ON NORM CLOSED IDEALS IN L(¢, @ ¢,).
B. SARI, TH. SCHLUMPRECHT, N. TOMCZAK-JAEGERMANN, AND V.G. TROITSKY

ABSTRACT. It is well known that the only proper non-trivial norm-closed ideal in
the algebra L(X) for X = ¢, (1 < p < o) or X = ¢ is the ideal of compact
operators. The next natural question is to describe all closed ideals of L(¢, & {,) for
1 < p,g < oo, pF# g, or, equivalently, the closed ideals in L(¢,,¢,) for p < g. This
paper shows that for 1 < p < 2 < ¢ < oo there are at least four distinct proper closed
ideals in L(£p,4,), including one that has not been studied before. The proofs use
various methods from Banach space theory.

1. INTRODUCTION

This paper is concerned with the structure of norm closed ideals of the algebra
L(X) of all bounded linear operators on an infinite-dimensional Banach space X. The
classical result of [Calk41] asserts that the only proper non-trivial closed ideal of L({5) is
the ideal of compact operators. The same was shown to be true for ¢, (1 < p < 0o0) and
¢o in [GMF60]. Tt remains open if there are other Banach spaces with only one proper
non-trivial closed ideal. The complete structure of closed ideals in L(X) was recently
described in [LLRO04] for X = (@202163)00 and in [LSZ06] for X = (@, 63)61. In
the both cases, there are exactly two nested proper non-zero closed ideals. Apart from
those mentioned above, there are no other separable Banach spaces X for which the
structure of the closed ideals in L(X) is completely known. The structure of the closed
ideals of operators on non separable Hilbert spaces was independently obtained by
Gramsch [Gram67] and Luft [Luft68]. Recently Daws [Daws06] extended their results
to non separable £,-spaces, 1 < p < 0o, and non separable co-spaces.

This motivates the study of the next natural special case X = £, & ¢, (1 < p,q < oo,
p # q), which is our main interest here. There were several results in this direction
proved in the 1970’s concerning various special ideals or special cases of p and q. We
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refer the reader to the book by Pietsch [Piet78, Chapter 5] for details. In particular,
[Piet78, Theorem 5.3.2] asserts that L((,®{,) (with, say, p < ¢) has exactly two proper
maximal ideals (namely, the ideal of operators which factor through ¢, and the ideals
of operators which factor through /,), and establishes a one-to-one correspondence
between the non-maximal ideals in the algebra L(¢, & ¢,) and the closed “ideals” in
L(¢,,¢,). Here an ideal in L(¢,,(,) means a linear subspace J of L(¢,,/,) such that
ATB € J whenever A € L({,), T € J, and B € L({,), and “closed” is always
understood with respect to the operator norm topology. Consequently, the subject of
the present paper is a study of the structure of closed ideals in L(¢,,¢,) with 1 <p <
q < oo.

In this paper we study a number of natural closed ideals in L(¢,,¢,) and relations
among them. In particular we show that if 1 < p < 2 < ¢ < oo then the following
four closed ideals are proper and distinct: the ideal of all compact operators IC, the
closed ideal J'»e generated by the formal identity operator I,,: ¢, — /,, the ideal
of all finitely strictly singular operators J¥*°, and the closure of the ideal of all fo-
factorable operators J% (see Section 2 for appropriate definitions). Although these
ideals were identified earlier, they were not known to be distinct and proper except for

special cases. The following diagram illustrates the relationship between these ideals.

FSS
Mz

(0] — (€ — (7"

Here arrows stand for inclusions. A solid arrow (= or —) between two ideals means
that there are no other ideals sitting properly between the two, while a double arrow
coming out of an ideal indicates the only immediate successor. A hyphenated arrow
(——>) indicates a proper inclusion, while a dotted one indicates that we do not know
whether or not the inclusion is proper. In particular, the closed ideals in L(¢,,¢,) are
not totally ordered.

