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ection ntrod ction

et e a real val ed nction de ned on and let We say that a
rando varia le is i orso e positive
or all n where are independent and identically distri ted rando
varia les
or linear nctions thisnotion witho tthena e we attached toit appearsin any
ine alities n a recent paper o de la Pena ont o ery S ithand Sz 1 a this
notion appears or the nction a n this paper
we st dy this notion or this a  nction as well as or the in nction
in and oriterated insand a s where
ore a ple a in We

ive necessary and s cient conditions or a positive rando varia le to e
hypercontractive or each o these nctions nes rprisin conse ence Theore
is that in order that e hypercontractive it is s  cient
and o co rse necessary that it is separately in and a hypercontractive
Note that the na e hypercontractivity is s ally attached to ine alities o the or
which in t rn are sed to prove ine alities o the

or disc ssed here The reason we per it o rselves to se this notion with a so ewhat
di erent interpretation is that we prove elow that in o r conte t the two notions are
e ivalent

The ain technical tool o the paper o de la Pena ont o ery S ith and Sz 1 a
is a co parison res It or tail distri tions o two positive rando varia les and o

the type There e ists a constant s ch that or all
There are two conditions nder which they prove that s ch co parison holds The rst
is a hypercontractivity o the a or one o the two varia les and so e The
second is an ine ality o the type a a or so e and
every n s ch a case we ll say that and are and i one
replaces a with a eneral nction well call the We consider
here this notion also or the nction in and or iterated insand a s on other
thin s we prove an analo o s theore to that o de la Pena  ont o ery S ith and
Sz 1 a Theore ivin a s cient condition or or all
or so e We also co ine o r theore with a version o that o
dela Pena ont o ery S ithand Sz 1 a Theore to iveas cient condition or
the co parison o the tail distri tions o and to hold or all

nother application o the techni e we develop here is contained in Corollary
where we ive a s cient condition or a rando varia le to e hypercontractive with
respect to another interestin a ily o nction s the order statistic s
r initial otivation or attackin the pro le s addressed in this paper was an
approach we had to solve aso ewhat weaker versiono theso called a ssian Correlation
Pro le Itho h we still can not solve this pro le  we indicate in and aro nd Theore
the otivation and the partial res 1t we have in this direction s a yprod ct we
also o tain in Theore an ine ality involvin the a ssian eas reo sy  etric



conve sets stated y Szarek who proved a so ewhat weaker res 1t as well as a
si ilar ine ality or sy  etricsta le eas res
The rest o the paper is or anized as ollows Section provides so e asic le

as and notations Hypercontractivity or ini a and so e e ivalent conditions are
iven in section Section  presents hypercontractivity or a i a in a way s ita le
or o r applications n section we co ine the res Its in section and to o tain
hypercontractivity or iterated insand a s and co parisonres lts or the s all all
pro a ilities o possi ly di erent rando vectors We also ive there the s cient condi
tion or the co parison o o ents o order statistics n section we apply o r res lts
to show that the sy  etric sta le rando varia les with are in a and

a in hypercontractive which is stron ly connected to the re larity o the sta le

eas re o s all alls n this section we also indicate o r initial otivation related to
the odi ed correlation ine ality as well as a partial res 1t in this direction inally in
the last section we ention so e open pro le s and nal re arks

ection otations and ome asic emmas
or nonne ativeiid rv s let in and
a The mnor o therando varia le is
or
and
li ep In

We will denote

in a
then and it is denoted y
emma
roof a Note that
Th s and

The res It ollows ro the Paley y nd ine ality



emma

roof a We have

where the e ality ollows ro the ean val e theore with
The concl sion ollows ro the well known act with

¢ is proved si ilarly m

emima

roof This ollows easily y ind ction and inkowskis ine ality



ection Hypercontractivity for minima

e nition
in
emma in
roof et and note that is non increasin
Takin as in the e a
Since is non increasin

