounded block sequence of (F;) in Zy, and let
=32 azk € K (e || D2, aivf]v+ <1 and either ||zf||z+ = 1 for all
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i € Nor, for some £ € N, ||z/]|z+ =1 for all i < ¢ and 2z =0 for ¢ > (). If
(z¥) is an infinite normalized block sequence, then it follows that

J
* *
2" (z) = E a;jz; (i)
JEN,
max supp g+ (2] ) >min supp (2:)

g s e

JEN,
max supp g (z;)Zmin suppg (i)

— 0 as 1 — 00.
V*

If, for some £ € N, ||z7|| = 1 and 2} = 0 for j > ¢, then from the assumption
that (E;) is shrinking in Z and that (z;) is a bounded block sequence of (E;)
in Zy, and thus also in Z, we deduce that for large enough i € N

2" (z;) = apz;(z;) — 0 as i — 00.

It follows that (z;) is weakly null in C(K), and thus in Zy. Since (z;) was
an arbitrary bounded block sequence in Zy, this finishes the proof that (E;)
is shrinking in Zy, . O

Corollary 2.2 and Lemma 2.3 yield the following result.

Corollary 2.4. Assume that Z is a space with a shrinking FDD E = (E;)
and that V is a reflexive Banach space with a normalized and 1-unconditional
basis (v;) such that (vi11) dominates (v;). Then Zy(E) is reflexive.

We will now formulate conditions on V' which ensure that, given a space Z
with an FDD (F;), every normalized block tree in Zy (E) admits a branch
that dominates some normalized block sequence of (v;). We consider the
following two forms of shift invariance of V.

Definition. We say that V' has the strong right shift property if
(SRS) there exists ¢ > 0 so that for all (a;) € cop and alln € N

o o
H E @Vitnl|, > CHZ ;U5
=1 =1

We say that V' has the weak left shift property if

(WLS) there exists d > 0 so that for all m € N there exists L = L(m) > m
so that for all k < m

oo oo
|55 2] 5
\%4 . \%
i=L+1

1=L+1

v

whenever (a;) € coo.

Lemma 2.5. Let Z be a space with an FDD E = (E;) and let V be a space
with a 1-unconditional and normalized basis (v;).

If V satisfies (SRS) and (WLS), then there is a C > 1 so that every
normalized block tree of (E;) in Zy (E) has a branch that C-dominates some
normalized block sequence of (v;).
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Proof. Without loss of generality we can, after renorming Z if necessary,
assume that (F;) is bimonotone. Let ¢ and d be as in (SRS) and (WLS).
Given a block tree in Sz, (g, we can extract a branch (z;) so that
(9) L(bji—1) < a; forall i > 1, where a; = minsupp(z;) and
b; = max supp(z;) for all i € N.

Using (SRS) and the fact that (z;) is normalized in Zy, we can choose, for
each i € N, k(i) € N and 0 = ng(i) < n1(i) < n2(i) < ... < ny) (i) = bi so
that (a; < k(i) and)
(10) n;(i) =j for j=0,1,2,...,a; — 1,

k(i)
(11) L= laillze = ||D2IPE, - @an Go)llz ]| = e

j=1

(Note that by forcing (10) we can only achieve the value c.)

Put m; = k(1) and n; = n;(1) for j = 0,1,2,...,mq, and assume that
mp <mg <...<m—qpand ng <ny <...<ny,, , =b;—1 have been chosen
for some i > 1. We put m; = m;—1 + k(i) — bj—1 and nj = nj_pm, 44, ,(0)
for j =m;—1 +1,m;—1 + 2,...,m;. Note that

m; > mi—1 + a; —bi—1 > m;_1,
N,y = bie1 = np,_, (1) <np,_y41(0) = i,y 41 and
Nim; = i) (1) = bi.
We deduce for i € N that

. E
| X IR L aaGlz v,
Jj=m;—1+1
k(4)
E
= H DI L€ PR -
Jj=bi—1+1
k(i)
_ E )
= HZ 1P, s @y ) (21 2+ V=i =i ||,
j=ai
(since P(%j,l(i),nj(i)} (z;) =0 for j < a;)
k(3)
> d| Y IPE, gy )z | = ed
j=ai
(Since bi—1 —mi_1 <b;_1 and L(bi_l) < ai).
Our claim now follows as in the proof of Lemma 2.1. O

Lemma 2.6. Let V and U be Banach spaces with normalized, 1-unconditional
bases (v;) and (u;), respectively, and assume that every subsequence of (u;)
dominates every normalized block sequence of (v;) and that every subsequence
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of (v;) is dominated by every normalized block sequence of (u;). Let Z be a
Banach space with an FDD (E;).

If (E;) satisfies U-upper estimates in Z, then (E;) also satisfies U-upper
estimates in Zy .

Proof. 1t follows from the assumptions that for some constants Cq,Cy and
C35 in [1,00) we have

(12)

HZ;ZZ 7 < CIH; lzill z - wi U for all block sequences (z;) of (E;),

(13)

subsequences of (v;) are Co-dominated by normalized block sequences of (u;),
(14)

normalized block sequences of (v;) are C3-dominated by subsequences of (u;).

Let K be the projection constant of (£;) in Z and set C' = C3+C1Cy+2KCy.
We show that for any finite block sequence (z;), of (E;) and for any k and
ni < ...<ngin N we have (putting z = )" z; and ng = 0)

k m
(15) I>2 0P @iz v < O X Naillzy - |,
j=1 i=1

Taking then the supremum of the left side of (15) over all choices of k and
niy < ... <nyg in N, we obtain

ngl 2 = Cug zill 2y, - i

and thus that (E;) satisfies C-U-upper estimates in Zy. Note that in prov-
ing (15) we can of course assume that n; < maxsupp(zp,).
For:=1,2,...,m put

U’

Ji={je{1,2...,k} : maxsuppg(zi—1) < nj_1 <n; < maxsuppg(z)}

(with maxsuppg(z0) = 0) and Jo = {1,2,...,k} \U;~, Ji.
For j =1,2,...,k put

I ={ie{1,2,...,m} :nj—; < minsuppp(z;) < maxsuppp(z;) < n;}

and Iy ={1,2,...,m}\ U§:1 I;.
Firstly, we have

(16)

”i ZHP(];J%AM}(Z")HZ ' ijv
i=1 jeJ;
- [

y (where b; = Z ||P(§j,l,nj](zi)||2 v; for1<i<m)
JjeJi
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m
< G| X il - |,
i=1

m
< G| Y llaillzy -
i=1 v

(Note that some (or all) of the b; may be zero, however the third line above
is still valid using assumption (14).) Secondly,

SISl o, 2l i o,

7j€Jo iEIj 7j€Jo

(17)

-U]

(where b; = Zielj ||zil| z - wi for each j € Jy, and we used (12))

<cclu],

m
§C102HZ 12l 2y - wi
i=1

Y

U

and, thirdly,
(18)

|32 SSUPE, gl v

jeJoi€ly

< | 3 UPRE, L Gz +1PE, . )llz) s ]
Jj€Jdo

(1) (2)5

interval (n;_ 1,n]] 1ntersects the Support of at most two z;’s with ¢ € I,

gl) < z in {1,2,...,m} so that Z§2) < zg)
whenever j < j' are in Jy and so that the above 1nequality holds. (We are
tacitly assuming that m > 2, which is fine since (15) is clear for m = 1.)

