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ABSTRACT. Let (e;) be a fundamental system of a Banach space. We consider the
problem of approximating linear combinations of elements of this system by linear
combinations using quantized coeflicients. We will concentrate on systems which are
possibly redundant. Our model for this situation will be frames in Banach spaces.
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1. INTRODUCTION

Hilbert space frames provide a crucial theoretical underpinning for compression,
storage and transmission of signals because they provide robust and stable represen-
tation of vectors. They also have applications in mathematics and engineering in a
wide variety of areas including sampling theory [AG]|, operator theory [HL], harmonic
analysis , nonlinear sparse approximation [DE], pseudo-differential operators [GH],
and quantum computing [EF].

In many situations it is useful to think of a signal as being a vector x in a Hilbert
space and being represented as a (finite or infinite) sequence (< z;,z >)5°,, where
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(x;) is a frame, i.e. a sequence in H which satisfies for some 0 < a < b,
(1) allz)|* <Y | <z, x > P < bl|z|*, whenever x € H.

Since the sequence (z;) does not have to be (and usually is not) a basis for H, the
representation of an @ € H as the sequence (< z;, x >)°, includes some redundancy,
which, for example, can be used to correct errors in transmissions [GKK]. Using a
Hilbert space as the underlying space has, inter alia, the advantage of an easy recon-
struction formula. Nevertheless, there are circumstances which make it necessary to
leave the confines of a Hilbert space, and generalize frames to the category of Banach
spaces. One such instance occurs when we wish to replace the frame coefficients by
quantized coefficients, i.e. by integer multiples of a given § > 0.

An example of such a situation is described by Daubechies and DeVore in [DD]:
Let f € Ly(—00,00) be a band-limited function, to wit, the support of the Fourier
Transform f is contained in [—€2, €] for some Q > 0. For simplicity we assume that
Q = 7. Now we can think of f as an element of Ly[—, 7], write f on [—m, 7] as
inx

a series in e”"* n € Z, and apply the inversion formula for the Fourier transform.

This leads to the sampling formula

Zf sm:mr—mr)7 _—

= T — nw
This series converges ‘badly’. In particular it is not absolutely convergent in general.
Therefore we consider some A > 1 and think of the space Ly[—, 7] as being embedded
(in the natural way) into Ly[—Am, Aw]. The family of functions (e="*/*),, ¢z forms an
orthogonal basis for Ly|—Am, A7], and it can be viewed as a frame for the ‘smaller’
space Lo[—m, ] (see section 2). We write f(€) = v2mp(€) - f(€), where p : R —
[0,1/4/27] is Cso, JJE——— 1/+/27, and P| (oo rmlupim,eo) = 0. Now we can express f
on [—Am, A7] as a series in (e~™*/*) and apply the inverse transform once again. This
leads to the expansion

=Dl 2). v

which not only converges faster, but is also absolutely unconditionally convergent,
since p is Cy, and, thus, p and all its derivatives are in L;(R).
Now assume that || f||... < 1 (note that bandlimited functions are bounded in L).

It was shown in [DD] that the ¥ — A-quantization algorithm can be used to find a
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sequence (¢n)nez C {—1,1} for which
1 n 1
‘f(:v) - X%an(% - X)‘ < XHPIHL“ for x € R.

This means that our approximation does not hold in Ly (and it need not for the
applications at hand) but it does hold in the Banach space L, (in fact in C'(R)).

We consider therefore a signal to be an arbitrary vector z in a Banach space X and
ask if there is a dictionary (e;), e.g. some sequence (e;) whose span is dense in X,
so that z can be approximated in norm, up to some € > 0, by a linear combination
of the e;’s using only coefficients from a discrete alphabet, i.e. the integer multiples
of some given §. The case that (e;) is a non-redundant system, for example a basis,
or, more generally, a total fundamental minimal system, was treated in [DOSZ]. It
was shown there, for example, that if (e;) is a semi-normalized fundamental and total
minimal system which has the property that for some €, > 0 every vector of the form
T =) ..pai€;, with £ C N finite, can be e-approximated by a vector & = ) _._. k;e;,
with (k;) C Z, then (e;) must have a subsequence which is either equivalent to unit-
vector basis of ¢g, or to the summing basis for ¢y. Conversely, every separable Banach
space X containing ¢y admits such a total fundamental minimal system.

In this work we will concentrate on redundant dictionaries. Our model for redun-
dant dictionaries will be frames in Banach spaces. In section 2 we shall recall their
definition and make some elementary observations. Before we tackle the problem of
coefficient quantization with respect to frames, we first have to ask ourselves what
exactly we mean by a meaningful coefficient quantization. In section 3 we recall the
notion Net Quantization Property (NQP) as introduced for fundamental systems in
[DOSZ]. We shall then present several examples of systems which formally satisfy
the NQP, but on the other hand clearly do not accomplish the goals of quantization,
namely data compression and easy reconstruction. These examples will lead us to a
notion of quantization which is more restrictive, and more meaningful, in the case of
redundant systems.

In section 4 we ask under which circumstances one can approximate a vector in a
Banach space X by a vector with quantized coefficients which are bounded in some
associated sequence space Z with a basis (z;) (see Definition 4.1). If Z has non trivial
lower estimates this is only possible if one reconciles with the fact that the length of
the frame increases exponentially with the dimension of the underlying space. We
shall show this type of quantization cannot happen if (z;) satisfies nontrivial lower
and upper estimates. The proof of these facts utilizes volume arguments and must
therefore be formulated first in the finite-dimensional case. An infinite-dimensional
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argument proves directly that the associated space Z with a semi-normalized basis
(z;) cannot be reflexive. In particular, there is no semi-normalized frame (x;) for an
infinite-dimensional Hilbert space so that for some choice of 0 < ¢,6 < 1 and C' > 1,
every x € H, ||z|| = 1, can be e-approximated by a vector & = Y dk;x;, with (k;) C Z
and > 6%k} < C.

In section 5 we consider conditions under which an n-dimensional space admits, for
given £,§ > 0 and C' > 1, a finite frame (x;)¥,, so that every element in the zonotope
{Zf\il a;x; : |a;| < 1} can be e-approximated by some element from {Zf\il Ok;x; -
k; € Z,|k;| < C/é}. Using results from convex geometry we shall show that this is
only possible for spaces X with trivial cotype. Among others, we provide an answer
to a question raised in [DOSZ] and prove that ¢; does not have a semi-normalized
basis with the NQP.

In the final section we will state some open problems.

All Banach spaces are considered to be spaces over the real field R. Sx and By,
denote the unit sphere and the unit ball of a Banach space X, respectively. For a set
S we denote by cgo(.5), or simply cqp, if S = N, the set of all families z = (&5)ses with
finite support, supp(z) = {s € S : & # 0}. The unit vector basis of ¢y, as well as
the unit vector basis of ¢,, 1 < p < 0o, and ¢ is denoted by (e;).

A Schauder basis, or simply a basis, of a Banach space X is a sequence (z,),
which has the property that every x can be uniquely written as a norm converging
series x = »_ a;x;. It follows then from the Uniform Boundedness Principle that the
coordinate functionals (z7),

*.
z, : X = R, E a;T; & Qy,

are bounded (cf.[FHHMPZ]) and the projections P,, with

P, X —-X, x:ZaimiHZaixi, forn € N
i=1
are continuous and uniformly bounded in the operator norm. We call C' = sup,,cy || Prl|
the basis constant of (x;) and K = supy<,,<,, [|Pn — Pnll (Fo = 0) the projection con-
stant of (z;). Note that C < K < 2C. We call (z,) monotone if C = 1 and
bimonotone if also K = 1. A basis (z,) is called unconditional if for any x € X the

unique representation x = »_ a,x, converges unconditionally. This is equivalent (cf.
[FHHMPZ]) to the property that for all (a;) € coo

K, =sup {H Z ta;x;| : H Zaixi

:1}<oo.
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If X is a finite dimensional space we can represent it isometrically as (R", ||-||) where
| - || is a norm function on R™. With this representation we consider the Lebesgue
measure of a measurable set A C R"™ and denote it by Vol(A). Of course Vol(A)
depends on the representation of X. Nevertheless, if we only consider certain ratios
of volumes this is not the case. Therefore, the quotient Vol(A)/Vol(B) is well defined
even in abstract finite dimensional spaces without any specific representation.