Ths y e a

rther ore

which ives the concl sion =

The ollowin theore isa inanalo o ares It o dela Pena ont o ery S ith

and Sz 1 a proved or a i a c¢ Theore elow
eorem in
roof We rst prove the assertion o the theore or and so e dependin
on and only Then we ll show how to se this to o tain the res It or eneral
and or y arkov s ine ality

y e a or each



Hence takin we o tain

which ives or all y e as
and or each this yields
where isasin e a Hence denotin y  we have that
is satis ed or all s ch that li
i then and the a ove ine ality holds tr e

or the o vio sreasons Weth s et

or all et s o serve that y or each n

and hence y e a

Since we ay choose an s ch that where
There ore i and is s ch that
Iso since we et y e a a orany
Takin to e any n er ro the interval and
where is any positive inte er s ch that we et
or all This proves the res It or all and so e
y ad stin we can et the ine ality or every preassi ned ndeed iven any
as lon as or e ivalently as lon
as
To prove the case choose say Since we are ass in that
Now apply the theore or the pair ]

To avoid awkward state ents in the ollowin theore  we do not state the e act
dependence o each o the constant on the other ones t is i portant to note that the
constants appearin in conditions o that theore  chosen ro
depend only on and the constants ro the other e ivalent conditions n partic lar
each o these constants depend on the distri tion o only thro h the constants in the
other conditions This will e se 1 when considerin hypercontractivity o a i ao

ini a in section



eorem

in
or all
or all
or all
roof i ii Thisi plication ollowsi  ediately y Theore applied to
ii iii are as in ii then y ind ction we o tain or each
or all
iii iv.  or each and we have
n the other hand
Thereore y e a the ine ality is satis ed i
Th si are as in iii then the a ove ine ality and hence
1 lled or and
then and
we note that
There ore it is eno h to choose in to have the ine

e satis ed or all

is

or

ality



or we proceed alon si ilar lines sin

ep In ep In
e pln
ep In
ep In
iv i applyin e a to and
we et iv i with The case ollows y asi pleli it
ar ent ]
emar t ollows y Theore that in hypercontractivity depends only
on the e istence o the o ent and are larity property o the distri tion nction at
ie the ollowin property which we will calls re larity o or ore precisely o
the distri  tion o at
i ' i sp
eorem
roof We rstsi pliy ynotin that condition ii o Theore issatis ed mnior ly
in y or every y e a it is eno  h to prove that there e ists
s ch that or each concave where we ay ass e
that is constant on To prove this ine ality or s ch a we rst note that
y Theore is in hypercontractive there ore there e ists s ch that
or each where is iven y
Since or each o nded concave there e ists a eas re on the
eas re is iven y the condition where is the ri ht
derivative o at s ch that the theore ollows y inkowskis
ine ality m
orollary
roof Theore i plies that is in hypercontractive and the res It ollows

y Theore ]



ection Hypercontractivity of maxima

n this section we treat the case 0 a i ainawaysi ilartothato ini a in Section
However there are so e essential di erences which do not allow s to treat these two cases
to ether

e nition

emma

roof Theri ht sideiso vio s and the let ollows y takin co ple entsand sin the
ine ality L]

roposition

roof a et in Then

To see the ri ht hand ine ality st note that or every



or the le t hand ine ality we a ain reak p the inte ral asa ove and sin the de nin

properties o as well as the onotonicity o in e a
- — ]
The ne t Theore is an e tension o Theore o delaPena ont o eryS ith
and Sz 1a ¢ s ar ont o eryS ith
eorem a
or all
roof irst we note that it is eno h to prove the Theore or The case
ollows easily ro this case or the co ple and replaced with y the Paley
y nd ine ality e a
We ne t note that y arkov s ine ality and the ass ptions or
Now y Proposition a the ass ptions a ove and
Since we et y interpolation that
or
as lon as li then since
li li in
and Since and the concl sion ollows

trivially =

emar Theore yields i  ediately that
or

n the ne t theore we ake the sa e convention concernin the constants as we
ade e ore the state ent o Theore



