Problems in Real Variables, II (Math608), Solutions
Prof.: Thomas Schlumprecht

Problem 1. Assume that X is a n.l.s. and that Y is a closed proper
subspace of X. For z € X define

Y|l = inf .
lle+ Y| = inf {lo + ]l

a) Show that map || - || is a norm on X/Y.
b) For any € > 0 there is an z € X such that ||z|| =1 and ||z + Y| >
1—e.

c¢) The projection map P : X — X/Y has norm 1.
d) If X is complete so is X/Y.

Proof.

a) For z,z € X, and a € K (=R or C) it follows that
|z + 2+ Y| = inf ||z + 2 + 9
yey

= inf |z +y1+ 2+ vl
Y1,Y2€Y

< inf |z+ + ||z +
meyll yill + Iz + el

= inf ||z + + inf ||z + =llz+Y|+|z+Y|,

it flo gl + i 12+ gl = o+ Y+ 2+ Y]
and if « # 0

ar + Y| = inf ||az + y|| = inf ||az + ay|| = |a| inf ||z + y|| = a||z + Y.
o+ Y1 = inf flaz + ]| = i aw -+ ayl| =[] inf |}z +y]| = oo+ V|
If o = 0 then it follows also ||az + Y| =0 = allz + Y.
(b) Y is a proper and closed subspace, thus not dense in X. So choose
xo € X, with dist(xo,Y) = infycy ||zo — y|| > 0. Given ¢ > 0 choose yp € YV’

so that infyey [|xo+y|| > ||lzo+wol/(1—¢). Finally let 2 = (zo+yo)/||zo+yol-
it follows that ||z| = 1 and (by part (a))

lz + Y| = [lzo + ol 7" - lzo + 3o + Y|
= |lwo + ol ™" - inf [0 + yo + yl|
yey

= ||l@o + ol ™t - inf [z 4yl > 1 —e.
yey

(c) First note that for any z € X

[P(z)]| = inf ||z +y| < [lz + 0 = [z,
yey

and thus ||P|| <1 On the other hand, by part (b), there exists for any € > 0
an x € X, ||z|| =1, so that ||z + Y| > ||z|| — e = 1 — €, which proves that
| P|| is at least 1.
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(d) We are using a result proven in class (Theorem 5.1 on page 158), which
says that it is enough to show that an absolutely converging sequence in
X/Y converges. So assume that (x,) is a sequence in X so that

Z lxn + Y] < 0.

neN
Choose for n € N y, in Y so that ||z, + yu| < [|zn + Y] +27". This
yields that (x, + y») is absolute converging in X, and thus that the series
Y neN Tn + Yn converges to some x € X (X is complete). It follows that

Ha: — an + YH < H:c — Z(az] + yj)H —n—oo 0.
j=1 j=1

Problem 2. Define
co ={(xi)ien CF: lim z; =0} (with F =R or C).
11— 00

For z = (z;)ien € co define ||z|| = sup;cy |zi|. Show that || - || is norm on ¢,
and that ¢y is a Banach space.

Proof. Using a result of class (Theorem 5.1 on page 158) we let (z(™) be
elements of ¢y for n = 1,2,..., so that ||z || < oo, and have to show
that there is a an € ¢ so that || Y1, 2 — x| — 0 if n — oo.

Write for n € N z(™ as (xgg))meN C F with lim,,_ a;ﬁl;‘) = 0. For fixed

m € N we notice that
Dol < 2™ < oo
neN neN
Since F is complete, we deduce that for each m € N there is a number
T € F so that z,, = limy oo Y 1y xg,?.
We have to show that z = (z,,) € ¢o and that ||z — 2|, — 0, for
n — 00.
Let ¢ > 0 and we need to find m € N so that |z;| < € for all £ > m (this
would prove that (zx) € ¢p). First choose N € N so that
oo

> st =2 < /2.