2. FRAMES IN HILBERT SPACES AND BANACH SPACES

In this section we give a short review of the concept of frames in Banach spaces,
and make some preparatory observations. Let us start with the well known notion of
Hilbert space frames.

Definition 2.1. Let H be a (finite or infinite dimensional) Hilbert space. A sequence
(j)jeyin H, J =Nor J={1,2,...,N}, for some N € N, is called a frame of H or
Hilbert frame for H if there are 0 < a < b < 0o so that
(2) allzl* <Y |z, 2;)> < bljx|)? for all 2 € H.
jeN
For a frame (z;),e5 of H we consider the operator
©:H —bJ), =z (z,2)))je
its adjoint
O : L) > H,  (§)jer— Y&
j€T

and their product

I=0"00:H — H, xHZ(x,a:j)xj.

jE€T

Since

allz* < 37 )P = (3w a0 ) = (o, 1) < bl
jEN jeN
I is a positive and invertible operator with aldg < I < bldy and thus,

v=1I1"'ol(r)= Z(x,mjﬂ_l(xj), or

r=Iol'(z)= Z(f_l(f)afﬁjﬂj = Z(xa IHay)a;.

For an introduction to the theory of Hilbert space frames we refer the reader to
[Cal] and [Ch]. We follow [HL] and [CHL] for the generalization of frames to Banach
spaces.
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Definition 2.2. (Schauder Frame) Let X be a (finite or infinite dimensional) separa-
ble Banach space. A sequence (x;, f;)jey, with (2;)je; C X, (fj)jes € X*, and J =N
or J ={1,2...N}, for some N € N, is called a (Schauder) frame of X if for every
reX

) =3 ).

In case that J = N, we mean that the series in (3) converges in norm, i.e. that
x = lim, o > 5 fi();.

An unconditional frame of X is a frame (z;, f;)ien for X for which the convergence
in (3) is unconditional.

We call a frame (z;, f;) bounded if

sup [Ja;l| < o0 and sup [|£i]] < oo,
1 1

and semi-normalized if (z;) and (f;) are semi-normalized, i.e. if 0 < inf; ||z;|| <
sup; ||zi]| < oo and 0 < inf; || fi|| < sup; ||fi]| < oco.

In the following Remark we make some easy observations.

Remark 2.3. Let (z;, f;)ien be a frame of X.

a) If inf;en ||2:]] > 0, then £450 as i — oo.
b) Using the Uniform Boundedness Principle we deduce that

n

This implies that if inf;cy ||;|| > 0 then (f;) is bounded and if inf;ey || fi| > 0
then (z;) is bounded.
We call K the projection constant of (z;, fi). The projection constant for
finite frames is defined accordingly.
¢) For all f € X* and z € X it follows that

f(x) = f(iﬁ(@%) - ifi(ﬂf)f(xi) = lim (D 7(@)fi) (@),

and, thus,

< OQ.

K = sup sup

rz€EBx m<n

f=w =3 f@)fi



(4)

(5)
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Moreover, for m < n in N it follows that

H if(xz)fz = mseLg; if(xz)fz(x)‘ < || fll J;Selgj( H ifl(x)xZ < K|,
and
H i f() fil| = xselgi i f(:zcl)fl(:l:)‘
— xselgl f(g;nfi(x)xi>

< SUD zespan(z;:i>m), || 2[|<K f(Z) :KHf‘span(:vi:iZm)H
> 1 s gy |l

d) If (x;, f;) is an unconditional frame it follows from the Uniform Boundedness
Principle that

K, = sup sup < 0.

x€Bx (0;)C{x1}

‘Zazfz(x)xl

We call K, the unconditional constant of (z;, f;).

The following Proposition is a slight variation of [CHL, Theorem 2.6].

Proposition 2.4. Let X be a separable Banach space and let (z;)ic; C X and
(fi)iey € X*, withJ =N orJ={1,2,... N} for some N € N.

a) (x4, fi)ieg 18 a Schauder frame of X if and only if there is a Banach space Z
with a Schauder basis (2;)icy and corresponding coordinate functionals (zf),
an isomorphic embedding T : X — Z and a bounded linear surjective map
S:Z — X, sothat SoT = Idyx (i.e. X is isomorphic to a complemented
subspace of Z), and S(z;) = x;, for i € J, and T*(z) = fi, for i € J, with
x; # 0.

Moreover S and T can be chosen so that ||S|| =1 and |T|| < K, where K is
the projection constant of (z;, f;), and (z;) can be chosen to be a bimonotone
basis with ||z;|| = ||z;|| if i € J, with x; # 0.

b) (x;, fi)ies is an unconditional frame of X if and only if there is a Banach space
Z with an unconditional basis (z;) and corresponding coordinate functionals

(zF), an isomorphic embedding T : X — Z and a surjection S : Z — X, so

)

that SoT = Idx, S(z;) = x;, fori € J, and T*(zf) = f; fori € J, with x; # 0.
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Proof. (a) part “=”  Assume that (z;, f;)icy is a frame of X and let K be the
projection constant of (z;, fi)icy. We put J = {i € J : x; # 0}, denote the unit vector
basis of coo(J) by (z;) and define on co(J) the following norm || - || 2.

(6) H %aizi Z aii|| + ( Z a?)l/Q for (a;) C R.

iejﬂ{m,m—l-l ,,,,, n} iej\j
It follows easily that (z;) is a bimonotone basic sequence and, thus, a basis of the

= max
A m<n

completion of cqo(J) with respect to || - ||z, which we denote by Z.

S:7Z - X, Zajzj — Zajxj,
is linear and bounded with ||.S|| = 1. Secondly, define
T:-X—Z xz= Zf,(x)avz = Zfz(x)xZ — Zﬁ(x‘)zZ
i€l i€l i€]
Remark 2.3 (b) yields for z € X
= sup

HZfz(x)Zz P | Z fi(x)z;

ieJ iejﬂ{m,erl ..... n}

W e

<
man ieJn{m,m+1,...,n}

The map

X

< K],
X

and, thus, that 7" is linear and bounded with |T|| < K. Clearly it follows that
S oT = Idyx, which implies that T is an isomorphic embedding and that S is a
surjection. Finally, if (2]) are the coordinate functionals of (z;) we deduce for x € X
and ¢ € J that

T () () = (1) = {O LT

which finishes the proof of “ =".

In order to show the converse in (a), assume that Z is a space with a basis (z;)eg
and that S : Z — X is a bounded linear surjection, and 7" : X — Z an isomorphic
embedding, with S o T = Idx. Put z; = S(z;) and f; = T*(z}), for i € J. Then for
re X,

r=SoT(x)= S(Z zf(T(x))zz) = ZT*(Z:)(x)S(z,) = Z fi(x)x;,

which implies that (x;, f;)icy is a frame of X.
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For the proof of (b) we replace (6) by
(7) H Z Qi Z;
i€l

and note that arguments similar to those in the proof of (a) yield (b). O

1/2
_ - 2\
z_w,?é?il}HZ‘”W’ x ¥ ( Z“@)

i€l i€\J

Definition 2.5. Let (z;, f;) be a frame of a Banach space X and let Z be a space
with a basis (z;) and corresponding coordinate functionals (z7). We call (Z,(z;))
an associated space to (z;, f;) or a sequence space associated to (x;, f;) and (z;) an

associated basis, if

S:Z—X, Zaizi - Zaixi and T:X—Z2, z= Zfz(x)xl o Z fi(z)z;
;70
are bounded operators. We call S the associated reconstruction operator and T the
assoctated decomposition operator or analysis operator.
In this case, following [Gr] we call the triple ((z;), (f;), Z) an atomic decomposition
of X.

Remark 2.6. By Proposition 2.4 the property of Banach space X to admit a frame
is equivalent to the property of X being isomorphic to a complemented subspace of
a space Z with basis. It was shown independently by Pelczynski [Pe] and Johnson,
Rosenthal and Zippin [JRZ] (see also [Ca2][Theorem 3.13]) that the later property is
equivalent to X having the Bounded Approximation Property. we X is said to have
the Bounded Approximation Property if there is a A > 1, so that for every ¢ > 0 and
every compact set K C X there is a finite rank operator 7' : X — X with ||T] < A
so that ||T'(z) — z|| < € whenever z € K.