The paper is organized as follows. In Section 3 we study the ideal J« for 1 < p <
g < oo. In [Milm70], Milman proved that Ja is FSS, and, therefore, Je C JFSS.
Since J!»4 is not compact, K is properly contained in J»¢. We will show that every
closed ideal that contains a non-compact operator necessarily contains J%9, so that
J'»a is the least non-compact ideal. In Section 4 we consider the ideal J% when
1 <p<2<q< oo Wefind a specific non-FSS operator T in J* such that the
closed ideal J7 generated by T coincides with 7. This implies, in particular, that
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JF99 is a proper ideal (a result proved in [Milm70] for p = 2 < ¢). Among results on
other related ideals we also show that J% C J% for all r between p and ¢, and we
prove that every closed ideal of L(¥,, ¢,) which contains a non-F'SS operator must also
contain J%. In Section 5 we consider the “block Hadamard” operator U from l, to ¢l
for 1 < p <2< q< oo. Weshow that U ¢ J%, hence J% is a proper ideal. Since,
obviously, I,,, € J%, it follows that J%« C JY. We show in Section 6 that U is FSS,
hence J'ra C J¥55,
We thank Gilles Pisier for suggesting to us the proof of Theorem 6.5.

2. NOTATION AND PRELIMINARIES

We use the standard notation from the Banach space theory as in [LT77, LT79,
Tom89, DJT95] and we refer the reader to these books for unexplained notions. Given
two Banach spaces X and Y, we write L(X,Y) for the space of all continuous linear
operators from X to Y, we write L(X) for L(X, X). A linear subspace J of L(X,Y)
is said to be an ideal if ATB € J whenever A€ L(Y), T € J,and B € L(X). By a
closed ideal we mean an ideal closed in the operator norm topology. We denote by
IC the closed ideal of all compact operators.

Throughout this paper, p and ¢ always satisfy 1 < p < ¢ < oco. We denote by p/
the conjugate of p, that is, i + ]% = 1. It is well known (see, e.g., [CPY74]) that K
is contained in every closed ideal of L(¢,,¢,;). If Z is a Banach space, we say that
an operator 7" € L(X,Y) factors through Z if T = AB where A € L(Z,Y) and
B € L(X, Z); we denote by JZ the closure of the set of all operators in L({,,{,) that
factor through Z. It can be easily verified that if Z is isomorphic to Z @ Z then J%
is a subspace, hence an ideal. For S € L({,,{,) we denote by J* the closed ideal in
L(¢,,0,) generated by S, that is, the smallest closed ideal containing S. It is easy to
see that J° consists of operators that can be approximated in norm by operators of
the form » " | A;SB;, where A; € L({,) and B; € L({,) fori =1,...,n. If Ais an
n X n scalar matrix, we write ||Al|,, for the norm of A as an operator from £} to £7.

It is known that every operator in L({,,(,) is strictly singular, see, e.g., [LT77]. We
call an operator S: X — Y finitely strictly singular or FSS if for every ¢ > 0

there exists n € N such that EirﬁfH 1||S$|| < ¢ for every n-dimensional subspace FE
xekl, ||z||=

of X. This class of operators already appeared in [Milm70] where its introduction has
been credited to Mityagin and Petczyniski. It can be easily verified (see [Masc94]) that

S is FSS if and only if every ultrapower of S'is strictly singular. It follows immediately
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that the set of all F'SS operators from X to Y is a closed ideal. Denote by JF55 the
ideal of all F'SS operators in L({,,£,).

We denote by (e;) and (f;) the standard bases of ¢, and ¢, respectively, and we
denote their coordinate functionals by (ef) and (). If (x,) is a sequence in a Banach
space, we write [z,] for its closed linear span. A sequence (z,) in a Banach space is
semi-normalized if inf,||x,|| > 0 and sup,,||z,| < oc.

The following standard lemma follows immediately from Propositions 1.a.12 and 2.a.1
of [LT77].

Lemma 2.1. If X =/, (1 <p<o0) orcy and (x,) is a semi-normalized sequence in
X which converges to zero coordinate-wise (that is, for every i, ef(z,) — 0 asn — o),

then there is a subsequence (x,,) equivalent to (e;), and [x,,] is complemented in X .