Continuing (18) we have

= HZ 1P,y (2 w)llz - UJH +HZ 1P -1 @)z UJH

J€Jo Jj€Jo

where the z, s and = ’s are chosen as follows: since for every j € Jy the

we can choose, for j € Jy, i

< KCQH Z ”Zi(.l) HZ : ui(;) U + KCQH Z ”ZZ,(_z) HZ : uz,(_z) I
jedo J J iedo J J

m
S 2KC2HZ ”Zi”ZV - U; U.
=1
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Finally, we deduce from (16), (17) and (18) that

Hi“%l,nj]<z>lrz-wHV

<[ 1 el

i=1jeJ;
" H Z Hp(gjflmj}(z)uz : UjH

J€Jo

<[ 17 el o

i=1 jeJ;

ZHZZ:’

j€Jo iEIj

+ H Z Z “P(gjflvnﬂ(zi)uz ' UjHV

j€Joi€lp

|4

+

C Vs
A J

|4

< (C3+ C1C2 + 2KC’2)HZ 1zl 2y, - i
i=1
which finishes the proof of (15). O

U?

3. EMBEDDING THEOREMS
In this section we will prove and deduce some consequences of

Theorem 3.1. Assume that V is a Banach space with a normalized and
1-unconditional basis (v;), and let X be a separable and reflexive space with
V-lower tree estimates.

a) For every reflexive space Z with an FDD E = (E;) which contains
X there is a blocking H = (H;) of (E;) so that X naturally isomor-
phically embeds into Zy (H).

b) There is a space Y with a shrinking FDD G = (G;) so that X is a
quotient of Yi/(G).

Corollary 3.2. Assume that V is a reflexive Banach space with a normal-
ized and 1-unconditional basis (v;) satisfying conditions (W LS) and (SRS)
as defined in the previous section and having the property that (v;) is domi-
nated by every normalized block sequence of (v;). Let X be a separable and
reflezive space with V -lower tree estimates.

Then X is a subspace of a reflexive space Z with an FDD satisfying V -
lower estimates and it is a quotient of a reflexive space Y with an FDD
satisfying V -lower estimates.

Remark. The assumption that (v;) is dominated by all its normalized block
sequences implies that (v;) satisfies condition (SRS).
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Proof. By a theorem of Zippin [16] we can embed X into a reflexive space
W with an FDD E = (E;). Using Theorem 3.1 (a) we can block (E;) into
F = (F;) so that X embeds into Z = Wy (F'). Theorem 3.1 (b) provides
a space Y with a shrinking FDD G = (G;) so that X is a quotient of
Y = Yy (G). By Corollary 2.4 the spaces Z and Y are reflexive.

It follows from Lemma 2.5 that every normalized block tree of (F;) in
Z and of (G;) in Y has a branch which dominates some normalized block
sequence of (v;) and thus (v;) itself. It follows that every normalized weakly
null tree in Z and in Y has a branch which dominates (v;), and so, by
Proposition 1.2, Z and Y satisfy V-lower tree estimates. Finally, by Propo-
sition 1.5 we can find blockings G = (G;) of (F;) and H = (H;) of (G;) so
that G satisfies V-lower estimates in Z, and H satisfies V-lower estimates
inY. (]

From Corollary 3.2 and Proposition 1.3 we deduce in certain instances
the inverse implication of Proposition 1.4.

Corollary 3.3. Assume that V is a reflexive Banach space with a normal-
ized, 1-unconditional basis (v;) satisfying the conditions of Corollary 3.2.

If X is a reflexive space which satisfies V -lower tree estimates, then X*
satisfies V*-upper tree estimates.

Theorem 3.4. Let V and U be reflexive Banach spaces with normalized, 1-
unconditional bases (v;) and (u;), respectively, such that (v;) and (u}) both
satisfy the conditions of Corollary 3.2. Further assume that every subse-
quence of (u;) dominates every normalized block sequence of (v;) and that
every normalized block sequence of (u;) dominates every subsequence of (v;).

If X is a separable, reflexive Banach space which satisfies (V,U)-tree es-
timates, then X can be embedded into a reflexive Banach space Z with an
FDD (G;), which satisfies (V,U)-estimates in Z.

Proof. By Proposition 1.4 X* satisfies U*-lower tree estimates, and we can
apply Corollary 3.2 to deduce that X* is the quotient of a reflexive space
Y* with an FDD (E}) (Y* being the dual of a space Y with an FDD (E;))
satisfying U*-lower estimates in Y*. Thus X is a subspace of the reflexive
space Y having an FDD (F;) which, by Proposition 1.3, satisfies U-upper
estimates in Y.

Theorem 3.1 part (a) yields a blocking F' = (F;) of (E;) so that X embeds
into Z = Yy (F). As in the proof of Corollary 3.2 we can deduce from
the assumptions that Z is reflexive (Corollary 2.4), it satisfies V-lower tree
estimates (Lemma 2.5 and Proposition 1.2) and that there is a blocking G =
(G;) of (F;) such that G satisfies V-lower estimates in Z (Proposition 1.5).

To complete the proof note that the assumptions of Lemma 2.6 are satis-
fied, and so the FDD (F;), and hence also (G;), satisfies U-upper estimates
in Z. U

Remark. Spaces V' which satisfy the assumptions of Corollary 3.2 are the
£y spaces, 1 < p < oo, and converified Tsirelson spaces T(, ) (see [2]) for



ASYMPTOTIC ¢, SPACES 23

1<p<ooand 0 < v < 1. In section 4 we will discuss more general
versions of these spaces.

The proof of Theorem 3.1 will follow along the lines of the proof of The-
orem 1.7 in [12], where the special case V = ¢, for some 1 < p < oo, was
treated.

From Corollary 4.4 in [11] we have

Proposition 3.5. Let X be a Banach space which is a subspace of a reflexive
space Z with an FDD A = (A;) having projection constant K. Let7 = (n;) C
(0,1) with n; | 0. Then there exist positive integers Ny < No < ... such that
the following holds. For all x € Sx there exist x; € X and t; € (N;j—1, N;)
(i € N, Nog=0) such that

x = E X,

a

)
b) forz c N either ||z;|| < n; or | P/ (T~ zi| < millzill,
¢) ”P”t — x| < mi for alli €N,
d) ||$z|| < K+1 forieN, and

e) |Plz|| < m; forieN.

Moreover, the above conditions hold if (N;) is replaced by any subsequence

Parts d) and e) were not explicitly stated in [11] but follow from the proof.

of Theorem 3.1 part (a). Let K be the projection constant of E in Z, and
assume that X satisfies C-V-lower tree estimates.