Remark 2.7. Let (z;),e5 be a Hilbert frame of a Hilbert space H and let © and I be
defined as in the paragraph following Definition 2.1. We choose Z to be l5(J), S = ©*
and
T=0o0l":H—1l, zw» (I"'(x),z)e;=> (x,1'(z)))e
€T jel
and observe that S o7 = Idy, and for j € J it follows that S(e;) = ©*(e;) = z;, and

T*(e;)(x) = (x, I *(x;)), (z € H) and, thus T*(e;) = I~ (x;).

Thus, if (z;) is a Hilbert frame, then ((z;), (I7*(z;)) is a Schauder frame for which
Z = ly(J) together with its unit vector basis is an associated space.

Conversely, let (z;, f;) be a Schauder frame of a Hilbert space H and assume that
Z = l5(J) with its unit vector basis is an associated space. Denote by T': H —
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l5(J) and S : ¢5(J) — H the associated decomposition, respectively reconstruction
operator. Then it follows that for all x € H

D i) =) (S(ei),x)* =D (e, 5°(x)) = [|S*(«)|>
Thus, since S* is an isomorphic embedding of H into /5, it follows that (z;) is a
Hilbert frame.

In the following observation we show, that we can always expand a frame by a
bounded linear operator.

Proposition 2.8. Let (z;, f;) be a frame of a Banach space X and let Z be a space
with a basis (z;) which is associated to (x;, f;). Furthermore assume that'Y is another
space with a basis (y;) and let V 1Y — X be linear and bounded.

Let 7 =7 ®s Y and define (%) C Z, (#;) C X and (f;) € X* by

P (2ij2, Nij2yis2) P Tis2 + Nij2V (Yis2) if i even
' (Z(z‘+1)/2, _>\(i+1)/2y(i+1)/2) ' T(i+1)/2 — )\(i+1)/2v(y(i+1)/2> if i odd,

i %f,-/g if 1 even

Y sfarne  ifiodd,
where \; = ||zi||/\lyill, for i € N. Then (&, f;) is a frame of X, (%) is a basis for Z
and (Z,(%;)) is an associated space for (Z;, f;).

Proof. Let T : X — Z and S : Z — X be the associated decomposition and recon-
struction operator, respectively. Note that the operators

S:ZPY =X, (2,9) = S2)+V(@)andT: X - Z®, Y, z— (T(z),0)

are bounded and linear and that SoT = Idyx and 5’(21) = 1, for i € N. It is easy to

*

verify that (%) is a basis of Z for which its coordinate functionals (Z;

*) are given by

(denote the coordinate functionals of (y;) by (y))
. 5209 2 Yin) if i even
1 1 * 1 * . .
5(’2(1'4,—1)/27 —)\—iy(iﬂ)ﬂ) if 7 odd.
it follows for x € X that

re =@ = {10 o

which yields T*(EZ*) = f,, for i € N. Thus, the claim follows from Proposition 2.4.
0]
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3. THREE EXAMPLES

In [DOSZ] the following notion of quantization was introduced and studied for non
redundant systems.

Definition 3.1. Let (z;);cy be a fundamental system for X, with J = N or J =
{1,2,... N}, for some N € N (i.e. span(e;:i€J) = X) and let ¢ > 0 and § > 0
be given. We say that (x;);cy has the (e, §)-Net Quantization Property (abbr. (g,6)-
NQP) if for any x = Y. pa;z; € X, £ C J finite, there exists a sequence (k;) C Z,
supp(k;) = {i € N : k; # 0} is finite, such that

(8) HJ; - Z kidx;

We say that (z;) has the NQP if (x;) has the (¢,d)-NQP for some € > 0 and ¢ > 0.

<e.

When we ask whether or not in a certain representation of vectors the coefficients
can be replaced by quantized coefficients, we are often interested in memorizing data
as economically as possible, and reconstructing them with as little error as possible.
With this in mind, we will exhibit in this section several examples, which show that
it is not always meaningful to apply the notion of NQP word for word to redundant
systems like frames. These examples will then also guide us to more appropriate
quantization concepts for frames.

The first example is a tight Hilbert frame (f;) in Sy, (i.e. a = b) consisting of
normalized vectors so that for every x € ¢y there is a sequence (k;) C Z so that
|z — > ;enkifill < 1. The second example is a semi-normalized Hilbert frame (f;)
in ¢ which has the property that for every x € /5 there is a sequence (k;) C Z so
that ||z — >,y kifill <1 and (k;) has the additional property that max;ey |k;| < 1, if
x € By,. The third example is a Schauder frame (f;) of 5 which has the property that
for every = € {5 there is a sequence (k;) C Z, so that not only max;en |k;| < [|z| and
|z = > ,en kifill < 1, but so that also the support of (k;), i.e. the set {i € N: k; # 0}
is uniformly bounded.

Example 3.2. Let 0 < g; < 1/2. For i € N define the following vectors fo;_; and fo;

in SZQ-
_ 2 _ / 2
faic1 = /1 —€feaim1 +eieg; and fo; = —gie9i-1 + /1 — €7e;.

Clearly (f;) is an orthonormal basis for /o and we let F = {e; : i € N} U{f; : i € N}.
Then F is a tight frame (as is any finite union of orthonormal bases) and the sequence
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Zoim1 = €gi1 — faic1 = (1 = /1 —€F)eai1 — gie9
Z9; — €9 — fgi = £;€9;_1 + (1 — A/ 1 - E?)@Qi, fOI' Z € N

is an orthogonal basis and ||z2;—1]| = ||z2:|| = O(e;). Thus, if (&;) converges fast enough
to 0 it follows that for any x € ¢, there is a family (k;) C Z, with |[supp(k;)| < oo, so

that
e = > Rzl = |2 = > kitei = 1)

Example 3.3. Our second example is a semi-normalized Hilbert frame (x;) in {5 so
that

< 1.

D= {ka t ki € {—1,0,1} and {i : k; # 0} is finite}

=1

is dense in By, .

Put (¢;)2, = (1/2") and partition the unit vector basis (e;) of £ into infinitely
many subsequences of infinite length, say (e(i,j):4,j € N). Then our frame (f) is
defined to be the sequence:

fi=cer+e(l,1), fo=e(1,1),
fs=cea+e(1,2), fi=e(1,2), fs = cae1 + €(2,1), fs = e(2, 1),
fr=cies +e(1,3), fs=e(1,3), fo=cae2 + €(2,2),
fio=¢€(2,2), fii=cze1 +¢e(3,1), fra=e(3,1),
fis = creq +e(1,4), fis = e(1,4), ..., fig = caer +e(4,1), foo = e(4, 1),

Note that the set of vectors x € By, of the form

v= eli.fae; =Y (i g)(cie; + e(i. ) = eli, j)e(i, )
ijeN ijEN
where (£(7,7)) € {—1,0,1} so that the set {i,j € N : (i, 7) # 0} is finite, are dense
in By,. This implies that every x € By, is the limit of vectors (x,) with

(@2) € {D eifit (e) € {~1,0,1},{i € N:&; # 0} is finite}.
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The sequence (f,,) is a frame. Indeed for any z = > z;e; € {5 we have

D {fow) =Y ({for)+ Y (fna)? =Y al+ Y (cw;+ (e(i, 4),x))

i even i odd 1,JEN

> l||?
<P+ X jen26ia] + 2(e(i ), 1) < 3+ 230 )|l

Example 3.4. We construct a Schauder frame (z;, f;) of ¢ so that (z,) is dense in
By,
Let (z,) be dense in By, and choose for each n € N

Ton—1 = Zn + €n, Ton = Zp, f?n—l = €n and f2n = —€n.

Clearly, for every x € {5
T = Z<ei> T)e; = Z<f2n717 T)Ton—1 + (fan, T)Tan

(the above sum is conditionally converging). It follows that ((x,), (f,)) is a Schauder
frame of ¢5. It is clear that (x,) is not a Hilbert frame.

Remark 3.5. All three examples satisfy the conditions (NQP) if we extend this notion
word for word to frames. Nevertheless these examples do not satisfy our understand-
ing of what quantization of coefficients should mean.

In Example 3.2 every x € ¢ can be approximated by an expansion with respect
to a frame using only integer coefficients, but these coefficients might get arbitrarily
large for elements in By,. This means that we would need an infinite alphabet to
approximate vectors which are in By,. Therefore it is not enough (as in the non
redundant case) to assume that our frame is semi-normalized.