Remark 2.2. Suppose that 1 < p < ¢ < oo and T' € L({,,¢,). We say that T is
block-diagonal it T = @ " | T,,, where T,,: £y — L. Equivalently, there exists a
strictly increasing sequence of integers (k,,) such that 7' = >"° | P,T'Q,,, where Q,, and
P, are the canonical projections from ¢, and ¢, onto the finite-dimensional subspaces
spanned by ey, 41,. .., €, ., and fy, 11, ., fr,,, respectively. Note that m,, = k1 —k,
and T,, can be identified with P,TQ,. It can be easily verified that if p < ¢ then
|T|| = sup, ||T||. Indeed, ||T,| = [|P.TQx|| < ||T]] as P, and Q,, are contractions. On
the other hand,

7ol = (S1PTQuell) < (supl PTGl (S @ual?)
n=1 n —

< (upl 7)) (3o NQuall?)” = (supli Tl .
n n=1 "

Remark 2.3. Suppose that R € L({,,{,) for 1 < p < ¢ < oo, and T is a block-diagonal
submatrix of R, that is, T =Y | P,RQ,, where (P,) and (Q,,) are as in Remark 2.2.
Then T can be written as a convex combination of operators of the form URV', where
U and V are isometries. See Proposition 1.c¢.8 of [LT77] and Remark 1 following it for

the construction.

3. THE FORMAL IDENTITY OPERATOR [,

In this section we consider the formal identity operator I,,: ¢, — £, for 1 < p <
q < oo. Clearly, I,, is not compact, so that X C J's. First, we show that J'r is
contained in every closed ideal of L(¢,, ¢;) except K. This result is probably known to

specialists, but we provide a short proof for completeness.
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Proposition 3.1. Let 1 < p < ¢ < oo. If J is any ideal in L({y,{,) containing a

non-compact operator, then I,, € J.

Proof. Assume that J contains a non-compact operator 7. There exists a normalized
sequence (z,) in £, such that (Tx,) has no convergent subsequences. By passing to
subsequences and using a standard diagonalization argument, we can assume that (z,,)
and (Tx,) converge coordinate-wise. Let y, = x, —x,_1, then (y,) and (Ty,) converge
coordinate-wise to zero. Since (T'x,) has no convergent subsequences, we can assume
(by passing to a further subsequence if necessary) that (7y,) is semi-normalized. It
follows that (y,) is also semi-normalized. Using Lemma 2.1 twice, we can assume (by
passing to a subsequence) that (y,) is equivalent to (e;), (T'y,) is equivalent to (f;),
and [T'y,] is complemented in /,.

Let B: ¢, — [y,] be an isomorphism given by Be,, = y,,, and let A: [T'y,] — ¢, be an
isomorphism given by A(Ty,) = f.. Since [Ty,| is complemented, A can be extended
to an operator on all of ¢,. Thus we can view B and A as elements of L({,) and L({,)
respectively. Observe that AT Be,, = f,, for each n, hence ATB = I, ,. It follows that
I,,eJ. O

Corollary 3.2. If a closed ideal of L({,,{,) contains a non-compact operator, then it

contains J v,

The following result was proved in [Milm70]. For the reader’s convenience we provide

a short proof.

Proposition 3.3. Suppose that 1 < p < ¢ < oo. The formal identity operator I, , is
FSS.

We will deduce this proposition from the following lemma, which appeared in [Milm70].

Lemma 3.4. If FE is an n-dimensional subspace of ¢y then there exists x € E such

that x attains its sup-norm at at least n coordinates.