Using Proposition 1.6 as in the proof of Proposition 1.5, we find a blocking
(F;) of (E;) and a sequence 6 = (d;) C (0,1), &; | 0, such that any é-skipped
block sequence (7;) C Sx of any blocking of (F;) in Z 2C-dominates (v;)
and (vi+1). We can assume that A =", 6; < 1.

It is easy to see that we can block (F;) into an FDD G = (G;) so that
there exists (e,) C Sx with

(19) len — PS(en)|lz <6,  forallmeN.

Finally, we let N7 < Ny < ... be a sequence of positive integers obtained
by applying Proposition 3.5 with (A;) = (G;) and 77 = 4.

Now set H; = @ “n, 41 Gy for i € N, and let H = (H;). We consider
the space Zy = ZV(H ), and claim that X naturally embeds into Zy. In
order to achieve that we prove that if x € Sx, then

< 24K2C.

(20) | 1ps@i - u),
=1
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Slnce the argument will also work for any further blocking of (H;) (by the
“moreover” part of Proposition 3.5) we obtain for all z € Sx

< 24K2C.

21 T = sup H P (x -V
@) zllzy S ; 1P e (@l z - i
Let € Sx, and for each i € N choose z; € X and t; € (N;_1, N;) so that
the properties (a)-(e) of Proposition 3.5 are satisfied with (4;) = (G;) and
7=79.

For each ¢ € N let 7; = ”z—“” and «; = ||zit1]| if [|zit1]] > dit1, and let
T; = en, and o; = 0 if ||z;11]] < di41, where (e,) is a sequence that satis-
fies (19). Observe that (;) is a d-skipped block sequence of some blocking
of (G;) (and hence of (F;)) and as such it 2C-dominates (v;) and (vit1).
Using domination of (v;), we get

(S, 2fSn]
_2CHZ%U’

_QCHZHmluz v

[l =

—(K+1)-A

——A (K+1)— A,
14

and thus

(23) |3tz o,
=1

< 20(K +2A+2) .
Since (7;) also 2C-dominates (v;+1), a similar calculation shows
24 S lzisallz - via| < 2006 +24+2)
(24) Z;llxﬂ\lz vivl||,, < 20(K +2A +2)

Using properties (c) and (e) of Proposition 3.5 with A = G and 77 = §, we
have

1P (@)llz < KIIPE_, 1@z < K(lzill 2 + lzisallz + 36)
for each i € N. It follows, using (23) and (24), that

ngzﬂﬂxwz-w y

o0 o0
<P @l + K[ el v+ Sl o,
1= 1=

+3KA < 24K%C .
0

Before we prove part (b) of Theorem 3.1 we need a blocking result due to
Johnson and Zippin.
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Proposition 3.6. [5] Let T : Y — Z be a bounded linear operator from a
space Y with a shrinking FDD (G;) into a space Z with an FDD (H;). Let
g; | 0. Then there exist blockings E = (E;) of (G;) and F = (F;) of (H;)
so that for allm < n and y € S®ie(m,n) E; we have HP[Iim)TyH < &m and

||P[1;:700)Ty|| < éen.

of Theorem 3.1 part (b). By Lemma 3.1 in [11] we can, after renorming X
if necessary, regard X* (isometrically) as a subspace of a reflexive space Y*
(being the dual of a reflexive space Y') with bimonotone FDD (E}) such
that coo(®52,E) N X* is dense in X*. We have a natural quotient map
Q@ :Y — X. By a Theorem of Zippin [16] we may regard X (isometrically)
as a subspace of a reflexive space Z with an FDD (F;). Let K be the
projection constant of (F;) in Z, and choose C' > 0 such that X satisfies
C-V-lower tree estimates.

Using Proposition 1.6 as in the proof of Proposition 1.5, we find a sequence
0= (8) C(0,1), 6 | 0, so that if (x;) C Sy is any J-skipped block sequence
of any blocking of (F;), then (x;) 2C-dominates (v;), and moreover, using
standard perturbation arguments and making ¢ smaller if necessary, we can
assume that if (z;) C Z satisfies ||z; — z;|| < ¢; for all i € N, then (z;) is a
basic sequence equivalent to (x;) with projection constant at most 2K. We
also require that

. 1
25 A= 0 < = .
Choose a sequence € = (g;) C (0,1) with &; | 0 and
(26) BK(K+1)> g5 <6} forallieN.
j=i

After blocking (F;) if necessary, we can assume that for any subsequent
blocking D of F' there is a sequence (e;) in Sx such that

(27) le; — PP(ei)|lz < ei/2K  forallieN.

By Proposition 3.6 we may assume, after further blocking our FDDs if nec-
essary, that

28 for all m < n and y € Sg, g, we have
i€(m,n) i
1Py e QW <em  and  |[PL 0 Q) <en,

and moreover the same holds if one passes to any blocking of (F;) and the
corresponding blocking of (F}).

For i € N let E; be the quotient space of E; determined by Q, i.e. if
y € FE;, then the norm of g, the equivalence class of y in E;, is given by
7]l = IQ(y)||. Passing to a further blocking of (F;) (and the corresponding
blocking of (F})), we may assume that E; # {0} fori € N. Giveny = > y; €
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coo(BLEs), yi € Ej fori e N, weset g =) 9 € Coo(@‘i’ilENi) and

n
171 = max | 3 Q)| = max Qo B @)1l
=m
We let Y be the completion of coo(®22, E;) with respect to || - ||. Since (E;)
is a bimonotone FDD in Y, we have ||g]| < [ly|| for all y € coo(PBjey Ei),
and hence the map y — § extends to a norm one map from Y to Y. By the
definition of [ - || we have [|Qy[| < [|g]| for any y € coo(®2,E;). It follows

that § — Q(y) extends to a norm one map Q: Y — X with Q(7) = Q(y)
forally e Y.
In order to continue our proof we will need the following proposition

from [12].
Proposition 3.7. [12, Proposition 2.6]

a) (E,) is a bimonotone, shrinking FDD for Y.

b) Q is a quotient map from Y onto X. More precisely if x € X and
y €Y is such that Q(y) = =, |lyll = ||z|| and y = > y; with y; € E;
foralli €N, then § =33 €Y, ||l = ly|| and Q(7) = z. _

c) Let (9;) be a block sequence of (E;) in By, and assume that (Q( i) is

a basic sequence with projection constant K and a = inf; ||Q(7;)|| >
0. Then for all (a;) € cop we have

HZ a;:Q(F)|| < H‘ Zaigi %HZ a; Q)

To finish the proof of Theorem 3.1 (b) it suffices to find a constant L < oo
and a blocking G = (G;) of (E ' (E;) with the following property. For any = € Sx
there exists a g = > y; € Y, §; € G; for i € N, so that

(29) Q@) —=| <1/2,
k -

G0 | 1P @l <2
j=1

for any choice of k and n; <ng < ... <n,in N (ng =0).

