Problems in Real Variables, II (Math608), Solutions
Prof.: Thomas Schlumprecht

Problem 1. Show that thereis an f € £ sothat ||f|| =1, f(1,1,1,...) =1
and fl,, = 0.

Proof. Note that the distance between the subspace ¢y and the vector
(1,1,...)in £ is 1 i.e.

dist(co, (1,1,...)) = inf ||(1,1,...) — y||loc = inf sup |y, — 1| = 1.
YyEco YEco neN

Using a theorem shown in class (Theorem 5.8 (a) on page 159) it follows that
there must be a bounded functional f € { so that f|q, f((1,1,.....)) =1
and || f

Problem 2. Show that ¢ and ¢; are isometrically isomorphic, via the
"scalar product”, i.e an element y = (y,) € ¢; acts on an element z =

(zn) € co by

ggozl

y(x) = <y,x> = Z YnTn-

neN
Recall:log = {2 = (4)ien C F : ||2]|co = sup |z;| < o0}
0 ={z = (x:)ien C F: |lxfs =) || < oo}
co ={z = (2;)jey C F: lim z, =0}
Proof. Consider the following mapping:

Iiloo— 07, (23) = I((2:)), with I((z:))(2:) = > zimi
1€EN
(a) I is well defined, i.e. I(x) € ¢} for z = () € lo.
Indeed for z = (z;) € ¢1, it follows that

() Dzl <suplzl Y fz] = @]z
ieN N en
Thus ),y 2i7; is convergent, and it is easy to see that I(x) is a linear, map
on ¢1. Thus by (*) it follows that

1 (@)lle; = sup 1D ziil < |z]o-
z=(z)€llz1<1 ey

(b) I is an isomteric injection.

Clearly I : foo — ¢; is linear, and from (x) it follows that I is bounded and
that [|I]| < 1. Still to show: for an z € { it follows that [[1(z)e > [|7|co-
If v = (z5) € foo and € > 0 we find an n € N so that |z,| > sup;ey |zi| —
e = ||zl —e. Let e, to be the “n-th” unit vector in ¢; (ie. e, =
(0,0,...,0,1,0...) with the “1” being in the n-coordinate). Choose z =
sign(zy)e, (whether F =R or F = C) and then. I(x)(2) = |zn| > ||z|lec — €.
Since ||z|| = 1 this implies that ||[I(x)|| > 1 — ¢ and since € > 0 is arbitrary
the claim follows.
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(c) Surjectivity of I. Let f € ¢]. Define z; = f(e;) for i € N. First note
that sup |z;| = sup |f(e;)| < || f]ler. Secondly for z = (z;) and 2 € /4:

N N
_ U T ) — T o) = I (N)y —
I(z)(2) = szzz = ]\}gnooz zif(ei) = ]\}gnoof(z zie;) = ]\}gnoo f() = f(z2)
€N i=1 i=1
where z(V) = Zf\il z;e; and where the last = follows from the fact that Z(®V)
converges in {1 to z.
Problem 3. Problem 24/page 160. Suppose that X is a Banach space. Let
X and (X*)" be the images of of X and X* in X** and X*** respectively
under the canonical maps
x: X — X" and 7 : X* % — X,
Define
v0 _ *okok | _
X' ={FeX™ F|g=
a) Show that XN (X*)" = {0} and X0 + (X*)" = X***,
b) Show that X is reflexive if and only if X* is reflexive.

Proof. R
(a) If F € XN (X*)" then we can write F' = 3(f), with f € X* and we
conclude that for any x € X

(f;2) = (#(z), f)
(3(f), #(x))
(F, 3(x)) = 0 since F € X°,
which implies that f and, thus F' = 3(f) is 0.
Let FF € X™* be arbitrary. Define f € X* by
f:X—>F, aw F(x(x)) = (F, x(zx)).

It is easy to see that f is linear and bounded and thus in X*. Then we can
write

F=5(f) + (F (/).
We still need to show that (F — %(f)) € X° But this follows from the fact
that for any x € X we have

(F,x(x)) = (f,2) = ((2), f) = ((f), »(x)).
(b) From part (a) we deduce

X reflexive = X = {0}
= X = (X*)" = X* reflexive
Conversely if X is not reflexive and thus X ¢ X™, we can find by the
Hahn Banach theorem an F' € X*** which vanishes on X but F' # 0. Thus,

X #0, and again by part (a) (X*)" # X***  which means that X* is not
reflexive.
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Problem 4. Show that every weakly converging sequence in a normed linear
space is bounded. Proof. In order to show the first part we assume that
(z,) is an unbounded sequence which converges to some x. After subtracting
x we may assme that x,, converges to 0.

By induction we choose a subsequence (z,, ) and functionals (x}) so that

for all k € N:

(1) 2y (wny) > 2V,

(2) |z (zn,)| < 277 if j < K,

(3) |25 (2n, )| <277 if j < k, anf
(4) o] < 2—k.