n=N-+1

Then choose m € N so that for all £ > m it follows that ‘CL';N)| <eg/2.
Now note that for all £ > m we have:

el < Jan — ™|+ 2|
- n n—1 N
:‘ Z x](c)—x](f )—|—|x,g)|

n=N+1
oo

Z 2™ — 2| 4 2/2 < e.
n=N+1

IN



This proves that x € cg.
In order show that lim, s ||z — 2™ || = 0 we let ¢ > 0 and choose N € N
so that 3 7% |2 — 2U=D|| < &. Then it follows for n > N

n n
) ; ; i1
o= 29 = sup a3 "ol =sup| 37 #f -2V < 3T a0 < &
=1 keN i=1 keN j=n+1 j=n+1

Problem 3. Problem 2/page 154. Let X and Y be normed linear spaces
Show that L(X,Y") is vector space, that ||-|| with ||T'|| = sup,e x jz)<1 [IT(2)]|
defines a norm, and show that

T(x
71— sup{ 71

]
Proof. Using as addition S +7 : X — Y, z — T(z) + S(y), and as
multiplication with scalar AT : X — Y, x +— AT'(x), it is clear that L(X,Y")

is a vector space.
| - || is norm (let 7,5 € L(X,Y), A € F:

IT[=0 < sup |IT(x)] =0
2€X [zll<1

= Vre X, |z[|<1l, T(z)=0
—VereX Tx)=0 < T=0.

z # o} —inf{C>0:¥re X |T(x)]<Clal}.

1T+ S|l = sup [[T(z)+ S(z)|
2€X 2]/ <1

< sup T (2)] + [IS(=)]]

zeX|lx]|<1
< suwp  |[T(@)[[+ sup [|S@)[| = [T+ S]]

zeX,||z||<1 zeX,||z||<1

AT = supgex juy<1 AT ()] = A supzex o<1 1T@)] = AT
Finally we will show that

IT@N O} <inf{C >0: |T(z)|]| < C|z|} < |T]I

7] < sup{
[l

First “<”: for - € X\ {0}, [T(2)[|/l|=[] = T (x/[lz|)]-

Second “<”: Assume that C' > 0 is such that Vx € X ||T(2)| < C||z|.
Then C > ||T'(x)||/||z|| for all x € X \ {z}. Since C' > 0 was arbitrary with
|T(z)|| < Cllz| for all x € X claim follows.

Third “<”: We have to show that the number ||T'|| is element of the set

(C>0:VaeX |[T(@) < Clla|}.
But this is clear.

Problem 4. Problem 9/page 155.



Let C*([0, 1]) be the space of all functions on [0, 1] which have k-th deriv-
ative which is continuous (including halfsided derivatives at the endpoints).

a) for f € C([0,1]) it follows that

feC*(0,1]) <= f is k-times cont.diffble and
im £ im f() i <
%{‘I%)f (h) and }lll/mlf (h) exist for j < k.

b) For f € C*([0,1]) put || ]| = X [IF@lu. Then with - || the space
C*([0,1]) becomes a Banach space.

Proof. (a) = is trivial
For < we need to show that

(k—1) _ g(k-1)
i LW =STO) F®)(h) and
h—0+ h h—0+

N O e AGed € S ) IS
hliI& h B hli%l+ SR h).

Note that by the MVT we can choose for each 0 < h an 7, € [0, h] so that

FED(n) — fE=D(0)

h = f®(rn).
And thus
fEDR) = fED0) e )
s h =g S ) = i .

Similarly the second equation can be show.
(b) It is clear that C(™)([0,1]) is a normed linear space. We need to show
completeness.

If (f,) € C(]0,1]) is such that

D falle < coand Y [Ifnll < oo

neN neN

Then it first follows from the completness of C'([0, 1]) that » . fn converges
in C([0,1]) to some f € C([0,1]) but also that ) _y f, converges to some
g € C([0,1]). We claim that f is differentiable and its derivative is g (what
else could it be).

Indeed, let € > 0 and first choose N € N so that Y7 || fh ]l < /2.
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Then we note that for z € [0,1], and h # 0, such that z + h € [0,1], it

follows that:

‘f(erh) — f(=)
h

- g(w)‘

filz +h) — fi(ﬁf)’

<‘§_;fz( +h})b fz( )_fll(l,)’_i_ Z

A h
i=N+1
+ Y |f@)
i=N+1
N
i h) — fi / / /
<[S HEENZIE g S e+ Y @)
i=1 i=N+1 i=N+1
[Note: we are applying MVT]
N [e'S)
i h) — fi / /
<[S HEENZIE g 2 S gl
i=1 n=N+1

N
<[ HEEMZIE) )| ez it -0
=1

which implies our claim.
Now the problem can be easily shown by induction on k.