eorem

a
or all
or all
or all
roof i ii y Theore applied to we derive an e istence o constants
s ch that
B or all
Hence or any
ii iii are as in 1ii then or
In
Hence or any we have
In In
and it is eno h to choose s ch that In
iii ii iii  holds with then y ind ction

or Hence



ii and iii iv ss ethat 1 and 1iii are 1 lled with constants

y 1i we o tain or where or the o ent isanyn er

n the other hand or any

Hence y e a ¢ theine ality in iv holds i

There ore 1 we choose so that

and
and rther choose so that then the ine ality in iv is satis ed or all
then and
and there ore sin ii with i additionally
then the ine ality in iv is satis ed or all
iv i This i plication is proved in the sa e way as the one in Theore t is
eno h to replace y everywhere =
emar
i Theore s and have appeared in a si ilar or in np lished notes ro a
se inar held y the second a thor and prepared y ychlik
ii The e ivalence o 1ii and iii in Theore can e ded ced ro ore eneral
res Ilts ¢ in ha oldie and Te els
iii t ollows ro Theore that i is a hypercontractive then or so e
and all is also a hypercontractive
iv. The property o a hypercontractivity is e ivalent to

i spli sp

which we will call s re larity at

eorem



roof The proo isthe sa e asin the case o Theore

e cept that we have to replace

everywhere y and that the eas re is iven y and then
li n
n analo y to Corollary we o tain

orollary

ection Hypercontractivity of minmax and maxmin

n this section we will i pose on oth the condition o s re larity at and that o

s re larity at

eorem in

a

roof et eany edn er and let et e any positive n er
and let e s ch that the ine ality in Theore iii holds or or
all Then let The constant is s ch that the
ine ality in Theore ii is tr e or all and let e s ch that the ine ality
in Theore iii is satis ed or

or
We will show that or in the ine ality holds tr e or each
Consider the ollowin ve cases

Case We have

and



Since the ine ality holds y the choice o

Case We have
and
Thereore y e a the ine ality holds i

which is tr e y the choice o  since

Case We have

and

Thereore y e a ¢ to have it is eno h to show

Since the nction is increasin on and it is eno h to prove
that which was proved in the precedin
case eca se

Case We have

which ollows y the choice o since and

y e a ¢ it iseno h that



Since it is eno h to show

t then y the choice o we have

eca se
Case We have
and
y e a ¢ it iseno h to prove
Since it s ces to show that
which is shown in the sa e way as in the precedin n
Takin into acco nt the re arks e ore Theore s and we check easily that
iven the constant depends only on the in and a hypercontractivity constants
0
orollary
roof The statistic can e written as where or each and each
ed the nction

orso e and all nd there ore the rst part o the corollary
ollows y the o servation The second part is o tained easily eca se we have that
is a and in hypercontractive m



The precedin corollary can e considera ly eneralized t rstlet s de ne a class

o nctions which can y written as or so e
positive eas re on and where are nctions de ned
y t is possi le to ive an intrinsic description o  nctions in
nstead let s o serve that i  is twice contin o sly di erentia le on then i
and only i or each and n this

case the eas re is iven y the ollowin condition or eas ra le

where is the co nta le a ily o open disoint intervals with the mnion e al
t is not di ¢ It to prove that we have the representation
where

eorem in a

roof The proo ollows the sa e pattern as proos o Theore s and Corollaries
and is ased on Theore ]
pplyin co parison res lts o Theore s and we 0 tain easily

eorem in a

inally we have

eorem in a
roof is oth in hypercontractive and a hypercontractive y Theore we
have a or which ine ality is satis ed ne now applies e a

applied to the nctional which is the co positiono the insand a sin the state ent
o this Theore s ch that ]



ection inmax ypercontractivity of norms of stable random vectors

n this section we apply the res Its in earlier sections to certain  estions concernin

a ssian and sy  etricsta le eas res n partic lar in the second hal o this section

we ive o r initial otivation or initiatin this research as well as so e partial res It
concernin a version o the a ssian Correlation Con ect re