Once this is accomplished, we consider the space Yy = ffv(é) Given x =
zo € Sy, the property of G allows us to recursively choose z,, € Q%B x and
Un € 2nL1BYV, n € N, so that z, = x,_1 — Q(~ ) for all n € N. It follows
that Z _1 Yn converges in Vi with || 3°°°, gl < 2L and Q(3°0°, 9n) = =
Thus Q : Yy — X remains surjective, which finishes the proof.

In order to show the existence of a suitable blocking G of E we need the
following result from [12].

Lemma 3.8. [12, Lemma 2.7] Assume that (28) holds for our original map
Q:Y — X. Then there exist integers 0 = Ny < N1 < ... so that if for each
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1 € N we define

Ni Ni
C; = E; , D; = @ Fj,
Jj=N;_1+1 j=N;_1+1
N;_ N;
LZ:{jGN N2—1<]§%—|—Z}7
N, _ N,
R,_{jeN: i N <Ni}7
C@L: @Ej and Cz‘,R: @Ej s
JEL; JER;

then the following holds. Let x € Sx, 0 < m < n and € > 0, and assume
that ||z — P(% n)(x)H < €. Then there exists y € By with y € Cpr @

<@ie(m,n) Ci) ® Cy,1, (where Co g = {0}) and ||Qy — x| < K[2¢ + €m41]
(recall that K is the projection constant of (F;) in Z ).

Let (C;) and (D;) be the blockings given by Lemma 3.8. Note that the
sequence (N;) in the lemma used to define these blockings will not be needed
in the sequel, so we can discard it. We now apply Proposition 3.5 with
(4;) = (D;) and 77 =  to obtain a sequence N1 < N3 < ... in N so that
the conclusions of the proposition are satisfied. We now come to our final

blockings: for each i € N set G; = @jy:iwi,1+10j and let H; = @?ZNi,l—l—le
(No = 0). Put G = (G;) and H = (H;). Let G = (G;) be the corresponding
blocking of (Ej;).

Fix a sequence (e;) in Sx so that (27) holds. Let x € Sx. By the
choice of Ny, Na,..., for each i € N, there are z; € (K + 1)Bx and t; €
(Ni—1,N;) such that z = > ;2 a; and for all i € N either [|z;]| < & or
HP(Zil’ti)xi — || < &illzi|| (to = 0). For each i € N let T; = HZﬁ and
a; = |xigr|| if |xig1]| > €it1, and let T; = ey, and a; = 0 if ||zi1]] < €i41.

Since

(31) |1Zi = Pl iy @) < &ipn foralli e N,

there exists (y;) C By with y; € Cy, g @ <@j€(ti,ti+1) Cj) ® Cy,,,,0 and

(32) 1Q(yi) —Till <3Keiyr, ie€N.
Also, if ||z1]] < &1, then set yo = 0, and if ||x1]] > &1, then choose yy €
(K +1)By such that yy € <@je(0,t1) Cj) @y, C Gy and ||Q(yo) —x1]| <

3K(K 4 1)ey.
Set T =x1+ Y .0, &T;, and note that (this series converges and) by (25)
and (26)

o0 1
—7 < : — .
(33) lz == < ;:2 & <7
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As a §-skipped block sequence of a blocking of (F;) (this follows from (31)
and (26)), (T;) is a basic sequence that 2C-dominates (v;). Since, by (32),
1Q(@:) — Til| < 3Keiy1 < §; for all i € N, the sequence (Q(7;)) is also
a basic sequence equivalent to (Z;) with projection constant at most 2K.
Furthermore, we have inf;||Q ()| > inf; (I[z]] — &) > 6/7, and thus, by
Proposition 3.7 (c),

(34)
IS a0 < || X an] < 75> wo@)

Thus (7;) is a basic sequence equivalent to (Z;) and, in particular, Y .2 oy,
converges. Putting § = go + Y .oy @;§; we have

for all (al) € Coo -

o0
1Q7 — ZI| < 1Qdo — xall + > _lewil|QF: — T
i=1
o0
<BK(K+1)) e<1/4,
i=1
and hence, by (33), ||Q7 — z|| < 1/2, so we have (29).

We now fix integers k and 0 = ng < ny < --- < ng. For any i € N we
have PE(§) = P (§i—1 + ;). It follows that

Ek: H‘ i O‘i—lﬂz‘—1m - Vg

k
(35) | S WPG @) < 150l +
s=1 s=1  i=ns_1+1 Vv
i>2
k N
P[] X e
s=1  i=ns_1+1 14

We now show how to bound the third term of the right-hand side of the
above inequality. A similar argument will give an estimate for the second
term, and then (30) will follow with L = 142K?2C.

For each s = 1,....k let ws = Z?:Sns,ﬁl a;; and by = Z?:Sns,ﬁl T
Note that by (31) and (26)

(36)
ns
HP(?nsfﬁlvtnerl)(bs) o bsH < Z il - 2K - HP(Z,UH)@ — @i
1=ns—1+1
ns
<2K(K +1) Z 5i+1<5§ (s=1,...,k).
i=ns_1+1

For s > k set ng = ng + (s — k). If s > k or ||bs]| < &5, then we let by = T,
and B35 = 0. If s < k and ||bs|| > &5, then we let by = ”Z—z” and Bs = ||bs]].

It follows from (36) and (31) that (bs) is a é-skipped block sequence of
some blocking of (F;), and hence it is a basic sequence that 2C-dominates



ASYMPTOTIC ¢, SPACES 29

(v;). From (32) and (34) we have

(37 1Qws) —bsll < Y aulllQ) — Tl
1=ns_1+1

<3K(K + 1) Z it1 < O
i=ns_1+1

and

(38) o] <7K|Q(@s)l| (s=1,....k)

Putting 75 = s for s = 1,...,k and 75 = a,, for s > k, we obtain the
following.

k k

|32 el v, < 75| SoIQE@I - v | (from (38))
s=1 s=1
k

<TK bl - vs TKA f 37

< ;H [ v s (from (37))

<T7K sUs 14KA s) 1s 1- diti 1

< ;7 vs||,, + (as (vg) is 1-unconditional)

<TK - 20”50:%55
s=1

< 14KCHZ || + 14K CA + 14K A
=1

< 4KC - (K +3) +14KCA + 14KA < T0K2C',

where the last line follows from (33) and from ||z;|| < K + 1. An almost
identical calculation gives the same esimate for the second term in (35),
and hence we obtain (30) with L = 142K2C. This completes the proof of
part (b) of Theorem 3.1. O

4. ASYMPTOTIC ESTIMATES

Throughout this section we assume that U and V' are Banach spaces with
normalized, 1-subsymmetric bases (u;) and (v;), respectively, i.e. (u;) and
(v;) are l-unconditional and 1-spreading (|| Y a;vil| = || Y aivn,|| whenever
(a;) € cgo and np < ng < ...).