Problem 5. Problem 6/Page 155.

Let X be a finite dimensional vector space (over F = R or F = C) and let

e1,€s,...e, be a basis of X. For z = Z?:l aje; € X, let

n
lzlly =) lagl.
j=1

a) || - ||1 is a norm.
b) The map

n
T:F"— X, (al,ag,...an)HE aje;
j=1

is continuous with respect to the Euclidean norm on F" and the

norm || - [|; on X.

c) The sphere of (X, |- |]1), i.e. the set Sy = {z € X : ||z|; = 1} is

compact in the topology defined by by || - ||
d) All norms on X are equivalent.
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Proof. (a) For z ="  ajej,y =37 bje; € X and a scalar « it follows
from the definition of bases

n
21 =0 < > la;| =0 < Vje{1,2,...n} a;=0 <= z=0
j=1

n n
lz+ylls = laj + bl <> lagl + o] = I/l + [yl
j=1 j=1

n n
lazll =) laa;| = la Y lajl = |of - [lz]x
j=1 j=1
(b) Denote the Euclidean norm by || - ||2. For (a1, a9, ...a,) € F"

n
T (a1, a2, )l =) laj| < n max |aj| < nll(ar,a = 2,...an)]2:
= 1<i<n

(we will show later that actually Y27, a ] < v/n( 325, |aj|2)1/2). Thus T

is bounded and ||T']| < n.

¢) Let z®) = 7 aPe; € Sx, for k € N note that for each j €
j=1"3 *J

1,2,...n}, at® eNy C {& € F: |£] = 1}. We find therefore an infinite

{ }s (a5 )ken

N C N so that
(k)

U7 ek M
exists for all j € {12...}. Let # = 3°7_; aje;. Then
. k
ol = 2 losl = Jim, 21" =1,

and
n

o= a®ll =3 laj — 0] = 1 —peripoe 0.
j=1
Thus, every sequence in Sy has a subsequence which converges to an element
of Sx. Thus Sx is compact.
(d) Let || - || be any norm on X. Put C' = maxj—i 2., |/e;j]. Then (property
of norm) 0 < C' < co. Let T be the identity on X, but think of it as a linear
map from (X, || - [|1) to (X, [ ).

Since for z = >, aje; € X

n n
lall = IT@)1 = || 3 ases | < S laglliesl < Clally
j=1 j=1

T is a bounded linear operator with ||| < C. This implies that the the
image of Sx = {z € X : ||z|/1} is compact in (X, || -||). And since 0 € Sx
and since || - || is a || - ||-continuous function on X (simply meaning that if
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x, converges to x in (X, || - ||) then ||x,| converges to ||z||) it follows that
¢ :=min{||z| : x € Sx} exists and ¢ > 0. We deduce that for x € X

i
Cllelh 2 lloll = Nzl | - || = ellelh,
el

which proves our claime.

Problem 6. Problem 7/Page 155.
Let X be a Banach space. We denote the identity on X by I.
a) If T'e L(X,X), and ||I —T|| < 1, then T is invertible. In fact the
series > o0 (I —T)" (with (I — T)" = I) converges in L(X, X) to
T
b) If T € L(X, X) is invertible and | T — S|| < |T~!||7!, then S is also
invertible. Thus, the set of invertible operators in L(X, X) is open
in L(X, X).
Proof. (a) Let p := ||[I — T|| € [0,1). By induction we can proof that
(I —T)"| < p™. Indeed, for n = 1, this is the assumption, if the claim is
true for n, it follows for x € X, that

