Problems in Real Variables, II (Math608), Solutions
Prof.: Thomas Schlumprecht

Problem 1. Let X be a compact space and Y a metric space. Define
C(X,Y)={f:X — Ycontinuous},

and for f,g € C(X,Y), put d(f, g) := sup,cx dy (f(x), g(x).
State and prove a version of the Theorem Arzela Ascoli for C(X,Y).

Proof. The Statement is:
Theorem (Generalized Theorem of Arzela Ascoli, version 1) Assume K C
C(X,Y).

Then K is totally bounded if and only if

a) I =Ueg f(X) is totally bounded
b) K is equicontinous, i.e. for all ¢ > 0 and all € X there exists an
U € Ny, so that dy (f(z), f(z)) <eforall z € U.

For that result we will not need completeness of Y. But if (Y, d) is more-
over complete, then C(X,Y’) is also complete (can be shown as ¥ = R) and
then it follows that K C C(X,Y) is compact if and only if K is totally
bounded and closed and we derive if (Y, d) is complete that:

Theorem (Generalized Theorem of Arzela Ascoli, version 2) Assume K C
C(X,Y).
Then K is compact if and only if
a) I =ex f(X) is totally bounded
b) K is closed

¢) K is equicontinous, i.e. for all e > 0 and all z € X there exists an
U € Ny, so that dy (f(z), f(z)) <eforall z € U.

Proof. We can follow the proof of the Theorem of Arzela Ascoli almost
word by word.

Problem 2. (Old Qualifier Problem) Let & : [0,1] x [0, 1] — R be continu-
ous. For f € C([0,1]) define T'(f) : [0,1] — R by:

T(f)(@) = /0 K(e.y)f (y)dy, = € [0,1].

a) Show that T'(C|0, 1]) C C(][0,1]).

b) Show that 7" maps bounded sets into compact set (bounded sets in a
normed vector space space (X, || - ||) are sets S for which there exists
an R > 0 so that ||z|| < R for all z € S.)

Proof. (a) let f € C([0,1]) to show that g, with g(z) = fol k(z,y)f(y)dy,
is continuous. Therefore let € > 0 and z € [0, 1].
Since k(-,-) is continuous on a compact metric space (namely [0, 1]?) it is
uniformly continuous. We can therefore find a § so that for all (u,v), (4, 0) €
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[0,1)2 with \/(u —@)2 + (v — )2 < § it follows that |k(u,v) — k(%,0)| <
e/(L+/f]]). Therefore it follows for z € [0, 1], with |z — z| < ¢ that

1
T =T = | [ bl = b))y

1
SHﬂhAIM%w K ldy < I luq e <@

(b) Note that in the proof of (a) the § only depended on € and || f||,. This
implies that {T'(f) : f € B} is equicontinuous.
Secondly if f € C([0,1]

1Tl < sup |k(z,y)| - [f(@)] < [[flle sup |k(z,y)|.
z,y€[0,1] z,y€[0,1]

This implies that t if B C C(X) is bounded, then 7'(B) is bounded.
From the theorem of Arzela and Ascoli it follows that {T'(f) : f € B} is
totally bounded and thus {T'(f) : f € B} is compact

Problem 3. (Old Qualifier Problem) On the set [0, co| consider the topology
7T generated by the open sets of [0, 00) and the sets of the form [0, 00] \ C,
with C' C [0, 00) compact.

a) Show that [0, co] with above defined topology is a compact space.

b) Show that [0, cc] with above defined topology is metrizable.

Hint: consider a continuous, strictly inceasing, and bounded func-
tion f :[0,00) — [0, 00).

c) Show that the linear space generated by the functions of the form
e‘”$2, n=1,2,3...,1is dense (with respect to sup-norm) in the space
of all continuous functions f : [0,00) — R, having the property that
limg oo f(x) = 0.

Proof. (a) assume that [0,00] C |J;c; Ui is an open covering. One of the
Ui’s, say U;, must contain co and thus a set of the form [0, o]\ C, C' compact
n [0,00). Since every open set U in [0, c0] has the property that U \ {oc}
is open in [0,00) C' is also compact in [0,00]. Now (U;)cs is also an open
covering of C' therefore there must be a finite I’ C I so that C C J
But this implies that [0, 00] = U;c(io10r Us-

(b) take a continuous and strictly increasing function f : [0,00) — R with
f(o0) = limy_.oo f(t) exists in R. Then define for z,y € [0,00] d(z,y) =
|f(z) — f(y)|- It is easy to check that d(-,-) is a metric on [0, 00]. Also note
that open balls in d are either open intervals in [0, 00) or intervals of the
form (a, c0]. Vice versa, every intervall in [0,00) and every set of the form
(a, 00] are balls in with respect to d. Therefore d generates the topology 7°
on [0, o0

(c) Follows from Stone Weierstrass (use version of Corollary 4.50 on page
141). Note the linear span of all the functions of the form e
algebra which is sparating points.

zEI’
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Problem 4. Problem 64/Page 138. Let (X, p) be a metric space. Call a
function f € C(X) Holder continuous of exponent o, a > 0 if

Nalf) = sup FE =W
Ty P (a:,y)
Show that if X is compact then the set
S={fe€CX):|Ifllul <1 and No(f) < 1}.

is compact.
Proof. We first show that S is closed. Assume that (f,) C S and f € C(X)
so that || fn, — f|lu« — 0 for n — oco. Then

W@ IW] )~ )
aty  PY (x7 y) Ay V0 p* ($7 y)

< supsup ’fn(:C) — fn(y)|
x#y neN P (l’, y)

= supsup I g 1) <1
neN z#y pa (1'7 y) neN
Thus f € S.