Definition. Let Z be a Banach space with an FDD (E;), and let C > 1.
We say that (E;) satisfies asymptotic C-V-lower estimates (in Z) if for all
n € N we have:

|30 = | S el
i=1 i=1

whenever (x;)i— is a block sequence of (E;):2

+14KA (since (bs) 2C-dominates (v))

n:
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We say that (E;) satisfies asymptotic C-U-upper estimates (in Z) if for all
n € N we have:

|30 < ] 3 el
i=1 i=1

We say that (E;) satisfies asymptotic C-(V, U)-estimates (in Z) if it satisfies
asymptotic C-V -lower and asymptotic C-U-upper estimates in Z.

We say that (E;) satisfies asymptotic V-lower estimates, U-upper esti-
mates or (V, U)-estimates (in Z) if there is a C > 1 so that (E;) satisfies as-
ymptotic C-V -lower estimates, C-U-upper estimates or C-(V,U)-estimates
i Z, respectively.

o0
=n"

whenever (x;)i_; is a block sequence of (E;)

As before we also introduce the coordinate-free version of asymptotic
lower and upper estimates, which can also be found (defined in more general
situations) in [10] and [9].

Definition. We say that a reflexive space X satisfies asymptotic C-V-lower
tree estimates or asymptotic C-U-upper tree estimates if, for every k, every
normalized weakly null tree of length k in X has a branch which C-dominates
(vi)le or is C-dominated by (ui)le, respectively. We say X satisfies as-
ymptotic C-(V,U)-tree estimates if it satisfies asymptotic C-V -lower tree
estimates and asymptotic C-U-upper tree estimates.

We will say that X satisfies asymptotic V-lower tree, U-upper tree or
(V,U)-tree estimates if there is a C > 1 so that X satisfies asymptotic
C-V-lower tree, C-U-upper tree or C-(V,U)-tree estimates, respectively.

The following dualities can be shown as in Propositions 1.3 and 1.4.

Proposition 4.1. Assume that V is a space with a normalized, 1-subsymmetric
basis (v;).
a) For a space Z with an FDD (E;) the following statements are equiv-
alent.
1) (E;) satisfies asymptotic V -lower estimates in Z.
2) (E¥) satisfies asymptotic V) -upper estimates in Z*).
b) If X is a reflexive space which satisfies asymptotic C-V -upper tree
estimates for some C > 1, then, for any € > 0, X* satisfies asymp-
totic (2C 4 €)-V ™) -lower tree estimates.

For a space V with a normalized, 1-subsymmetric basis (v;) and for 0 <
v < 1 we will introduce the Tsirelson space T'(V,~) associated to V' and ~y
as follows. It is the space defined as the completion of cgy under the norm

|| : ||T(V,'y)7 where

HSUHT(V,W) = maXHxH&T(Vﬁ) for all x € cqq
LNy

and the norms |-, r(v,y), ¢ € No, on cog are defined recursively as follows.
For x = (x;) € coo we put

I2llo.7v2) = 1#]loe = maxc|zi
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and, assuming ||||s7(v,,) has been defined, we put

)

neN, n<A1<As<--<Ap

n
|’$H£+1,T(V,~y) = Hl’Hz,T(V,»y) \% max ’YHZHPAi (x)Hz,T(V,»y) * U v
i=1

where for A, B C N and n € N, n < A means that n < a for all a € A, and
A < B means that a < b for all a € A and b € B. Py, for A C N, denotes
the projection ) a;e; — Y ;-4 aze; on cop.

As in the case of V' = /1, which yields the standard Tsirelson space
(cf. [2]), it is easy to see that ||-[|7(y,,) satisfies the following implicit equa-
tion.

\%4

n
39 x = ||7|loo V sup H Py, (x -V
39 lelowy =lellev - sup v ;II @)z (v - vi

whenever z € T'(V, 7).

Proposition 4.2. Let V be a Banach space with a normalized, 1-subsymmetric
basis (v;). Let X be a Banach space with a normalized basis (e;) satisfying
asymptotic C-V -lower estimates for some C > 1, i.e.

(40) Hzn: a;T; 2 C_len: a;V;
i=1 =1

whenever n € N, (z;)_ is a normalized block sequence of (e;)2, in X
and (a;)?y C R. Let K be the projection constant of (e;) in X. Then (e;)
K -dominates the unit vector basis (t;) of T(V,~y) whenever 0 < v < 1 and

v < (KO)™.

|4

Proof. There is an equivalent norm || - || on X with respect to which (e;) is
bimonotone and which satisfies ||z|| < ||z] < K||z|| for all z € X. In || - ||
the basis (e;) satisfies asymptotic (KC)-V-lower estimates. We can easily
show by induction on [ € Ny that

[ = [

which proves the proposition. O

whenever (a;) € coo ,

6T(V)

Proposition 4.3. Let V be a Banach space with a normalized, 1-subsymmetric
basis (v;), and let 0 < vy < 1.

a) The unit vector basis (t;) in T(V,7) is a normalized, 1-unconditional
basis of T(V,7).

b) If (v;) is not equivalent to the unit vector basis of co (i.e. |> 1, vil| —
0o as n — 00), then T'(V,v) is reflexive.

c) (t;) is 1-dominated by every normalized block sequence of (t;) and, in
particular (as subsequences are normalized block sequences), T'(V,~)
satisfies (SRS) with ¢ = 1.

d) If v < 1/4, then T(V,~) satisfies (WLS) for any d < 1.
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Proof. (a) is trivial and (b) follows from the fact that 7'(V,~) does not
contain ¢; or ¢, which can be shown as in the case V = ¢; (cf. [2]), and from
the theorem of James (cf. [8]) that states that a space with an unconditional
basis is reflexive if and only if it does not contain copies of ¢y or #1.

For a normalized block sequence (z;) of (¢ ( ) it follows from (39) that

|3 i

whenever (a;) € cop. Thus (2;) is a normahzed, bimonotone basic sequence
satisfying asymptotic C-V-lower estimates for C = v~!, and hence (c) fol-
lows from Proposition 4.2.

Claim (d) follows from the following lemma. O

QT

n, n<k0<k1< <kn

=1 i=k;_

Lemma 4.4. For m € N, let S™: co9 — coo be the backward shift by m
coordinates, i.e.

Sm<i aiei> = iaHm e; for all (a;) € coo -
i=1 i=1

Assume that 0 < v < 1/4 and that m < n in N satisfy
m 1

. <1
n—m 1—4y
Then for any x € cop with n < minsupp(x) we have
m 1
18" @)l 2 (1= 5 =g el
Proof. Set ||-|| = |Ilrqv,) and [|]l¢ = [|ll¢,r(v,y) for £ € N. Fix m € N. Given
1
£,n € N with m < n and nmm'm<1,weput
-1
m
A(0,n) =0 and A(l,n) = (
—m
=0

We will show by induction on ¢ € Ny that
(1) S™@)]le > (1 = A4 n)) - [zl

. m 1
whenever z € cgg, m < n < minsupp(z) and —_
—m 1-— 4ry

<1.

Clearly, (41) yields the lemma, and the inequality is tr1v1ally true for ¢ = 0.
Assume that (41) is true for some f{ € Ny. Fix n € N and = € cgg such that
m < n < minsupp(x), - =5 47 <1land ||z = 1.