I =T)" @)l < (=D)L = T)(@)|l < p"pllz]| = p" |-

Thus the series Y .2 (I — T)" is absolutely convergent, and, thus, since
L(X, X) is complete, convergent to some S € L(X, X). We claim that S is
the inverse of T', and need to show that T oS = SoT = 1. For x € X, we

observe that
o0

S(T(X)) =) (I = T)"(I(x))

n=0

=Y (I-T)"((T = D))+ Y (I -T)"
n=0 n=0

=> I-T)"(x)- > (I-T)"(x) ==

n=0 n=1

and

T(S00) = T( 31 - T)(a)

n=0
=Y (T-DI-T)"(x)+ Y (I -T)"
n=0 n=0
=Y (I-T)"2) =) (I-T)"(x)==
n=0 n=1

which proves our claim.
(b) We first note that,

IL-T " oS =T oT - T o S| < T |T - S < 1.
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By part (a), T~'S is invertible with continuous inverse, and thus also
T(T~1S)=S5.

Problem 7. Let (X, M) be a measurable space and let M (X) be the space
of real-valued measures on (X, M). Then

11 M(X) = [0,00),  p—= [l = |pl(X),

is a norm on M (X) which turns M (X) into a Banach space.
Proof. For € M(X), we put

el = [l (X) = " (X) + 17 (X) = (X F) = u(X7),

where (X, X—) is the by the Hahn Decomposition Theorem existing par-
tition of X so that (Xt N (-)) and —p(X~ N (+)) are positive measures. If
w and [ are two R-valued signed measure. Choose by Hahn Decomposition

Theorem Partitions (X+, X7), (X*+,X7), (X, X ) of X so that
) =pXTN0), () =—uXTN(0),

PO =aXT00), B =X N().

r+D) O =m+p X N0, wHp) O =—(@+n (X ),
Then

i+ al] = |p + al(X)

laual| = ()™ (X) + (op) ™ (X))
ap(XT)+ap(X) ifa>0
B {—au_(X) —at(X) ifa<O0 = lal-flul
Finally
lull=0 <= " (X)=0and p (X)=0 <= p=0.
This proves that || - || is a norm.

In order to show completeness we assume that (u,) C M(X) and that
> is absolutely converging. This implies that > o2 ; ut(X) < oo and
Yome i (X) < o0, For A e M put v1(A) =3, cn it (A). we claim that
v1 is a (positive) measure and that [lvy — > 0, ,u,jH — 0, for n — oo.
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If (A;) are pairwise disjoint sets in M, A =[J2; 4; and € > 0 arbitrary,
we choose n € N so that 322, ph (X) < e, then

(A Zm A =1 (A
j=1

[ OlNe o]

22.m

||Mg ||M

<> uf 4 Z + D uf A+ DD (A
j=1 j=1 Jj=n+1 Jj=n+1i=1

o0

<0+4+¢e/2+ Z uj(A) <e.
j=n-+1

Since € > 0 is arbitrary, it follows that v1(A) = > 2, v1(4;), which implies
that 1 is a positive measure with 11 (X) = Y272, p (X) < 3222 [lpnl| < 0.
Moreover v — Z?Zl u;r is a positive measure for all n € N and

| —
1 — E MJ | = § i (X) —=noo 0.
j=n-+1
In a similar way one can show that there is a positive finite measure 5 so

that [lve — >0, py || — 0if n — 0.
Letting v(-) = v1(+) — 1a(+), it follows that

v=v —1p = lim g i = lim E i,
n—oo J TL—>OO

which finishes the proof of our claim.
Problem 8. (Old Qualifier Problem) If f € Ly(R), g € L3(R), and h €

Lg(R), prove that f-g-h € L1(R).
Proof. Let f € La(R), g € L3(R), and h € Lg(R), then

[15@)-lo@) - 1) dz
(/yf 5dx> (/h yﬁdm>

(Apply Theorem of Hoélder to the functions fg and h and the numbers

p=6/5and q = 6)
< ([ as)*( [ 19601 4“) ([ )’

@\c

m\c:
m\m
"}“o
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(Apply Theorem of Hélder to the functions | f|%/° and |g|%/° and the numbers
p=10/6 and ¢ = 10/4)

-(/ !f(ﬂf)!def (/ |g<x>\3dx);’ (/ rmwrﬁm)é

= [I£ll2 - llglls - 12 l6-