In the Examples 3.3 and 3.4 we achieve the approximation of any vector in /5 by a
quantized expansion whose coefficients are bounded by a fixed multiple of the norm of
the vector, but in order to approximate even the vectors of a given finite dimensional
subspace (for example the space generated by two elements of the unit vector basis
elements of /5) we need an infinite dictionary.

4. QUANTIZATION WITH Z-BOUNDED COEFFICIENTS

One way to avoid examples like the ones mentioned in Section 3 is to impose
boundedness conditions on the quantized coefficients within an associated space Z.

Definition 4.1. Assume (x;, f;)iey, J = Nor J ={1,2... N}, for some N € N, is a
frame of a Banach space X. Let Z be a space with basis (z;) which is associated to
(.TZ‘, fi)i€J~ Let €,6 >0, C > 1.
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We say that (x;, f;) satisfies the (g,0,C)-Net Quantization Property with respect to
(Z,(z)) or (g,0,C)-Z-NQP, if for all x € X there exists a sequence (k;);ey C Z with
finite support so that

9) H > kidz|

We say that (z;, f;) satisfies the NQP with respect to (Z,(z;)) if it satisfies the
(e,d,C)-Z-NQP for some choice of £,§ > 0 and C' > 1.

< C||z|| and Hx— Z(W%% N

<e.

It is easy to see that the property (e,d,C')-NQP with respect to some associated
space is homogenous in (e, §), meaning that a frame (z;, f;) satisfies the (g, 0, C')-NQP
if and only if for some A > 0 (or for all \) (z;, f;) satisfies the (Ae, Ao, C')-NQP. The
following result, analogous to [DOSZ, Theorem 2.4], shows that it is enough to verify
that one can quantize the coefficients of elments x which are in By to deduce the
NQP.

Proposition 4.2. Assume that (x;) and (z;) are some sequences in Banach spaces
X and Z, respectively, and assume that there are Cy < 00, 69 > 0 and 0 < gy < 1, so
that for all x € Bx there is a sequence (k;) C Z, (k;) € coo with

(10) H Z Ook;zi

Then there are 61 > 0 and C} < 00, depending only on dy, qo and Cy, so that for all
x € X there is a sequence (k;) C Z, (ki) € coo, with

(11) H Z 01k;z; T — Z O01k;x;

Proof. Choose n; € N and ¢; so that
ny + 1

ni

S CO and Hfﬂ — 250]{11'1

< qo.

< Cy|lz|| and ‘

(12)

G =q <1

and put §; = dp/ny.
We first claim that for any 0 < 6 < 6; and any © € By there is a sequence
(k;) € ZN N cgo so that

(13) D

Indeed, let § < §; and = € Bx and choose n > n; in N so that ‘50 << ‘sn—o and
(ki) C Z so that

H Zk 00z

< 2C, and Hx — 25/%182'

< q1.

< qo-

< (Cp and H(5n+1 x—Zk&)xz
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Thus, since n > nq,

H Z ki(n+ 1)z

5(n+1)§n+100§200

— | 3= kido

0
and

T — kio(n+ 1)x k;i0ox;
H Z n+1 Z

By induction on n € N we show that for any 6 < ¢f 151 and any x € By there is
a (k;) C Z, (k;) € coo, so that

n—1
(14) H Z kiozi|| < 2C, Z q¢' and Hx — Z kiox;
i=0

For n = 1 this is just (13). Assume our claim to be true for n and let § < d;¢}" and
x € Byx. By our induction hypothesis, we can find (k;) C Z, (k;) € co, so that

H 3 kidz|| < 26 Tiqi and Hx =3 kb

Since ¢; " (z — > k;idx;) € Bx and since dg;" < 41, we can use our first claim and
choose (k;) € ZN N ¢go so that

1 1)
n+ Sn+1) <(105_(n+1)§(h-
0

<qy.

<q7,

H Z l;:iéql_”zi < 2Cy and qu” <x — Z kiéxi> — Z 5q1_”l;:ix,~ <aq.
Thus -
H Z(kz + k)02 < 2C Z q; + 2Coqt,
and -

1
< g,

T — Ok;x; — 61{:%
o =32 ok = 37

which finishes the induction step.

Now define Cy = 2Cy Y7, ¢f and let 2 € X be arbitrary.

If |||l > 1 (this is the only case left to consider) we choose n € N with ¢} < ﬁ <
¢}~ and, by (14) we can choose (k) € ZN N cyo so that

|3 g

which yields

qu < () and H k'dl T
lzll ||9€||

< C4|z]| and Haz - Zki51$i

< ¢zl < 1.

H Z kiélzi
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In the following result we consider a finite frame (x;, f;)¥, of an n-dimensional
Banach space X, and exploit the fact that, if (z;, f;)Y, has the (g,0.C)-NQP with
respect to some space Z having a basis (z;)Y, then the volume of By can be at most
as large as the sum of volumes of the e-balls around the elements of

Foo)() = {anéxj : H anézj

< C}.
Thus the value

e " = Vol(Bx)/Vol(eBx)
must be smaller then the cardinality of F;cy(z;).

Proposition 4.3. Assume f,g:(0,00) — (0,00) are strictly increasing functions so
that

(15) lim f(n) =00 and lim g(n)Inn =0

n—00 n—o0 n
and C,B,R>1, and 0 < d,e <1 .

Assume that (x;, f;)N, is a frame of a Banach space X with dim(X) = n < oo
and that Z is an N-dimensional space, N € N, with basis (2;)}X.,, which is associated
to (xg, )Ny LetT : X — Z and S : Z — X be the associated decomposition and
reconstruction operator, denote by Kz the projection constant of (z;).

Y

Assume
(16) Fs.0)(x;) is e-dense in Bx, and
(17) f(#A)SHanzj L if AC{1,2.. N} and (n;);ea C Z\{0}.
jEA

Then

(18) In N > %—m (QK;CH).

In addition there is an ng € N (depending on C, B, R, €, §, f and g) so that if,
moreover, Kz < B, ||S]| < R and

(19) g#A) = sup || > 42
JEA

, whenever A C {1,2... N},

then n < ny.

Proof. First note that, if A C {1,2,.., N} and (n;);ea CZ\{0} with C > || D ica njészzz
Sf(#A), then #A4 < f~Y(C/d) and |n;| < KzC/6 for j € A. Thus, (16) and the
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volume argument, mentioned before the statement of our proposition, yields
B N 9K,C  \LF1(C/9) 2K ,C 71 e

n < a< (. . Shat 1) < [N( 1)] :
< #7u0(a) < (0 ) (55 =T
which, after taking In(-) on both sides, implies (18).

Now assume that also (19) is satisfied. Let (e;,ef)?; be an Auerbach basis of X,
ie. |les|| = |le|l = 1 and €}(ej) = d(;5)- Such a basis always exists (c.f [FHHMPZ,
Theorem 5.6]). Choose 0 < 1 < oo so that (1 +1/n) < 1 and define fori =1,2...n

£
ai={je {2, N} Jeiey) 2 !
J { } |e7,(xj)| - nKZCf_l(C/(S)n
Then it follows for the right choice of o; = %1, j € A; that
g#A) = | 3+

JEA;

1
> ——sup H Z tx;
ERP

1, #Aie
> 1574 (2 9%) 2 S o7 o

JEA;
and thus
#A_nlISIELCT (/5
g(#A:) ~ € .
Put A = Uign A;. If (n;)j<n C Z is such that Zjvzl dn;z; € Fs,cy(xj), then

H Z 5njzcj
jEAS

where the second inequality follows from the definition of the A;’s and the observation

(20)

< Y (X lernl) malngl < # s £ 0 s <

jeAcn; £0  i=1

9
7]’

at the beginning of the proof, and the last inequality follows from the fact that

(21) ST ny 2030 < (1D niz| < C/6.
This implies together with (16) that the set

N
Fo.o) = {anéxj : (n;) C Z, ’an(Szj < C}

jEA j=1
is 5(1 + %)—dense in Bx. Hence, our usual argument comparing volumes and (21)
yields