If [|z]|¢=1 = ||z||¢, then (41) follows for £41 from the induction hypothesis.
Otherwise we can find k € N, k > n, and sets k < A1 < Ay < --- < A so

that

k
lallers = Y2 1Pa @Il wi|
i=1
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with || Pa,(x)|l¢ < 1 for i = 1,2,...,k (otherwise ||z|¢ > ||Pa,(z)|le > 1 =
[z ]le+1)-
Let I C {1,2,...,k}, #I = k — m, so that

|Siea@lew], = wax P @),
i€l

per: fc{1,2..k}, #I=k—m

Then it follows that

k
VHEE;HPAZ-(@HZ'Uz‘ Sx e
Indeed
1 k—1
Sl 2] X i, =150
IC{12 kY, iel
#I=k—m
and thus
k—1 k k—m _ n—m
’YHZE;HPA ”f (% <k’ m_1>/<k_m> - k > n :
Put

L={iel:#A;, <minA; —m} and
L=I\L={ie€l:#A; >minA; —m} .
For ¢ € I; we have
1S™ (Pa, (@))le = [[Pa; ()]l -

Let £ < k—m and iy < iy < -+ < i} be such that Iy = {i1,i2,..., % }.
We note that

min(A4;,) > k>n,
min(A4;,) > min(A4 2-1) + #A;, > 2 -min(A;,) —m >2n—m,
and more generally, by induction, for each s = 2,..., k" we have
min(A4;,) > min(A;, ,)+#A;,, >2 -min(4;, ,)—m
>2- (27— (22— 1)m) —m=2""n— (2" = )m .
We deduce that
157 @) llesr = 3] Yo 1S™ Pas@)le v

el
(note that #I =k —m < min A; —m)

> || S Pa@le: vz+Z(1— 62— @ = m) ) [1Pa, @),

i€ly

(by the induction hypothesis and since (v;) is 1-unconditional)
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k./
> | S 1Pa @l w7 Y A2~ 2~ 1ym)
iel p

(since ||Pa,(z)|le < 1fori=1,2,....k)

K 0—1
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which finishes the proof of our induction step. O

Proposition 4.5. Let V be a space with a normalized and 1-subsymmetric
basis (v;). For a separable and reflexive Banach space X the following are
equivalent.

a) X satisfies asymptotic V -lower tree estimates.

b) There exists v € (0,1) such that X satisfies T'(V,~y)-lower tree esti-
mates.

Proof. Using a result of Zippin [16] we can assume that X is (isometrically)
a subspace of a reflexive space Z with an FDD (E;).
“(a)=(b)” Let C' > 1 so that X satisfies asymptotic C-V-lower tree esti-
mates. We will show that X satisfies T'(V,~y)-lower tree estimates whenever
0<~vy<(6C)7%

For k € N set

AW = {(mz) €S%: H Zk:aivi ; < CH Zk:aixi
i=1 i=1

Let £ > 0 be small enough so that for all kK € N

k
v § ZCH Zaizni
=1

We let (EZ-(O)) = (E;) and apply Proposition 1.6 to A*) successively for each

k € N to obtain decreasing null sequences 5 = (52-(k)) C (0,1) and blockings
(E(k)) of (E-(k_l)) so that if (x;) C Sx is a S(k)-skipped block sequence of

K3 K3

(EZ-(k)), then (x;) lies in AR
Let (G;) be a blocking of (£;) such that (G;):2, is a blocking of (Ez(k))fik
for all k € N. Then choose § = (§;) C (0,1), &; | 0, such that if (z;) C Sx

is a d-skipped block sequence of (G;), then for any & € N any normalized

Nk
. for all (a;);—; C R} .

E C {(xl) € SY H Zk:aivi « for all (a;)%_, C R} .
i=1

block sequence (2;)¥_; of (;)%, is a S(k)-skipped block sequence of (El(k))
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It follows that any normalized, weakly null tree in X admits a branch that
is a basic sequence with projection constant at most 3 satisfying asymptotic
(2C)-V-lower estimates, and hence, by Proposition 4.2, it 3-dominates the
unit vector basis (t;) of T'(V,~) for v < (6C)~!. Thus (b) follows.

“(b)=(a)” This follows from Proposition 1.1 and the fact that, by (39),
(t,)?ﬁ;l C-dominates (v;)¥_, with C = 471, where (¢;) is the unit vector
basis of T'(V,~). O

We are now ready to state the main results of this section.

Theorem 4.6. Assume thatV is a space with a normalized and 1-subsymmetric
basis (v;) and that X is a separable, reflexive space with asymptotic V -lower
tree estimates. Then X can be embedded in a reflexive space Z with an FDD
satisfying asymptotic V -lower estimates, and X is isomorphic to a quotient
of a reflexive space Y with an FDD satisfying asymptotic V -lower estimates.

Proof. If (v;) is equivalent to the unit vector basis of cg, then we simply
use the theorem of Zippin [16] to embed X and X* into reflexive spaces Z
and Y™, respectively, with FDDs. The result then follows, since any FDD
satisfies (asymptotic) co-lower estimates.

Assume now that (v;) is not equivalent to the unit vector basis of cy.
By Proposition 4.5 X satisfies T'(V,7y)-lower tree estimates for some v €
(0,1). We may clearly assume that v < 1/4, and then, by Proposition 4.3,
T(V,~) is a reflexive space whose unit vector basis (¢;) is a normalized and
l-unconditional basis satisfying (SRS) and (WLS) and dominated by its
normalized block sequences. Hence, by Corollary 3.2, X embeds into a
reflexive space Z with an FDD satisfying T'(V,y)-lower estimates, and X
is isomorphic to a quotient of a reflexive space Y with an FDD satisfying
T(V,~)-lower estimates. It is clear (e.g. from (39)) that the FDDs of Z and
Y satisfy asymptotic V-lower esimates. O

Theorem 4.7. Let V and U be Banach spaces with normalized, 1-subsymmetric
bases (v;) and (u;), respectively. Assume that, for any v € (0,1/4), every
normalized block sequence of the unit vector basis of (T(U (*),’y))* dominates
every normalized block sequence of the unit vector basis of T(V,v). For a
separable and reflexive Banach space X the following are equivalent.

a) X satisfies asymptotic (V,U)-tree estimates.

b) X can be embedded in a reflexive space Z with an FDD (E;) satisfying
asymptotic (V,U)-estimates.

c) X is the quotient of a reflexive space Z with an FDD (E;) satisfying
asymptotic (V,U)-estimates.

d) X* satisfies asymptotic (U™, V) -tree estimates.

Remark. The conditions of the theorem are satisfied by certain pairs of £,
spaces. This will be spelt out in Corollary 4.8 below. Note that T(co,7) is
Just the space cq for any v € (0,1). So if one of the bases (v;) and (u}) of
V and U™, respectively, are equivalent to the unit vector basis of cg, then
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the assumptions on the spaces T(V,~v) and (T(U(*),v))* are automatically
satisfied. In this case the theorem is really a statement about one-sided
estimates since every reflexive space satisfies (co, ¢1)-tree estimates, and any
FDD satisfies (co, 1)-estimates.