For k = 1 we choose nj so that ||z,,| > 2 and then we use the Hahn
Banach Theorem to find an zj € X*, ||z7]| = 1 so that x(xn,) > ||zn, ||

Assume we have chosen ny < no...n, in N. We first choose m > nj so
that for all j =1,2...k we have |2} (2,)| < 2k+1 (using that (z,,) is weakly
null). Then, using the unboundedness of (z,,) we choose ni11 > m so that

2k+-2
[l = (1 mape g 2242

)

and use again the Hahn Banach Theorem to find an z* € X*, ||z*| = 1,
so that *(z1) > (1 4+ maxj—12. . [|Tn,]])22*72 then let o}, , = =*/((1 +
max;j—12..k [|Tn; )2%+1). Tt is now easy to check that all the wanted condi-
tions are satisfied. This finishes the induction step.

Form condition (4) and the completeness of X* it follows that z* =) x},
converges and ||z* < 1.

It follows secondly from (1) (2) and (3) for each k£ € N that

<‘T*7xnk> 2 <x*737nk>_z |<x;7ajnk>|_z ‘<$j7xnk>| > 2k_k27k_1 —k—o0 OO
i<k i>k
which is a contradiction to the weak convergence of (z,,).

Problem 5. Show that every infinite dimensional Banach space admits
nets (z;);eny which converge to 0, but are “cofinally unbounded”, which
means that for any ¢ € I and any C > 0 there is a j € I, j > i so that
ol > C.

Hint: For the second part it might be useful to first prove that for an infinite
dimensional Banach X and functionals fi, fo,... f, € X* the intersection
of the null sets of the f;’s contains non zero elements. This can be deduced
using basics in linear algebra.

Proof. We will first show the hint and use the fact from linear algebra,
that for a linear transformation 7' : V' — W between two finite dimensional
vectorspaces it follows that

dim(V) = dimrange(T") + dim N (T),
where N (T') denotes the null space of T'.



Now let Y be any n + 1 dimensional subspace of X and let f;|y be the
restriction of the f;’s to Y.

Since dim(range(f1) < 1 it follows that dim(N(f1]y) > n. Now we con-
sider falynn(f,) and deduce with the same argument

dim(N (f1ly)ON (faly)) = dim(N (falyn(s))) = dimNV(f1)NY)—1 > n—1.

We can continue with this argument and obtain after n steps that

n
dinm (VN (fily)) > 1.
i=1
Now the construction of our Net. We define as our index set, the typical
neighborhood basis os 0 in X, i.e.

I:{ﬂ{meX:|fi(33)\SS}:nGN,6>O,fiEX*,Hfi||:1, fori=1,...
=1

The order we consider is, as usual, the reversed inclusion.

For each U = {z € X : |fi(z)| < e} € I we pick an zy € (i, N(f;) with
|zer|| > 1/e. Since for every U € Z, xy € U, and 7 is a neighborhood basis
of 0, it follows that (zy)yez is converging to 0, and it is clearly cofinally
unbounded (simply make make € small enough).

Problem 6. Show that if (x,,) converges weakly in a Banach space X to
some € X then

liminf ||z,| > ||z||.

n—oo
Give an example which shows that the inequality can be strict.

Proof. Assume that x, converges weakly to x. By the Theorem of Hahn
Banach we can find an 2* € X* with ||z*|| =1 and (z*,z) = ||z||. Thus

liminf ||z,| > liminf(z*, x,) = (¥, z) = ||z]|.
n—oo n—oo
As example take the unit vector basis (e,) in ¢p, i.e. as above e, =
(0,0,...0,1,0,...) with the “1” being in the n coordinate. By representing

¢ as £ (see Problem 2) it follows easily that (e,) converges weakly to 0,
but of course |le,|| =1, for all n € N.

Problem 7. Show that f,, with
fn:]0,1] = R, z~ sin(2wnz),

is weakly converging to 0 in Ly[0,1], 1 < p < oo.
Proof (Sketch). Using good old Calculus we observe that for all intervals
I =[a,b] C[0,1]

b
lim (f,, xs) = lim / sin(2mnz)dr = 0.
n—oo n—oo a
The prove that the set

D= {A € [0,1)mbl. : lim [ sin(2rnz)dz = 0}

n—oo A
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is Dynkin system (standard!). Thus, by Dynkin’s Theorem D are all mea-
surable subsets of [0, 1] and it follows that

lim [ g(z)sin(2mnz)dzr =0,
n—oo

for all simple functions g. Now let F' € LZ[O, 1]. By the representation
theorem for L7[0, 1] there is an f € L,[0,1], % + % =1, so that

/f x)dz, for all h € Ly[0,1].

Now let € > 0 arbitrary. Since the simple functions are dense in Lg4[0, 1],
we can choose a simple function f with ||f — f||; < €, and thus (note that

[fallp <1

limsup |(F, )] = lim sup| / J(@) fu(w)dar| < limsup [ / F(@) fu@)da| 4 allplf=Fll| < 2

n—oo n—oo n—oo

which implies the claim since € > 0 was arbitrary.