Proof. The proof is by induction. The statement is trivial for n = 1. Suppose that it
is true for n, take any subspace E of ¢y of dimension n + 1. By induction hypothesis,
there exists x € E such that

(1) 0 := [zl = lzi| = -+ - = [,

for a set of distinct indices I = {i1,...,4,}. Suppose that |x;| < ¢ for all i ¢ [

(otherwise we are done). Let Y be the subspace of ¢y consisting of all the sequences
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that vanish at iy,...,4,. Since Y has co-dimension n, it follows that Y N E # {0}.
Pick a non-zero y € Y N E. We claim that for some s > 0 the sequence z + sy attains
its sup-norm at at least n+ 1 coordinates. Indeed, |z; +ty;| = d for alli € [ and t > 0.
Consider the function
f(t) = max|z; + ty;|.
J¢l

Clearly, f is continuous, f(0) < §, and lim;_, ., f(t) = +o00. It follows that f(s) =
for some s > 0. Then |z; + sy;| = ||z + sy||o = J for some i & I. O

Proof of Proposition 3.3. Given ¢ > 0, pick n € N such that ni v < e Suppose
that £ is a subspace of £, with dim £/ = n. By Lemma 3.4 there exists + € E and
indices iy, ..., i, satisfying (1). Without loss of generality, ||z|/, = 1. It follows that
1 = ||lz||? = nd?, so that § < n~v. Then

lellg < Nl llaly = 677 <m0,
so that [|z||, < ni v <. It follows that I,, is FSS. O

Corollary 3.5. Let 1 < p < q < oo. The ideal K is a proper subset of J"°.

4. OPERATORS FACTORABLE THROUGH /o

In this section we consider the ideal J% for 1 < p < 2 < ¢q. Using Pelczyniski’s
decomposition, we will construct an operator T': ¢, — £, such that J% = J7. That is,
the closure of the ideal of all /5-factorable operators is exactly the closed ideal generated
by T. Furthermore, we show that 7T fails to be FSS, hence the ideal 759 is proper. It
will be obvious from the definition of T" that T factors through ¢, whenever p < r < ¢,
so it follows that J% C J%. We also show that T factors through every non-FSS
operator. It follows that any closed ideal containing a non-FSS operator necessarily
contains J.

To construct T, recall that it follows from Petczyniski’s Decomposition Theorem that
for every 1 < r < o0, ¥, is isomorphic to (@Zozl 6”) the ¢,-direct sum of ¢5’s (see
[LT77, p. 73]). Let 1 <p < g < oo, put U: £, — (P E”) and V: (P2, K”)q — L,

n=1

be two such isomorphisms. By Io,4: (P En)p — (P é”) we denote the formal

n=1 n=1

identity operator, that is, just the change of the norm on the direct sum. Then let
T =VIy,,U, that is,

2) .0, % (ézg)p Lora, (éeg)q Y.e,
n=1 n=1

We will call T" a Petczyriski Decomposition operator.
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Remark 4.1. Note that T is not unique, it is defined up to the isomorphisms U and V',
so that we have actually constructed a class of operators. It is clear, however, that any
two Pelczynski Decomposition operators factor through each other. Moreover, one can
easily verify that if in the preceding construction we “skip” some of the blocks, that is,
if we consider (@20:1 5’;") for some strictly increasing sequence of indices k,, then the
resulting operator 1" obviously factors through 7. Conversely, T" factors through 7’

because /2 is a complemented subspace of /4.

Furthermore, let E, = U~*(¢4) C ¢, be the pre-image of the n-th block of (€D ¢5),.
Similarly, put F, = V(¢3) C ¢,. Then d(E,,¢5) < ||U|| - ||U7Y| and d(F,,¢5) <
V]| - ]|lV~Y|, where d(X,Y) stands for the Banach-Mazur distance between X and Y.
Hence, (£,) and (F},) are sequences of uniformly Euclidean subspaces of ¢, and ¢,
respectively. Note that T'(FE,) = F,, so that T fixes copies of ¢4 for all n € N. This

immediately implies the following result.

Proposition 4.2. For 1 < p < q < oo, every Pelczyrski Decomposition operator fails
to be FSS.

Corollary 4.3. For 1 < p < ¢ < 0o, the ideal J¥5° is proper.