Proof. First note that the implication “(b)=-(a)” is clear and, by Propo-
sition 4.1 (a), that the implication “(c)=-(d)” is just another instance of
“(b)=(a)”. Also, the implications “(a)=-(d)” and “(d)=-(a)” are equivalent
since the pair (U®), V*)) satisfies the same assumptions as the pair (V,U).
Thus we will have completed the proof once we show how to deduce (b)
and (c) from (a).

The assumption that (a) holds splits into the following two conditions
by Proposition 4.1 (b): X satisfies asymptotic V-lower tree estimates, and
X* satisfies asymptotic U*)-lower tree estimates. If (u}) is equivalent to
the unit vector basis of cp, then the second condition is redundant (cf. the
remark preceding this proof), and (b) and (c) follow from an application of
Theorem 4.6 to the pair (V, X). Similarly, if (v;) is equivalent to the unit
vector basis of cg, then the first condition is redundant, and (b) and (c)
follow from an application of Theorem 4.6 to the pair (U®*), X*) followed by
an application of Theorem 4.1 (a). In general, by Proposition 4.5, it follows
from the two conditions that, for some v € (0,1/4), X satisfies T'(V, v)-lower
tree estimates, and X* satisfies T'(U*), ~)-lower tree estimates.

We now continue the proof under the assumption that neither (v;) nor
(uf) is equivalent to the unit vector basis of ¢g. Then it follows from Propo-
sition 4.3 that T(V,~) and T(U™,~) are reflexive spaces each with a nor-
malized, 1-unconditional basis satisfying (SRS) and (W LS) and dominated
by all its normalized block sequences. Hence, by Corollary 3.3, X satisfies
(T(V,), T(U(*),y)*)—tree estimates and X* satisfies (T(U(*),y), T(V,7)*)-
tree estimates.

We now complete the proof by applying Theorem 3.4 first to (T(V, 7), T(U®), 7)*)
and X to deduce (b) and then to (T(U®),~),T(V,v)*) and X* to obtain (c)
(the second application of Theorem 3.4 is followed by an application of
Proposition 4.1 (a)). Note that we are assuming that every normalized
block sequence of the unit vector basis of (T (U (*),’y))* dominates every
normalized block sequence of the unit vector basis of T'(V,~) (which then
implies the same for the spaces T(V,)* and (T(U®),5)), so the conditions
of Theorem 3.4 are indeed satisfied. O

Let 0 <y <1land1l < p<oo. Weshall write T}, , for the Tsirelson space
T(¢y,,~y) associated to £, and ~.

Corollary 4.8. Let 1 < g <p < o0, and let % —i—}% =1 and % +% =1. For
a separable and reflexive Banach space X the following are equivalent.

a) X satisfies asymptotic (€, ly)-tree estimates.
b) X can be embedded in a reflexive space Z with an FDD (E;) satisfying
asymptotic (£p,{,)-estimates.
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c) X is the quotient of a reflexive space Z with an FDD (E;) satisfying
asymptotic (£, {,)-estimates.
d) X* satisfies asymptotic (L, Ly )-tree estimates.

Remark. Following usual custom the range £,,, 1 < p < 0o really means the
range £,, 1 < p < 00, cq.

Proof. We will verify that the conditions of Theorem 4.7 hold for V = ¢,
and U = {,. By the remark following Theorem 4.7 these conditions are
automatically satisfied if p = co or ¢ = 1. Let us now assume that 1 < g <
p < 00.

Since T}, - is the p-convexification of T y» (see [2]), the unit vector basis of
Ty, is 1-dominated by the unit vector basis of £, and hence the unit vector
basis of (T p,,y)* 1-dominates the unit vector basis of £,. From this one can
easile deduce that every normalized block sequence of the unit vector basis
of (T q/ﬁ)* 1-dominates every normalized block sequence of the unit vector
basis of T, . O

A special case of Corollary 4.8 solves Problem 5.4 raised in [11].

Corollary 4.9. Let X be a reflexive asymptotic ¢, space (meaning that X
satisfies asymptotic (¢,,0,)-tree estimates) for some p with 1 < p < oo.
Then X can be embedded into a reflexive space with an asymptotic £, FDD,
and X s the quotient of a reflexive space with an asymptotic £, FDD.

We conclude by addressing the universality question for the class of sepa-
rable, reflexive, asymptotic ¢, spaces. More generally we consider the class
A, q(C), 1 < g <p< oo, C< oo, of all separable, reflexive spaces with
asymptotic C-(€y, {,)-tree estimates. Let us define

Apg = U -Ap7q(C)-

Ce[l,00)

Theorem 4.10. Let 1 < ¢ < p < 00 and C € [1,00). There ezists Z €
Ay, q which is universal for Ay 4(C), i.e. every X € A, o(C) embeds into Z.
Moreover, Z has an FDD satisfying asymptotic (£p,{q)-estimates.

Proof. By a result of Schechtman [15] there exists a space W with a bimono-
tone FDD E = (E;) with the property that any bimonotone FDD is natu-
rally almost isometric to a subsequence ®:°;E,, which is 1-complemented
in W. More precisely, given a Banach space X with a bimonotone FDD
(F;) and € > 0, there is a subsequence (E,,;) of (E;) and an isomorphism
T: X — W such that T(F;) = E,, for alli € N, |T| - [|T~!|| < 1 +¢, and
the projection Y22, P¥ of W onto @52, E,,, has norm 1.

Let X € A, ,(C). It follows from the proof of Theorem 4.7 and from the
estimate in the proof of Proposition 4.5 that X embeds into a reflexive space
X with an FDD that satisfies (7}, -, Ty, . )-estimates with v = (18C)~L.

We shall now modify the norm on W in two stages ending up with a
reflexive space Z and a blocking H = (H;) of E such that H is a bimonotone



38 E. ODELL, TH. SCHLUMPRECHT AND A. ZSAK
FDD for Z. Furthermore, H will satisfy (Tp,,y,T(;",’,y)-estimates in Z, and
hence it will also satisfy asymptotic (¢p,¢,)-estimates in Z. Finally, any
space X as above will embed complementably into Z.
We first consider the space (W(*))T/ (E*) By Corollary 2.2 the se-
q 7

quence (EY) is a boundedly complete (and bimonotone) FDD for this space.

It follows that (F;) is a bimonotone, shrinking FDD for a space Y with

Y* = (W(*))T/ (E*). By Lemma 2.5 every normalized block tree of (EY)
q

in Y* has a branch which dominates the unit vector basis of Ty ~. In fact
the proof of Lemma 2.5 easily gives a blocking (F}*) of (EJ) such that every
normalized skipped block sequence of (F;") dominates the unit vector basis
of Ty o with a uniform constant. Then it follows from the proof of Proposi-
tion 1.5 that there is a further blocking (G}) of (F}") that satisfies Ty --lower
estimates in Y.