—1 2K,C f=(cy/s) #A 2K,;C LF=1(C/5)) 1
AfTHC) (222 g > et | > -
# ( 5 > =\ 1(C/o)] ( 5 T ) ~en(141/n)
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Taking In(-) on both sides and letting r(¢) = In(¢)g(¢)/¢ for ¢ € N, we conclude by
(20) and since (1 + 1/n) < 1 that

nln <€(1‘|‘1—1/77))

< f—1<0/5)(1n(#A> +In <2ch + 1))

)
< f—1<0/5)<lnn - Iglganxln(#Ai) +1In (4.7(526'))

- ) () 0 (20))

< f_1(0/5)<1nn + nr(#Az‘o)nHS”KZC;fl(C/é) +1In (4K5ZC>>

where ig < n is chosen so that #A4;, is maximal. By our assumption (19) on g we can
find an ¢y € N so that

e T OlSIEZCFTHE/S) 1 1
) € = §1n <5(1+1/77)

If #A,, < {y then by the third line in above chain of inequalities

nln (W) < f7YC/6) [lnn +lndy + In <2ch>},

which implies that n is bounded by a number which only depends on ¢, §, C, f, g
and Kz. If #A;, > (o, then it follows that

>, whenever ¢ > (.

n 1 4K ,C
“In(—) < f .
2ln<g(1+1/n)> < S7e/0)(mn o+ (=)

which implies our claim also in that case. 0

We shall formulate a corollary of Proposition 4.3 for the infinite dimensional situ-
ation. We need first to introduce some notation and make some observations.

Let (24, fi)ien be a frame of X. Furthermore assume that X has the 7-property,
which means that there is a sequence P = (P,) of finite rank projections, whose
norms are uniformly bounded, and which approximate the identity, i.e.

(22) x = lim P,(z), in norm for all x € X.

For example, if X has a basis (e;) we could choose for n € N the projection onto the
first n coordinates, i.e.

n
P, X—-X, E a;e; — E a;€;.
i=1
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It is easy to see that (Pn(xi), fi|pn(X)) is a frame of the space X,, = P, (X). More-
over, condition (22) and a straightforward compactness argument shows that for any
n € N and any % < r < 1 there is an M, = M (r,n) so that it follows that

(23) Hx - i(fi,93>Pn(sz‘)

=1

< (1 —r)||z||, whenever z € X,, and N > M,

It follows that the operators (Q),,), with

M,
Qn: Xy = Xo, x> (Pi(fi),2)Pal),
=1

are uniformly bounded (||@,| < 2, for n € N), invertible and their inverses are
uniformly bounded ([|Q;,'|| < %, for n € N). For z € X,, we write

and deduce therefore that

(™, 9™) .2 = (@ o Palas) Pi(£)) 5

is a finite frame of X,,.
Let Z be a space with basis (z;) which is associated to the frame (z;, f;). It follows
easily that the operators (5,,) and (7},)

M, My,
To: X — Zn, =Y [i(2)(@Q," 0 Pu)(w:) = Y filx)z
=1 =1

are uniformly bounded, and thus Z,, is an associated space for the frame (yi(n), ggn))igMn

while 7T,, and S,, are the associated decomposition and reconstruction operators, re-
spectively.

Finally assume that the frame (x;, f;) satisfies the NQP with respect to Z. Again
by compactness and using Proposition 4.2 we can choose M,, = M (r,n) large enough
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so that it also satisfies for some (¢, 6, C'), independent of n,

(24) For all n € N and x € X,, there is a sequence (k;)M1 C Z so that

Mn
=1

After changing € > 0 and § proportionally, if necessary, and since r > %, we can

assume that ¢ = == +sup, ||P,||¢ < 1. For n in N and = € By, we can therefore
choose (k;)Mn C 7 so that || S22 6k;z;|| < C and

My
< C||z|| and Hx - 25/%% <e.
i=1

<19 - ||@nte) - S kP

1=

My,
< QM1 1Qu(w) — ol + Q5 [l = D ki)
=1

M
o= > oK@z 0 P
=1

My,
< 1QM - 1Qu(@) = 2l + Q5 - I Pull - [ = > ok
i=1

1—
<L tsup Pl =g <.

r n T
Thus, for every n € N the frame (P;(f;), (Q," o Pn)(xz))j\g satisfies condition (16) of
Proposition 4.3 (for (g,0,C) = (¢, 9, C)). Therefore we deduce the following Corollary.

Corollary 4.4. Let (x;, f;)ien be a frame of an infinite dimensional Banach space
X for which there is a uniformly bounded sequence (P,) of finite rank projections
which approximate the identity. Assume that (x;, f;)ien satisfies the (g,6,C)-NQP
with respect to a space Z with basis (z;) for some choice of ¢ > 0, 6 > 0 and C so
that ¢ = ==+ sup, | Po||% < 1 with 5 <r < 1. Let (M,) be any sequence in N which
satisfies (23) and (24).

Finally assume that (z;) satisfies the following lower estimate

lim inf{H g n;z;
n—oo
jeA

: (n;)jeaCZ\ {0}, AC N, #A = n} = 00.

Then

a) (M,) increases exponentially with the dimension of X, i.e. there is a ¢ > 1,
so that M, > 1™ eventually,

lnin)sup{H;izi :ACNa#Azn,}:oo.

b) lim sup

n—oo
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Let us simplify the conditions in Corollary 4.4 and observe that it implies the
following.

Corollary 4.5. Assume that X is an infinite dimensional Banach space with the
m-property and that Z is a Banach space with a basis (z;) satisfying for some choice
of 1 < g <p < oo lower ¢, and upper ¢, estimates, which means that for some C and

all (a;) € coo
é(Z |ai|P>1/P - H S < O(Z |ai|q>1/q.

Then no frame of X has the NQP with respect to (Z, (ZZ))

The following proposition shows how to construct a frame with respect to a space
Z which contains ¢;.

Proposition 4.6. Let (x;, f;)ien be any frame of a Banach space X and let Z be a
space with semi-normalized basis (z;), which is associated to (x;, f;). Then there is
a frame (féi,fi)ieN of X and a basis (Z;) of 7 = 7 @yl so that (fi,fi)ieN has Z
as an associated space and has the NQP with respect to Z. Moreover, (T, fi)ieN 18
semi-normalized if (x;, f;)ien has this property (for example if (x;) is a normalized
basis of X ).

Proof. Assume, without loss of generality that ||z;|| = 1 for « € N. Choose a quotient
map @ : {1 — X so that (Q(e;) : i € N) is a 1-net in By and so that ||Q(e;) || > 1
for i € N (which is easy to accomplish). Finally we apply Proposition 2.8 to Y = {;
with its unit vector basis (e;) and V = @, and observe that the frame (i;, f;) and
basis (Z;) of Z, as constructed there, has the property that for any x € By there is
an ¢ € N so that
% = [lz — Q(e;)[| < % and H%(ézz — Zoi 1)
which implies by Proposition 4.2 that (z;, fi)ien has the NQP with respect to (z;).
By construction of (#;, f;) in Proposition 2.8 it follows that (f;) is semi-normalized
if (f;) has this property and since HQ(&') + xZH > 1, for i € N, it follows that

b- -

1 .
7 S 1]l = sup fla ]| + 1,
jeN

which implies that (Z;, ﬁ) is semi-normalized if (x;, f;) has this property. O

Finally we present an infinite dimensional argument implying that if Z is a reflexive
space with basis it cannot be the associated space of a frame (z;, fi)ien, with ||z;|| = 1,
for i € N, which satisfies the NQP.
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Proposition 4.7. Assume that Z is a reflexive space with a basis (z;), with inf;en || 2| >
0, and assume that (z;, (f;)) is a frame of an infinite dimensional Banach space X
with associated space Z .

Then ((z;), (fi)) cannot have the NQP with respect to Z.
The following result follows from Proposition 4.7 as well as from Corollary 4.5.

Corollary 4.8. A semi-normalized frame of an infinite dimensional Hilbert space H
cannot have the NQP with respect to the associated Hilbert space {5(N).

Proof of Proposition 4.7. We assume w.l.o.g. that (z;) is bimonotone and let T : X —
Z and S : Z — X be the associated decomposition and reconstruction operator,
respectively.

For C' < oo and 6 > 0 define

i=1 i=1

Assume that (z;, f;) has the NQP with respect to Z. Then we can choose § > 0 small
enough and C' > 1 large enough so that S(B(cs)) is e-dense in Bx for some 0 < ¢ < 1.