Since S is also bounded it is enough to show (by Arzela Ascoli) that S
is equicontinuous. Let z € X and let ¢ > 0. Choose § = £/ (does not
depend on any f € 9).

Then for all y € X all f € S with p(z,y) < § it follows that

F(@) — f@)] < o2 (mny) sup L&) =SW

< p*(z,y) < 0¢ =e.
sex\{z} P(T,2) (z-9)

Problem 5. The purpose of this probelm is to derive the textbook version

of the Stone-Weierstrass theorem from the version presented in class.
Using the Stone-Weierstrass theorem as stated in class prove the following;:
If X is a compact space and A C C(X) is a point separating algebra (but

not necessarily “Vo € X3g € Ag(x) #07), then

Either A is dense in C'(X),

or there is an zg € X so that

AC{geC(X):g(xp) =0} and A dense in {g € C(X) : g(xg) = 0}.

Proof. Assume A C C(X) is a point separating subalgebra.
Case 1: If A also has the property:

Vee Xdge A g(x) #0,

then, by the version we showed in class, it follows that A is dense in C(X).
Other wise we are in Case 2:

Case 2: There exists g € X so that: Vg € A g(xp) = 0.
We want to show in this case that A is dense in {f € C(X) : f(zo) = 0}.
Consider the the set A" = {g+c: g € Aand ¢ € F}, where F = C or

F =R and by “c” we mean the constant function. Now it is easy to see that
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A’ is still an algebra, but it satisfies the conditions of the class’ version of
Stone-Weierstrass. Therefore A’ is dense in C'(X).

In order to prove our claim we let g € {f € C(X) : f(z9) = 0} arbitrary.
We first find a sequence h,, € A" with ||h, — g|| — 0, for n — oco. Write
hy as hy, = gn + ¢, with g, € A and ¢, € F for n € N. Now g,(xg) = 0
and secondly 0 = g(xp) which implies that limh,(0). Thus it follows that
cn = limy 00 hp(x0) — gn(x0) = 0 therefore

limsup || f — gn| <hmsupr b | —i—hmsup”h — gnll

n—oo

< limsup || f — hy|| + limsup |e,| = 0.

n—oo n—oo
This proves the claim.
Problem 6. (Old Qualifying Problem) In C]0, 1], let
A=span{z"(1 —z):n>1}.
(By spansS, for the subset S of a vector space V', we mean the subspace of

V generated by S, i.e. the set of all linear combinations of elements of S.)
Prove that A is an algebra whose uniform closure is

{f€Clo,1]: f(0) = f(1) = 0}.

Proof. If p(z) = Y., a;2'(1 — z) and q(z) = > j—1 bjw J(1 — ) are in A,
we deduce that

= Z Zaibjxi(l —z)2’ (1 — )

i=1 j=1
= Z Zaibj[xiﬂ(l —x) =21 —x)] € A,
i=1 j=1

which yields that A is an algebra. Secondly

A= {CL—HJ:c—FZ:aZ (1—2):a,beR;meN,a; € R, fori:1,2...m}
=1

—{a—l-b (1—2x) +Zaz (I1—2):a,beR,meNq €R, fori=1,2...

is the algebra of all polynomials (by induction we can easily see that 2™ € A
for all n € NU{0}). Let g € C[0,1] with g(0) = g(1) = 0 and let ¢ > 0. By
the Theorem of Stone Weierstrass, we find a polynomial p € A, which we
can write as

p(z) —a—i—bx—i—Zaz (1—x),

so that ||p — g|l, < /4. This implies that

la| = [p(0)] < e/4, and [b] < |a| + |p(1)| < 2¢/4.

m}



Let q(z) = p(x) — a — bx. It follows that ¢ € A and that

3 1
lg = gllu < llg =pllu +lIp = gllu < e+ 7e =

Problem 7. Problem 58/Page 138. Assume that (X4)aca is a family of
topological spaces for which infinitely many are not compact. Let K C
[Ioca Xa be closed and compact in the product topology. Show that K is
nowhere dense.

Proof. Assume the claim is not true and K° # (). Thus there is an x € K
and a neighborhood U of x so that U C K.

We can assume that U is of the form U = [] .4 Ua with U, open in X,
for € A, and with F' = {a : Uy # X, } is finite.

Since {« : X, not compact} is infinite, we can choose an agy € A so that
X, 1s not compact and so that U,, = X4,

Now since continuous images of compact sets are also compact the pro-
jection of K o, (K) onto X, is compact, and therefore cannot be equal to
whole space X,, we deduce that there must be an x4, € Xo, \ Tao (K) =
Uao \ o (K). Now for @ € A\{ap} we pick an z,, € U,, Therefore the whole
family (za)aca € U, but, since o, & Ta,(K) we have that (z4)aca & K,
which is a contradiction.