Our next goal is to show that if 1 < p < 2 < ¢ < oo then J7 = J%. We will
make use of the concept of fy-factorable norm ~2. Recall that if S € L(X,Y) (X
and Y Banach spaces) then v9(S) = inf||S;||||S2]|, where the infimum is taken over
all factorizations S = S; S5 where Sy: X — fy and Sy: ¢, — Y. It is known that o
is a norm on the ideal of all {,-factorable operators, and v, (ASB) < ||A|[~2(S)]|B]|

whenever X 2 X 2y 24 V. See [Tom89, DJT95] for more information on ,.

Lemma 4.4. Suppose that R € L((,,0,), 1 <p < q< oo, and e > 0.

(1) There exist two block-diagonal operators V,W € L(€,,£4,) such that [[W] <
IR| +e, VI <2||R|| + 2, and |[R— (W + V)| <.

(ii) Suppose that, in addition, R is ls-factorable. Then V and W can be chosen to
be lo-factorable, and y2(W) < 72(R) + &, 12(V) < 272(R) + 2¢, and 72(R —
(W+V)) <e.

Proof. Let r; j stand for the (7, j)-th entry of the matrix of R, that is, ;; = f(Re;).
For the purpose of this proof we introduce the following notation: for 2 C N x N, we

define the matrix Rg = (p; ;) by

o Tij if (Z,j) S Q,
Pig = 0 otherwise.
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We start by approximating R by a matrix S with finitely many entries in every row
and every column. Namely, by truncating each row and each column of R sufficiently
far we can find two strictly increasing sequences (M;) and (N;) of positive integers
such that ||R — Rr|| < € where I' C N x N is defined by

Put S = Rp.

We will define two strictly increasing sequences (k) and (l,) of positive integers,

such that I' is contained in the union of two block-diagonal sets A = [J°° | A, and
A =7, A, where

A, = {(,)) €T | knor <1,

An = {(G,j) €T |l <,

7 < kn} and
J<ln}.
We define the sequences (k,,) and (I,) by an interlaced induction. Put kg = 0, [p = 1.

For n > 0 we let
knJrl = maX{Mln, Nln} and ln+1 = maX{Man, NknJrl}.

Clearly, (k,) and ([,) are strictly increasing. Next, we show that ' C A U A. Let
(1,7) € I'. There exists n such that [,, < max{:,j} < lp41. If [, < min{i,j}, then
ln <i,7 < lpy1, so that (7,7) € A. Suppose now that min{s, j} < ,. Then either ¢ or
j is less than or equal to [,, while the other is greater than [,,. Say, ¢ <[, and j > [,.
It follows that

i<l <N, <kpsr and  j>1, = Ny > k.

n n

Therefore j < N; < N, < kpi1. Also, N; > j > 1, > Ny, yields ¢ > k,. Hence,
kn <i,j < kny1], so that (i,7) € A.

Set W = Sa and V =S — W. Then the non-zero entries of W and V are located in
A and A, respectively, so that W and V' are block-diagonal. By the definition of S we
have ||R — (W + V)H < €. Since W is a block-diagonal part of S, Remark 2.3 yields
that [|[WW|| < ||S]| < ||R||+e¢. Finally, it follows from V' = S—W that ||V|| < 2||R||+ 2.

If R is ly-factorable, then we can choose S with finitely many entries in each row
and column such that S is also fy-factorable and vo(R — S) < e. Indeed, let R =
R R be a factorization of R through ¢,. Approximate R; and Ry in norm by S
and Sy respectively, such that S; and S5 have finitely many entries in every row and
column. Put S = 5155, then S is as claimed. We use triangle inequality to show that
v2(R — S) < & when ||R; — Si|| and ||Ry — S5 are sufficiently small.
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Set W = Sx and V = 5§ — W. It follows from Remark 2.3 that 72(W) < 12(S5) <
72(R) + . Then then 2(V) = 72(S — W) < 292(R) + 2¢. In particular, W and V are
{5-factorable. O

Remark 4.5. In a similar fashion one can show that every operator between two
Banach spaces with shrinking unconditional bases can be approximated by a sum of

two block-diagonal operators.