The ollowin le a is a conse ence o Kanters ine ality ¢ edo and Ta
la rand p which can e viewed as a concentration res 1t si ilar to evys
ine alities The or lationo thele a elow or a ssian eas reswass ested y

erni e

emma orollary of anter s ine ality

roof et eiid sy etric sta lerando varia les with Take

Then sin and we have y Kanter s ine ality

since and This

nishes the proo ]

emma

roof irst consider Then since Th s to concl de
this case one applies e a

then let or the alls are dis oint

and contained in where y nderson s Theore it ollows
that

or There ore This proves
the le  a since ]

roposition



roof Now or any de ne the pro a ility eas re y
where is the sy etric sta lerando varia le with law  Then

where and is an independent copy o Hence y e a
eorem
roof i with Choose so that Now apply the Proposition
with to et
where n
emar n the case o Theore was or lated in Szarek e a
where a weaker res It which was s cient or the ain res lts o the paper was
act ally proved ecently atala proved that in the case o the concl sion o
Theore holds whenever the eas re islo concave

elatedres Itson sta le eas rescan e o ndin ewandowski yznarand ak

The key di erence is that we need the ri ht hand side o to involve or all
s ch that and the constant  dependin only on the n er
satis es the concl sion o Theore we write in a
orollary
in a
roof i and let e iid with characteristic nction
y Sz 1 a there e ists s ch that or there

e ists s ch that or all anach spaces and or all



This i plies that or every and

Now i is a separa le anach space and is a sy etric sta le rando varia le o
inde with val es in there e ists a pro a ility eas re on the sphere o the
d al space and a constant s ch that
ep ep or all

Now take eas res on  which conver e weak to et

Then

e p ep
So conver es in distri tion to Hence or any co nta le dense set in
the nit allo we have since and is nite

S p 5 Pp

t then we have

li S p
Hence Note that we can interpolate y Holder sine ality to o tain
or every a  or which the last ine ality holds nd a ain this depends
only on and is a ssian then the co parison o the and nor s
is well known and not restricted to see e edo and Tala rand p
Nelson Now or any in the a ssian case any and any we
have - o nded elow vy a positive constant say  dependin only on
the o tained a ove This eans that p ttin - we
have or any Hence y Theore we have
- — or all

Hence with condition ii o Theore holds Hence

in orso e dependin only on and n partic lar  sin we now
have that a So y Theore in a or so e

dependin only on and ]



orollary

in a
roof y Corollary a constant can e o nd which depends only on and
s ch that the concl sion o Theore holds tr e or or Now

we can proceed as in the proo o Theore n

e ore proceedin with the ne t res 1t we wo 1d like to e plain its connection with
the a ssian Correlation Con ect re
The con ect re we re er to says that

or any sy  etric conve sets and in ™ where isa eanzero a ssian eas re
n
on

n Pitt proved that the con ect re holds in Khatri and
Sidak proved when one o the set is asy  etricsla aset o the or
I or so e I or ore recent work and re erences on the
correlation con ect re see Schecht an Schl precht and inn and Szarek and
Werner The Khatri Sidédk res 1t as a partial sol tion to the eneral correlation
con ect re has any applications in pro a ility and statistics see Ton n partic
lar it isone o the osti portant tools discovered recently or the lower o nd esti ates
o thes all all pro a ilities see ore a ple K el s iand Shao and Tala rand

n the other hand the Khatri Sidak res It only provides the correct lower o nd
rate p to a constant at the lo level o the s all all pro a ility  the correlation con
ect re holds then the e istence o the constant o the s all all pro a ility at the
lo level or the ractional rownian otion ¢ iand Shao can e shown Th s
ro thes all all pro a ility point o view it is clear that hypercontractivity or in
i a s all all pro a ilities and the correlation ine alities are all related in partic lar
or a ssian rando vectors

et  denote theseto sy  etric conve setsin ™ Since the correlation con ect re

iterates or each the ollowin is a weaker con ect re
on ect re
n
ne can restate this as well as the ori inal con ect re sin a ssian vectors in I as
ollows or and any let
the nor on with the nit all

the nor on with the nit all



n

areiid ean zero a ssianrando varia les in let
and
Then can e rewritten as
estatement of on ect re
Pr Pr
Pr Pr

y takin co ple ents reversin the ine alities and raisin  oth sides o the ine ality
to a power say we et