Since (z;) is semi-normalized and Z is reflexive, B¢ ) is weakly compact. Indeed,
assume that for n € N,

Yn = Z (5[{35”)22- € B(Q(;).
i=1
After passing to a subsequence we can assume that for all ¢ € N there is a k; €
N so that ki(n) = k; whenever n > 1. Thus, by bimonotonicity, it follows that
|0 0kiz]| < C, for all n € N, and, thus, since (z;) is boundedly complete
Yooy 0kizi € Z and || Y72, 0kizl| < C. Thus, Y7, 0k;z is in B(cy), and since
k™
support of each element in B¢ is finite since (2;) is a semi-normalized basis, and

converges point-wise to (k;) and (z;) is shrinking it is the weak limit of y™. The

thus B¢ is countable. Since S(B(cy)) is e-dense in X, it follows that the map
E: X* — C(Bg), with E(:v*)(Z 6krz> = 0kiS*(27)(z1),

is an isomorphic embedding. Indeed, for * € B% there is an © € By with |z*(z)| =1
and ) 0k;z; € B(c,) so that ||o — > 0k;x;|| < e, and thus

1E()| > )E(x*)(zmz,-) - x*(Z (m) 1+ x*(Zékixi - x) >1 -«

But this yields that X* is isomorphic to a subspace of the space of continuous functions

on a countable compact space, and, so X must contain ¢y. This is impossible since
X is a quotient of a reflexive space and thus also reflexive. 0
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5. QUANTIZATION AND COTYPE

In this section we consider a quantization concept for Schauder frames, which is
independent of an associated space.

Definition 5.1. Let (x;, f;)icy be a frame of a (finite or infinite dimensional) Banach
space X, J=Nor J={1,2,... N}, for some N € N, and let 0 <&, 0 < <1 and
1 < C < oo. We say that (z;, f;)iey satisfies the (e, d,C)-Bounded Coefficient Net
Quantization Property or (g,d, C)-BCNQP if for all (a;)icy € [—1,1]7 Ncgo(J) there is
a (ki)ies € 77 N cyo(J) so that

1e] i€]

Remark 5.2. Let (x;, f;)icy be a frame of X andlet 0 <e,0<d<land1<C < .

a) Since for any (a;)icy € coo(J) and any i € J we can write a; = m;d + @; with

m; € Z, |m;|d < |a;] and |a;| < 6, for i € J, (zy, f;) satisfies the (g,6,C)-
BCNQP implies that

(25)  for all (a;)ies € coo(J) there is a (k;)iey € Z N co(J) so that
i€l i€J

(a) immediately implies

b) If (x;, f;) satisfies (¢,0,C)-BCNQP and 0 < A < 1 then (z, f;) satisfies
(Ae, A6, 1+ AC)-BCNQP.

c) If (x;) is a semi-normalized basis of X and (f;) are the coordinate functionals
with respect to (x;) and (z;) satisfies the (¢,6)-NQP (Definition 3.1), then
(x;, f;) satisfies the (e,0,C)-BCNQP with C' = 1 + esup;; || fil|. Indeed, for
re X,z =7y, a;; with |a;| <1, there is a sequence (k;) € Z with finite

support so that ||a: -> 51{1:@” < ¢ and

Ji <ZIT - Z 5]%%)

We will connect the property BCNQP with properties of the cotype of the Banach

¢
4

< ¢ and max |k;| <
i€J

1
< ¢ and max |k;| < —max(|q;| + C).
i€l 0 i€l

d max | k;| < max <’f1($)| +

) <1+eswllfi
i€]

space.

Definition 5.3. Let p < 2. A Banach space X has type p if there is a ¢ < 0o so that
for all n € N and all vectors x1,xs,...2, € X

S} S [

(oi)in {1} i=

2\ 1/2 n 1/p
O
i=1
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In that case the smallest such ¢ will be denoted by T,,(X).
Let ¢ > 2. A Banach space X has cotype q if there is a ¢ < oo so that for all n € N
and all z1,29,...2, € X:
2> 1/2

(3 tlae) ™ < e(ave| S 4
i=1 i=1
The smallest of all these constants will be denoted by C,(X).

We say that X has only trivial type, or only trivial cotype if Tp(X) = oo for all
p> 1, or Cy(X) = oo, for all ¢ < oo.

2) 1/2 _ c<2_” Z H i -

(o) {1} i=1

Basic properties of spaces with type and cotype can be found for example in [DJT]
or [Pi2]. We are mainly interested in estimates of the volume ratio of the unit ball
By of a finite dimensional space X using C,(X) and the connection between finite
cotype and the lack of containing (7 ’s uniformly.

Assume that X is an n-dimensional space which we identify with (R", || -||). Let
E be the John ellipsoid of the unit ball Bx of X, i.e. the ellipsoid contained in Bx
having maximal volume. It was show in [Jo] (see also [Pi2, Chapter 3|) that E is
unique. We call the ratio Vol'/"(By)/Vol'/"(E) the volume ratio of Bx. Combining
[Ro, Theorem 6], which establishes an upper estimate for the volume ratio using
T,(X™*), with a result of Maurey and Pisier [MP1, MP2] (see also [DJT, Proposition
13.17]) estimating 7,,(X*) and a result of Pisier ([Pil] (see also [Pi2, Theorem 2.5])
estimating the K-convexity constant K (X) of X, we obtain the connection between
the volume ratio of Bx and the cotype constant of X.

Theorem 5.4. There is a universal constant d so that for all finite dimensional
Banach spaces X, with n = dim(X) > 2, and all 2 < g < .

o - 1/n
(26) (%) < dC,(X)n*@ I,

where E C X s the John ellipsoid of Bx and a(q) := % — %.

We will also need a second upper estimate for the volume ratio due to Milman and
Pisier [MiP].

Theorem 5.5. [MiP](see also [Pi2, Theorem 10.4]) There is a universal constant A
so that for any finite dimensional Banach space X,

o - 1/n
(27) (Sos)) =90 i= ACX) (1 + o)

where E C X is the John ellipsoid of Bx.
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The next result describes the connection between the property of having a cotype
g < oo and the lack of of containing ¢2 ’s uniformly.

Theorem 5.6. [MP1, MP2| For every N € N there exists a g(N) € (2,00) and a
C(N) < oo so that:

(28)  For any (finite or infinite dimensional) Banach space X which does not
contain a 2-isomorphic copy of €5 we have that Cyny(X) < C(N).

Finally we will need the following result from [Os]. It is implicitly already contained
in [GMP, pp.95-97].

In order to state it we will need the following notation. Let m < n € N and let
L C R™ be an m-dimensional subspace. Let (), be the unit cube in R", i.e. the
unit ball of ¢2, [—1,1]". By a simple compactness argument there is a projection
P :R" — L for which Vol(P(Q,)) is minimal. In that case we call the image P(Q,)
a minimal-volume projection of @Q,, onto L.

Theorem 5.7. [Os, Theorem 1| Let L be a linear subspace of R™, and let M be the
set of all minimal-volume projections of @),, onto L.
Then M contains a parallelepiped.

We are now in the position to state and to prove the connection between cotype
and BCNQP in the finite dimensional case.

Theorem 5.8. There is a map ng : [1,00)* — [0,00) so that for all finite dimensional
Banach spaces X the following holds.
If (zi, f)X, is a frame of X, with ||x;|| = 1, fori < N, and which satisfies (1,6, C)-
BCNQP for some 0 < <1 and C > 1, then for all2 < g < oo
1

2¢In (1+2%)

where K is the projection constant of (z;, fi)X,.

, whenever dim(X) > no<€,KCq(X))a

N > dim(X) In(dim(X)) )

Proof. Let Z be the space with a basis (z;) and let T: X — Z and S : Z — X be
the associated decomposition and the reconstruction operator as constructed in the
proof of Proposition 2.4 (a) “=”. Since the z;’s are normalized the z;’s are also of
norm 1. After a linear transformation we can assume that Z = RY and (z;)Y, is the
unit vector basis of RY. Since (2;) is a bimonotone basis it follows that ||z}|| = 1, for
i < N . Hence By C Qy, where Qy denotes the unit cube in RY. Define L = T'(X)
and put n = dim(X) = dim(L). Since S oT = Idy it follows that P =T o S is a
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projection from Z onto L. If we denote the John ellipsoid of T'(Bx) by FE, and we
deduce that (recall that by Proposition 2.4 (a) ||T]| < K)

(29) ECT(Bx)=PoT(Bx)C P(K-By) C P(K-Qy).