Remark 4.6. A slight modification of the proof Lemma 4.4(i) yields ||[W| < || R].
Indeed, choose M; and N; sufficiently large so that not only |R — Rr|| < ¢ but also
|R— Rgq|| < € for every 2 C N x N such that I' C €. Then, after constructing A and A,
put W = Ra and V = Rauan — W. Then the non-zero entries of W and V' are located
in A and A, respectively, so that W and V are block-diagonal. Since AU A D I" then
||R — (W + V)H < ¢. Since W is a block-diagonal part of R, Remark 2.3 yields that
W < IR Finally, [V < | Raoall + W] < 21 R + <.

Theorem 4.7. If 1 < p <2< q and T is a Petczynski Decomposition operator, then
Jr =7t

Proof. Observe that I, being the formal identity from (€D, , ég)p to (P, 3)

n=1 ’

q
factors through (@Oozl 63)2 = (5. It follows that T factors through /5 and, therefore,

VANSVAS :

We show that 7% C JT. Clearly, it suffices to show that every ¢,-factorable operator
belongs to JT. In view of Lemma 4.4(ii), it suffices to show this for block-diagonal
operators. Let W be an fs-factorable block-diagonal operator. Then we can write
W =@, A,B,, where B,: E’;" — (5 and A, 0 — 6’;" such that sup,||A4,|| and
sup,, || B, || are finite. By merging consecutive blocks if necessary, we can assume without

loss of generality that (k,) is strictly increasing. Observe that the operators
B = @Bn: <@€§") — <@€§"> and
n=1 n=1 P n=1 p
b= D (D), (D)
n=1 n=1 a n=1 q

are bounded, and W = AlyB, where I, is the formal identity from (@ff:l Eg")p to
(B, ﬁ’q“")q. Thus, W factors through ;. It follows from Remark 4.1 that I, factors

through 7. Hence, W factors through 7. 0

Remark 4.8. Actually, we proved that every operator in J* can be approximated by

sums of two T-factorable operators.
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Remark 4.9. Suppose that p < r < ¢. Then I5,, in (2) factors through (@:;1 £3)T,

which is isomorphic to £,. It follows that 7' factors through ¢,. Then Theorem 4.7
implies that J% C J%.

Next, we show that if p < 2 < ¢ then J% is the least closed ideal beyond J59,
that is, every closed ideal that contains a non-FSS operator also contains 2. For the

proof we need the following well-known fact.

Theorem 4.10. For every 1 < r < oo there exists K > 0 such that for alln € N
there exists N € N such that every N-dimensional subspace F' C (. contains an n-

dimensional subspace E which is K-complemented in ¢, and 2-isomorphic to (3.

Remark 4.11. The theorem follows by simultaneous use of Dvoretzky’s theorem both
in a subspace F' C £, and in its dual F** (see e.g., [MS86]). This gives the result with
N = Cn'/? and K = C'y/max{r,r'}, where C,C’ > 0 are absolute constants. This

theorem can be also viewed, for example, as a special case of results in [FT79].
We will also routinely use the following observation.

Remark 4.12. Suppose that (FE,) is a sequence of subspaces of a Banach space X
which are uniformly Euclidean and uniformly complemented in X. That is, there exist
a constant C' > 0 and sequences (F,) and (V},) such that P, is a projection from X
onto E, with |P,|| < C, and V,,: E,, — % is an isomorphism with ||V, | - ||V} < C
for every n. Let G, be a subspace of E,, (n € N). Then it is easy to see that the G,,’s

are uniformly Euclidean and uniformly complemented in X as well.
For x € ¢, we write suppx = {i € N | z; # 0}. For A C ¢, put supp A = Upeca Supp .

Theorem 4.13. Let 1 < p <2< g <oo. If R e L(l,,{,) is not FSS, then every

Pelczyniski Decomposition operator factors through R.