We now let Z = Y7, (G). By Corollary 2.4 Z is reflexive. By the same
argument as above there exists a blocking H = (H;) of G which satisfies T}, -
lower estimates in Z. By duality and by Lemma 2.6 the FDD H satisfies
(T, T, ., )-estimates in Z. Thus Z € A, 4 as required.

It remains to show that Z is universal for A, ,(C). For this it is suffi-
cient to observe that if the FDD (E,,) of the subspace X = &, E,,. of W
satisfies (T} -, T;,ﬁ)—estimates and is complemented in W via the projection

> P,E, , then X is naturally isomorphic to the corresponding subspace
@2, By, of Z (and remains complemented in Z via the corresponding pro-
jection). O

Remark. The above theorem is not valid in the extreme cases. Indeed, fix
C € (1,00) and consider the Tsirelson space T(0,S,), where « is a non-
zero, countable ordinal, Sy is the o Schreier family, and 6 € (C71,1).
Then T(0,S,) € Ap1(C) for any p € [1,00]. So if a separable Banach space
Z is universal for the class Ap1(C), then it follows easily from index argu-
ments [1] that {1 embeds into Z. Similarly, we have T'(0,S,)* € Axo 4(C)
for any q € [1,00], and hence if a separable Banach space Z is universal for
the class A q(C), then co embeds into Z.

It is a natural question whether there is, for 1 < q < p < 00, a space
Z € Ay 4 which is universal for Ay, ,. The answer is negative in general. An
argument much like that given in [13], Propositions 2.7 and 2.8, yields the
following. For 1 < p < oo there exists a constant c¢(p) > 0 so that no space
isomorphic to T, belongs to the class Ap,(C) for C < c(p)y/~v~1. Thus,
since T), , s asymptotic £y, there cannot be a universal space in A, for the
class Ap .

There is a version of the above theorem in the more general setting of The-
orem 4.7. Let V and U be Banach spaces with normalized, 1-subsymmetric
bases (v;) and (u;), respectively. For C € [1,00) let Ay (C) denote the
the class of all separable, reflexive Banach spaces that satisfy asymptotic
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C-(V,U)-tree estimates. Set

Avo = |J Avwl(0).
Cell,00)

The proof of the following result is similar to that of Theorem 4.10 and will
be omitted.

Theorem 4.11. LetV and U be Banach spaces with normalized, 1-subsymmetric
bases (v;) and (u;), respectively. Assume that, for any v € (0,1/4), every
normalized block sequence of the unit vector basis of (T(U (*),’y))* dominates
every normalized block sequence of the unit vector basis of T(V,~y). Further-
more, assume that the bases (v;) and (u}) are not equivalent to the unit
vector basis of co. Then for every C € [1,00) there exists a space Z € Ay
which is universal for the class Ay,y(C). Moreover, Z has an FDD satisfy-

ing asymptotic (V,U)-estimates.

Note that the proof of Theorem 4.10 yields the existence of a universal
space for the class of separable, reflexive spaces satisfying (Tpﬁ,T‘;“,’,y)-tree
estimates. This observation leads to yet another generalization this time in
the setting of Theorem 3.4.

Let V and U be reflexive Banach spaces with normalized, 1-unconditional
bases (v;) and (u;), respectively, satisfying the hypotheses of Theorem 3.4.
Let Dy, denote the the class of all separable, refexive Banach spaces that
satisfy (V,U)-tree estimates.

Theorem 4.12. There exists a space Z € Dy which is universal for the
class Dy,y. Moreover, Z has an FDD satisfying (V,U)-estimates.

REFERENCES

[1] J. Bourgain, ‘On separable Banach spaces, universal for all separable reflexive spaces’,
Proc. Amer. Math. Soc. 79 (1980) no. 2 241-246.

[2] P. G. Casazza and T. J. Shura, Tsirelson’s Space, Lecture Notes in Mathematics 1363,
(Springer-Verlag, 1989).

[3] T. Figiel and W. B. Johnson, ‘A uniformly convex Banach space which contains no
ly', Comp. Math. 29 (1974) 179-190.

[4] W. B. Johnson, ‘On quotients of L, which are quotients of £,’, Compositio Math. 34
(1977) 69-89.

[5] W. B. Johnson and M. Zippin, ‘On subspaces of quotients of (3° Gin)1, and (3° Gn)e,’,
Proceedings of the International Symposium on Partial Differential Equations and
the Geometry of Normed Linear Spaces, Jerusalem, 1972, Israel J. Math. 13 (1972)
311-316.

[6] W. B. Johnson and M. Zippin, ‘Subspaces and quotient spaces of (3 Gn)e, and
O-Gn)ey’s Israel J. Math. 17 (1974) 50-55.

[7] H. Knaust, E. Odell and Th. Schlumprecht, ‘On asymptotic structure, the Szlenk
index and UKK properties in Banach spaces’, Positivity 3 (1999) 173-199.

[8] J. Lindenstrauss and L. Tzafriri, Classical Banach Spaces I (Springer-Verlag, New
York 1977).

[9] B. Maurey, V. D. Milman and N. Tomczak-Jaegermann, ‘Asymptotic infinite-
dimensional theory of Banach spaces’, Oper. Theory: Adv. Appl. 77 (1994) 149-175.



40

(10]

(11]
(12]
(13]
(14]
(15]

(16]

E. ODELL, TH. SCHLUMPRECHT AND A. ZSAK

V. D. Milman and N. Tomczak-Jaegermann, ‘Asymptotic ¢, spaces and bounded
distortions’, Contemp. Math. (eds. Bor-Luh Lin and W.B. Johnson) 144 (1993) 173—
195.

E. Odell and Th. Schlumprecht, ‘Trees and branches in Banach spaces’, Trans. Amer.
Math. Soc. 354 (2002) no. 10 4085—4108.

E. Odell and Th. Schlumprecht, ‘A universal reflexive space for the class of uniformly
convex Banach spaces’, Mathematische Annalen (to appear).

E. Odell, N. Tomczak-Jaegermann and R. Wagner, ‘Proximity to ¢; and distortion
in asymptotic ¢1 spaces’, J. Funct. Anal. 150 (1997) 1 101-145.

S. Prus, ‘Finite-dimensional decompositions of Banach spaces with (p, ¢)-estimates’,
Dissertationes Math. 263 (1987).

G. Schechtman, ‘On Pelczyniski’s paper ”Universal bases”’, Israel J. Math. 22 (1975)
no. 3-4 181-184.

M. Zippin, ‘Banach spaces with separable duals’, Trans. Amer. Math. Soc. 310 no. 1
(1988) 371-379.

E. Odell
Department of Mathematics,
The University of Texas,
1 University Station C1200,
Austin, TX 78712, USA
odell@math.utexas.edu Th. Schlumprecht
Department of Mathematics,
Texas A&M University,
College Station, TX 78712
schlump@math.tamu.edu A. Zsak
Fitzwilliam College,
Cambridge, CB3 0DG, England
a.zsak@dpmms.cam.ac.uk