By Theorem 5.7 there is a minimal -volume projection M of Qx onto L which is a
parallelepiped. Let B,, denote the n dimensional Euclidean ball in R™. Since there is
a universal constant ¢ so that

Vol(B,) < (%)

n

and since
1 1
—FC—FECLNB;CLNQyC M,
KT
we deduce from the fact that B, is the John ellipsoid of the unit cube in R™ [Jo] (see

also [Pi2, Chapter 3]), that

. (w(P(QN»)”” . (w(P(QN»)”” N ( Vol(M) )”” NG
Vol(E) Vol(%E) - Vol(%E) c

The last inequality follows from applying a linear transformation A to L so that
A(M) is a the unit cube in L (with respect to some orthonormal basis of L) and, thus
A(%E) is an ellipsoid whose volume cannot exceed that of the Euclidean unit ball in
L. Since T : (X, || -||) = (L, || - llr(Bx))> where || - ||r(By) is the Minkowski functional

for T'(Bx), is an isometry it follows from Theorem 5.4 that
(30) Vol'/™(T(Bx)) < dCy(X)n*? In(n)Vol/"(E)
< deKCy(X)n "¢ In(n)Vol/™(P(Qx))

(the universal constant d was introduced in Theorem 5.4).
Since the zonotope

N

P(Qn) = TOS({iaizi sag| < 1}) = {Zaz‘T(ﬂ%) sag| < 1},

i— i=1
contains at most (1+2%)" points from the set D = {3 6n,T(x;) : (n;) C Z, max d|n;| <
C} and since from our assumption that (z;f;), satisfies the (1,4, C)-BCNQP it fol-
lows that

P@Qx) © | 2+ T(Bx),

zeD
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N o N nlt/a "
(1 %) = Xﬂgxii = <ch0q(x> ln(n)>

we deduce that

and, thus,
N> nln(n)  nln(n(n))  nln(deKCy(X))
_qln(1+%) ln(l—l—%) ln(l+%) 7
which easily implies our claim. 0J

In the next result we will show that, up to a constant factor, the result in Theorem
5.8 is sharp. We are using the simple fact that for any number 0 < r < 1 and any
m € N, r can be approximated by a finite sum of dyadic numbers, say 7 = 2311 0;277,
o; €{0,1}, for j =1,...m, so that |[r — 7| <27,

Proposition 5.9. Let X be an n-dimensional space with an Auerbach basis (e;, ef)?;.
Let m € N and let K be the projection constant of (e;)7_,. Then there is a frame
(@js)s fags) 01 <i<n,1 <j<m,s=0,1) of X (ordered lexicographically) so
that

1
(31) 5= < |lzujoll £2 and || fu,s] = 1, whenever 1<i<n,1<j<m and s=0, 1,
(32) V(ag s :1<i<n, 1 <j<m,s=0,1)C[-1,1]
(k) 10 <nyj<m,s=0,1)C{=3,-2,..,3}
n m 1 n m 1 9—m
|3 asmriss =33 keswrn| < 1405
i=1 j=1 s=0 i=1 j=1 s=0
(z e. (T(ijs) fijs) 1 1 <i<n, 1 < j<m,s=0,1) satisfies the
(1+n=5=.1,3)-BONQP).
(33) The projection constant of (x(; s, fiijs) : 1<i<n,1<j<m,5=0,1) does not
exceed 4K .
Proof. For 1 <4 < n and 1 < j < m define z( ;0 = €1, T 1) = €1+ = 2,m6
Jigo) = —e; and f”1 = ef. Since for every z € X
= Z Zef Z Z fain (@)1 + f6.50) (226,50,
=1 =1 j=1 =1 j=1

(@(js)s fgs) : 1 <1 <n, 1 <j<m,s =0,1) is a frame of X and it satisfies (31).
In order to verify (32) let (a¢ s : 1<i <n,1<j<m,s=0,1) C [-1,1] be given.
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For i = 1,2,...,n it follows that ‘ Z;n:l agi g1 2 m‘ < 1, and, thus, we can choose
(k@1 17 <m) C {0,£1} so that for each i <n

9—m
(34) ‘Za(%ﬂl)l 2-m Zk(wl)l 2-m —1_2 m’

Since the absolute value of M = »71" | >*™" a(i,j,1) + a(i, 5,0) — k¢ j1) is at most
3nm we can choose for 1 <i <nand 1< j<m, kjjo € {—3,-2,...,2,3} so that
a=M—3" > kijo), has absolute value at most 1. We compute

n m 1 n m 1
H DD D T i — DL D D ke T
i=1 j=1 s=0 i=1 j=1 s=0
D) ST S o Sy s
i=1 j=1 =1 j=1
+ ‘ > a6 + 650 — ko) — ki
i=1 j=1
< 1+Z‘Z (i51) k(m,l))%‘ < 1+n%
=1 j=1

which proves (32).
To estimate the projection constant of (z(; s, fijs 1<t <n,1 <j<m,s=0,1)

we denote by <. the lexicographic order on {(,7,s) : i < n,j7 <m,s = 0,1}, and
let

n m n

T = ZZ:; a;e; = Z Z —a;e1 + ae; + aiezl S Z f ,Js x(i,j,s)

i=1 j=1 i=1 j=1 s=0,1
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and (ig, Jo, S0) <iex (71,71, 51). Then, if 45 < iy,

H Z fG.3.9) (x)x(i,j,s)

(40,J0550) S1ex(4:3,8) Ttex (41,41,51)

9—Jo m 2—J
= Hl{sO 1} |:a10€1 + (0 S a———— 1— o m ] + Z —a;,€1 + a;,€1 + aiomeio
J=jo+1
i1—1 9 j
+ Z Z(—azel+azel+all_2 — z)

i=i0+1 j=1

J1 _
27
+ Z ( — ;€61 + i, €1 + ailm6i1> — 1{51:0}CL7;161

< 2|a;,| + H Z a;e;

i=19+1

+ lai, | < 4K ||

If 49 = 4; similar estimates give the same result for the remaining cases and (33)
follows. O

Remark 5.10. If we choose in Proposition 5.9 m = [2logn] and thus 27 ~ 1/n?
we obtain a frame for X of approximate size 4nlog,(n) having the (3,1, 3)-BCNQP.
Thus as we mentioned earlier, up to a constant Theorem 5.8 is best possible.

Remark 5.11. In Theorem 5.8 we assumed for simplicity that the x;’s of our frame are
normalized. It is easy to see that the same proof works for a general frame, in that
case ng depends also on @ = min{||z;|| : ¢ < N, z; # 0} and b = max{||z;|| : : < N}.

With a similar proof to that of Theorem 5.8 we derive an upper estimate for
min;<y ||7;||, i < N, assuming that (z;, f;)~, is a frame of an n dimensional space X
which satisfies the (1,0, C')-BCNQP for some choice of § > 0 and C' < oo assuming
that N is proportional to n.

Theorem 5.12. For any choice of § € (0,1], and C,K,q,co > 1 there is a value
h=h(6,C,K,q,cs) so that the following holds for all n € N.