Proof. Since R is not FSS, there exist a constant C' > 0 and a sequence (E,) of
subspaces of ¢, such that dimFE, — oo as n — oo, and Rjg, is invertible with
|(Rig,) '] < C. We can assume, in addition, that supp E, is finite by truncating
all the vectors in a basis of E, sufficiently far (and adjusting C' if necessary). Let
F, = R(E,). Using Theorem 4.10 and Remark 4.12 we can easily obtain subspaces
E! C E, and F] C F,, which are C-Euclidean, C-complemented in ¢, and ¢, respec-
tively, and such that ] = R(E]). By passing to a subsequence we may assume that
dim E/, = n, and we relabel so obtained sequences by (E,) and (F},). Let Q,: ¢, — F,
be a projection with [|@Q,| < C.
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We are going to define sequences (En), (ﬁn) and (@n) which satisfy all the properties
described in the previous paragraph and, in addition, there exists a strictly increasing

sequence (m,) in N such that the following four conditions are satisfied

(i) mp_1 < min suppE and m,,_; < minsupp Z/fn;
(i) Qny = 0 whenever suppy < my,_1;
(iii) m, > maxsupp En,
)

(iv HQnyH 27"||y|| whenever minsuppy > m,,.

We construct the sequences inductively. Let my = 0, and suppose that we already
constructed Ei, E, @i, and m; for all i < n. Let G and G’ be the subspaces of ¢,
and /, respectively, consisting of all vectors whose first m,,_; coordinates are zero. Put
k = 2m,_1 +n. It follows from dim F}, = k and codim G’ = m,,_; that m,_1 +n <
dim F, N G' = dim R~! (Fk N G’), because R, is an isomorphism. Since codim G' =
m,—1 we have G N R_l(Fk N G’) > n. Let En be an n-dimensional subspace of
GNR™! (Fk N G’), and ﬁn = R(En) Then En C G and ﬁn C @, hence (i) is satisfied.
Clearly, ﬁn is a—complemented in ¢,, where C = C2. Then there exists a projection
Q:l, — F, such that HQ’H < C. Let @n = @'P, where P is the basis projection of
¢, onto [fi]i>m, ,- Then Qn is again a projection from ¢, onto Fn, HQnH C’ and (ii)

j= 1
and 27,...,2; € ;. Then we can find r € N sufficiently large, such that if ||y|| < 1 and

is satisfied. Since rank Qn =n, we can write Qn =" .%4® 27, where z1,...,2; € 4,
min supp y > r then |2} (y)| is sufficiently small for all j = 1,...,n, so that 1Qy|l < 2-
Let m, = max{r, s}, where s = maxsupp E,, then (iii) and (iv) are satisfied.

For convenience, we relabel En, ﬁn, @n, and C as E,, F,, Q,, and C again. For every
n suppose that V;, is a C-isomorphism of ¢3 onto E, with ||V,|| =1 and ||V }|| < C

Put

||@8

e (@), (Br),

Since F,’s are disjointly supported, we can consider (@Zozl En)p as a subspace of /,,.
It follows that V' is a C-isomorphism between (@20:1 Eg)p and a subspace of ¢,. Define

n= 1

W:t, — (é €§> viaW: z — (Vn’l (Rig,) an)
n=1 1

We claim that W is bounded. Indeed, pick x € ¢,. Then

3 el = (S )" @usl2) < €2 (XM’
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Let P, be the basis projection from ¢, onto [f;]™ .. Thenz =" P.x. It follows
from (ii) that Q, Pz = 0 whenever k < n. Furthermore, (iv) yields ||Q, (3., Pi)|| <
27" |z||. Also, ||QnPnz|| < C||Pyx||. Therefore, |Qnz| < C||Pux| + 27"||x||. Using
Cauchy-Schwartz inequality, we get

1

(Zucznmn ) < (Z(OHP o))+ (el < (€ + Dl

n=1
Together with (3) this yields that W is bounded.
Finally, it is easy to see that WRV = I,,,, it follows easily that every Pelczynski

Decomposition operator factors through R. 0

Corollary 4.14. Let 1 <p <2< g < oo. If R € L({,,4,) is not FSS, then 7% C J&.

5. OPERATORS NOT FACTORABLE THROUGH /5

We employ the following known theorem (see [DJT95, Theorem 9.13] or [Tom89,
Theorem 27.1]) to deduce conditions for an operator in L(¢,,/,) to factor through /,.

