Problems to Introduction to Real Analysis, (Math447)
Due: 1/27/2005
Prof.: Thomas Schlumprecht

Problem 1. Let X be a vectorspace over R. We call a map
|1 X —[0,00)

a norm on X if the following properties are satisfied:

a) Forall z € X: |[z|| =0 < 2z =0,

b) for all z € X and a € R: |az| = |af - ||z,

c) for all z,y € X: ||z +y|| < |z + vyl
In that case we call (X, || - ||) a normed linear space or normed vectorspace.
Show that the map:

d: X xX —[0,00), (z,9)—d(z,y) =z -yl

is a metric.

Problem 2. For f,g € C([0,1]):

1

di(f,9) = sup |f(x) = g(x)| and da(f,g) 2/0 |f(x) — g(z)|dw.

a) Show that dy and dy are metrics, and show that d; and dz, come
from a norm as in Propblem 1.

b) Show that: If (f,) is convergent with respect to dj then it is also
convergent with respect to ds.

c) Show that there is a seqence (f,) which converges to 0 for dy but
not for dj.

Problem 3. Let (X,d) be a metric space. For A C X define
A° = U{U :U C Aopen } and A = U{F : F D A closed}.

A° is called open kernel of A and A is called closure of A.
a) A° is open,

Problem 4. Assume that (X, d) is a metric space. Denote the open sets in
X by 7; and the closed sets by F;. Show that

a) 7; is closed under taking arbitrary unions, and finite intersections,
b) Fgy is closed under arbitrary intersections, and finite unions.

Problem 5. On a test a student was asked to write down the property of a
function d : X x X — R, which turns d into a metric. She wrote down the

following conditions (z,y,z € X arbitrary):
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(i) d(z,y) =0 <= z =y,
(ii) d(z,y) = d(y, ),
(ili) d(z,z) < d(z,y) + d(y, 2).
The professor deduced 2 points. Why?
After class she goes to the professor and asserts that these three properties
imply that d is a metric. Is she right?

Problem 6. Assume that (X, d) is a metric space. Denote the open sets in
X by 74 and the closed sets by F;. Show that

a) 74 is closed under taking arbitrary unions, and finite intersections,
b) F, is closed under arbitrary intersections, and finite unions.

Problem 7. Let (z;);er and (y;)icr be two convergent nets ((I, <) directed
partail order) in a normed linear space X. Show that:

limz; + y; = lim x; + lim y;.
iel il iel

Problem 8.
a) Let A C [0,1] be finite and define for = € [0, 1]

1 ifzecA
f(:”):{o ifrg A’

Show that f is Riemann integrable and compute its integral.
b) Define for = € [0, 1]

1 ifx:%forsomeneN
f(x) = :
0 otherwise.

Show that f is Riemann integrable and compute its integral.
¢) Define for z € [0, 1]

fz) =

0 otherwise.

{1 ifzeQ

Show that f is not Riemann integrable.