If X is an n-dimensional space, N < qn and (x;, f;)Y, is a frame of X with
projection constant K which has the (1,9,C)-BCNQP, then if Co(X) < co,

h(67 07 K7 q, 62)

vn ‘
Sketch of proof. Let (x;, ;) be a frame of X, N < gn, which has the (1,4, C)-
BCNQP and projection constant K. As in the proof of Theorem 5.8 we let Z be the

T
min f|z| <
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associated space with basis (z;) which was constructed in Proposition 2.4, T': X — Z
the associated decomposition operator, and S the associated reconstruction operator.
Let L =T(X), and P =T o S, and let us also assume that Z = RY and z; = ¢; for
i < N. Note that now ||z]| = ||o;]| and z} = ||z;]|~* and we can therefore follow the
proof of Theorem 5.8 replacing (Qn by the box

N
~ 1 1
=TI~ 1
bl el

As in the proof of Theorem 5.8 it follows that ~T(Bx) C P(Bz) C P(Qy). For the
John ellipsoid F of T'(By) it follows therefore that %E C M, where a M is a minimal
volume projection of ()x which is also a parallelepiped in L, and as before we deduce
that KVol"(P(Qy)) > VolV"(E)\/n/c. Instead of applying Theorem 5.4 we now
use Theorem 5.5 and letting o = min;<y ||z;|| we deduce that

Vol'/"(T(Bx)) < g(Ca(X))Vol/"(E)
_ 9(Co(X))cK Vol " (P(Qn)) _ g(Ca(X))cK Vo' (P(Q))
B v Vna '

We can again compare the volume of the zonotope P(Qy) with the volume of the
union |J,., 2+7T(Bx), where D is defined as in the proof of Theorem 5.4, and deduce
that

<

(+F)" 2 (+5)" = o 2 Greoomr)

Taking the nth root on both sides yields our claim. 0

Remark 5.13. In section 6 we will recall a result of Lyubarski and Vershinin [LV] which
shows that for ¢ > 1 there are ¢ < 1,0 < 1, C' < oo so that for any n € N and there
is a Hilbert frame (x;), of ¢35, with N < gn, so that (z;)Y, satifies (¢, d, C)-BCNQP.

As in the previous section we formulate a corollary of Theorem 5.8 for the infinite
dimensional situation.

Corollary 5.14. Assume that X has the my-property and that P = (P,) is a se-
quence of uniformly bounded projections approximating point-wise the identity on X.
Let (x;, f;) be a frame of X, with (x;) being bounded, and assume for an increasing
sequence (L,) C N, 0 < r,0,e < 1 and C < oo that the following conditions are
satisfied:
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a) Forn e N and z € X,, = P,(X)

< (1 =)=l

o= St )P

i=1
b) || Pu(x;)|| = 7, for alln € N and i < L, and
¢) Foralln € N and all x € {5 ag; : |a;] <1 fori=1,2,...L,} there is a
sequence (k;)i<r, so that

Ly
=1

(in particular (x;, f;) satisfies the BCNQP).
Then there is either a constant ¢ > 0 so that L, > cdim P,(X) In(dim P,(X)) or the
spaces {02 :n € N} are uniformly contained in X .

< e and max |k;|6 < C
i<Ln

Proof. From assumption (a) it follows that the operators (Q,,), with

Ly
Qn: Xy = Xy, x> (Pr(fi),2)Palzy),
=1

are uniformly bounded (||@Q,| < 2, for n € N), invertible and their inverses are
uniformly bounded ([|Q;,'|| < %, for n € N). For z € X,, we write

Ly

T = Q. Qu(x) = Y (fi0)(@," 0 Pu)(wy),

i=1
and deduce therefore that

(" 9") ) = (@2 0 P @) filx,) 1y

is a frame of X,,. We now verify that for n € N (yz("),g("))f;, satisfies the (¢, 4, C)-

BCNQP for some & > 0, which is independent of n. Indeed by assumption (c) one
can choose for n € N and (a;), € [~1,1] some (k;)i, C Z so that

Ly Ly
=1 =1

C
< < —
<e, and ?_é%ff‘kll <5

and, thus,

Ln Ln
H Z az-yZ(") - Z 5/%1/@'(”)
i=1 i=1

Ly

=[S @at o ) - zak (Qu" o P)()

9
< —1 < - =: €.
< emax|(|Q, o Byfl < Ssup ||| =:
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Then for n € N and ¢ < L, it follows from assumption (b) that

r_ o n) . sup; || 55| sup, [|;]]
5 < <l < TPl - 1011 - [l < < o0
27 @l r
Thus Theorem 5.8, Remark 5.11 and Theorem 5.6 yield our claim. U

By Remark 5.2, for semi-normalized bases (x;) (together with their coordinate
functionals) the properties BCNQP and NQP are equivalent. We therefore deduce
from Theorem 5.8 the following corollary

Corollary 5.15. An infinite dimensional Banach space X with non trivial cotype
cannot have a semi-normalized basis having the NQP.
In particular ¢ does not have a semi-normalized basis with the NQP.

The “in particular” statement solves Problem 5.18 in [DOSZ].

Proof. Suppose (z;) is a semi-normalized basis with the (g, d)-CQP. Then we can we
can (P,) take to be the basis projections and L, = n. By Corollary 5.14 X cannot
have finite cotype. O

6. CONCLUDING REMARKS AND OPEN PROBLEMS

Kashin’s [Ka| celebrated result states that for any A > 1 there is a K = K, so that
for any n € N and any N > An, N € N, there is an orthogonal projection U from R¥
onto R" (i.e. U is an N by n matrix whose rows are orthonormal) so that

(35) B, C %U(QN) C KB,

(as before B,, is the Euclidean unit ball in R™ while Q is the unit cube in RY).
Lyubarskii and Vershinin observed in [LV] that the column vectors (u;)Y, form a

tight frame (with A = B = 1), that the first inclusion in (35) yields that every z € B,

can be written as

fj B s with [|(a)lle. < 1
xr = —a;U; W1 a; loo > 1,
~ VN

and that the second inclusion implies that the operator \/LNU (N — 2 is of norm
not greater than 1, and that therefore for given ¢ > 0 there is a sequence (k;)Y, C
ZU[—K/e, K/¢], so that max;<n |a; K — k;e| < € and, thus,

N
u.
(36) Hx — gk:i—lH < e and max |ek;| < K.
2N
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Thus, Kashin’s orthogonal projections (which are actually chosen randomly), lead
to a frame (2™);cny = (" /v/N)i<y for £2, whose length is not larger than a fixed
multiple of n, and, for which we can represent any element = in B, as a quantized
linear combination with bounded coefficients. Since the zonotope {ZZ]\L1 a;x; ¢ |a;] <
1fori=1,2...N} lies in B, it follows that the Hilbert frame (xgn))iSN satisfies for
any € > 0 the (g,¢, K)-BCNQP.

In view of the results presented in sections 4 and 5 this is the best one could do in
the finite dimensional case. We are therefore interested in extensions of this result by

Lyubarskii and Vershinin to other spaces as well as the infinite dimensional space,

Problem 6.1. Does the above cited result hold for other finite dimensional spaces?
More precisely, assume that 0 < d,e < 1, C > 1 are fixed. For which n € N and
which n-dimensional spaces X can we find a frame (x;, f;)Y,, with, say N = 2n, so
that for any z € By there is a (k;)Y, C Z so that

N
i=1

Remark 6.2. The argument , presented above, from [LV] shows that if there is a
quotient @ : ¢ — X, and a frame (z;, f;)Y, of X, so that Q(e;) = x;, fori =1,... N,
and so that for some K < oo Bx C Q(B,,_) C KBy, then there is for all x € By
and all § > 0 a sequence (k;);<ny C Z, so that

N
=1

Conversely, assume that for some 0 < d,e < 1, C' > 1 we can find for all z € Bx a
sequence (k;) C Z so that

N
=1

Then we can choose by induction for = € By a sequence (z,,) with

< ¢ and max |[0k;| < C.

S

< QUI6/2 < K6/2 and max I <

¢
.

< e and max |k;| <
i<N

N
2=y k"o, (ki) € ZN[-C/8,C/d),
=1

so that for all n € N

<é&".

n
Haj— 5 g1z,
i=1
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Indeed assuming z,...z,_1 have been chosen we apply our assumption to y =
e[z — St e!'72] € By to find z,.
Thus, it follows that

fe's) N o)
— i1, _ i1 57.()
xfge zifngggékj,
i=1 j=1  i=1

which means that there is a ('} < oo only depending on €, and C so that

N
BX C {Zalxz . |CLZ| < Cl}

j=1
If we define now N
Q: fi — Bx, zm chziffi,
i=1
we deduce that @ is a quotient map and that By C Q(By,,_) but we cannot deduce
(at least not obviously) a bound for ||Q|.

Problem 6.3. Is there an infinite dimensional version of the result of Lyubarskii
and Vershinin? L.e. for which infinite dimensional Banach spaces X with a basis (e;)
does there exist 0 < §,e < 1, C' > 1 and a frame (z;, f;);en so that for any = € By,
n = maxsupp(z) < oo, there is a (k;)X,, with, say, N < 2n, so that

N
i=1

< ¢ and max [0k;| < C?
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