Pr in Pr in

ain reversin the ine alities and raisin  oth sides to the power

Pr a in Pr a in

th

Usin the s al or la or o entsin ter s o tail pro a ilities we wo Id et

a in a in
Note that i the con ect re were tr e then wo 1d hold with ven in the
case the est that is known is the a ove ine ality with constant
co rse i the case is the sa e as the case o ar itrary To see this
rst let where is the polar o Now de ne
the a ssian processes and or y and Then
S p a and s p a We now check the conditions o
the Chevet erni e S dakov Tsirelson version o Slepian s ine ality see also arc s
Shepp et and has the sa e distri tion as
and hence
then
There ore in either case one can se  Hence 7y the version o the Slepian res 1t

entioned a ove

S p S p



n the other hand the res Its o de la Pena ont o ery S ithand Sz 1a en
tioned in the introd ction allowoneto o ro an ine ality toapro a ility ine ality
i one has one ore in redient hypercontractivity y their res lts i one can prove that

there e ists a constant s ch that or all and sy  etric conve sets
omparison a in a in

and orso e and all and sy  etric conve sets

Hyper contr a in a in

then one wo 1d o tain or so e

Pr in Pr in

This easily i plies
Pr Pr

Since the constant o tside the pro a ility is now we can take co ple ents and reverse
the ine ality Now nravelin the nor and rewritin in ter s 0  we ret rn to the
ine ality y Theore s and the two conditions a ove translate into o r
conditions two or a and two or in The proo o the ne t theore consists o
checkin three o these conditions Un ort nately we do not know how to check the orth
one and st leave it as an ass  ption

eorem a a

roof 1 order to apply Theore we need to show that there e ist constants
and which depend only on and s ch that

a hypercontractivity

in hypercontractivity



and

To prove note that isanor o a ssian vectors and ollows
ro the hypercontractivity o nor s o a ssian vectors ¢ ore a ple edo and
Tala rand )

ollows ro Corollary inally ollows ro Slepiansle a see the

e position e ore the state ent o this theore Now we can apply Theore with
and in hand =

saconse enceo Theore we have the ollowin  odi ed correlation ine ality

or centered a ssian eas re

orollary

emar ro Theore alone one ets the ollowin There e ists and
s ch thati e one has

This ives so e indication o the necessity o handlin the case o s all sets



ection inal remar s and some open problems

n this section we ention a ew res lts and open pro le s that are closely related to the
ain res lts in this paper t rst we ive a very si ple proo o the ollowin res It

roposition
roof t ollows ro dela Pena ont o ery S ith and Sz 1 a that the hy
percontractivity o and the do ination relation i ply the tail do ination

So we only need to show that ii i plies i Witho t loss o enerality we ass e
et e an independent rando varia le with

Then or all and all

which i plies n the other hand we have

a a
which nishes the proo =

There are any estions related to this work et s only ention a ew here

estion
The constant ollows ro thes all all esti ates as 0
one di ensional a ssian rando varia le Note that i and
as then the res ltin constant in this case is s aller Th s the con ect re looks

reasona le in view o Proposition
related estion is nder a a hyper condition what can one say a o t a non

trivial lower o nd or partic larly in the a ssian case This ay e
se 1in answerin the estion
res It o ordon co paresthee pected ini ao a i a or inpartic lar

a ssian processes We ention this here eca se a version o ordon s res lts co Id
perhaps e sed to prove the ne t Con ect re Note that i the con ect re holds then the
odi ed correlation ine ality holds



on ect re a

r nal con ect re is related to sta le eas res tis a stron er state ent thano r
Proposition and holds or the sy  etric a ssian eas res

on ect re

iblio rap y
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