Theorem 5.1. Let 1 <r < oo, let U: X — Y be a bounded linear operator between
Banach spaces X and Y, and let C' > 0. The following are equivalent:

(i) There exists a subspace L of L,(u), u a measure, and a factorization U =
VW, where V: L — Y and W: X — L are bounded linear operators with
VI iwi<c

(ii) Whenever finite sequences (x;), and (z)™, in X satisfy

m

Z‘(x*,ziﬂr < Z|<x*,xl>‘r for all x* € X*, then ZHUZiHT < C’"ZHxiHT.
i=1 i=1 i=1

i=1

Let us use Theorem 5.1 to state a criterion for an operator U : ' — " not to

factor as U = AB with || B||, - | Allrq < C

Corollary 5.2. Let m € N, C' > 1, and r > 1, and assume that U is an invertible

1

m by m matriz. Let & = ||U | ,.. Then ||Bllpr - [|Allrq = 6 for any factorization

U = AB. Moreover, Zfﬁ 1s another m by m matriz with

(4) 1T = Ullpg < (2 max [[U~ eill,)

1<

then it follows that for any factorization U = AB we have Bl - |Allrq = (20)71
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Proof. Fori=1,...,mletx; = ¢; and z; = 61U 'e; and observe that for any 2* € R™:

(Sl ) = (Sl el) =iy
=1
<5-wwf4mu4uﬂu::(ffxxax»r)”i
i=1

which implies that the hypothesis of (ii) in Theorem 5.1 is satisfied. Secondly it follows
that

() YUzl =0Tm =67 |l
1=1 i=1

which means that the conclusion of (ii) in Theorem 5.1 is not satisfied for any C' < 6L
It follows that condition (i) in Theorem 5.1 fails whenever C' < §~ 1.
Now assume that U is another m by m matrix satisfying (4), then it follows for
t=1,...,m that
1U(z:)llq 1UG)llg = (U = U)(z)lg
SN0+ (310G~ 10 = Tllallzils)
HU G+ (%5 =10 = Tllpad N0 exlly) > ST,

which implies, together with (5), that for U the conclusion of (i) in Theorem 5.1 is
not satisfied for any C' < 671/2, hence (i) fails in this case. O

VoV

We will now define an operator which will be crucial for the rest of the paper, and
we start with the following notations. Let H, be the n-th Hadamard matrix. That
is, Hy = (1), Hpyq = (g IZ ) for every n > 1. Then H, is an N x N matrix where
N = 2". We use the identifications ¢, = (@, , Xn)p and ¢, = (P, Yn)q, where
X, = EI%" and Y, = fgn are block subspaces of ¢, and ¢, respectively. We consider H,

as an operator from X,, to Y,,. Put
(6) U, = N~ ##@ H, where N = 2", and let U = @)U, : €, — £,
n=1

Remark 5.3. Observe that N*%Hn is a unitary matrix on £Y. In particular, it is
an isometry on (2, hence ||H, |22 = Nz, and H? = NI. One can easily verify that
[Hnll10o = 1 and [[Hplly1 = [[H o0 = N

Theorem 5.4. If 1 < p < 2 < q < oo, then the operator U defined by (6) has the

following properties.
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) Ul = 1.

(ii) U is not compact.

(iii) If p' # q then U is FSS.

(iv) Let p < r < q. Then U factors through ¢, when p <1 < ¢ orp <r <gq;
otherwise U ¢ J* .

(v) In particular, if p # q then U ¢ J*.

Remark 5.5. In Section 6 we treat (iii) in the much harder case when p’ = ¢ and
show that in this case U is still F'SS.

Proof. Using the Riesz-Thorin interpolation theorem (e.g., [BL76, LT79]) for H,, acting
as an operator in L({, () and as an operator in L({s,{5), and using Remark 5.3, we
obtain ||Hy||,» < N+ whenever 1 < r < 2. Similarly, interpolating between | H |11
and ||H,||22, and between || H,, |22 and || H||s,c0, We obtain ||H ||, < N =777 whenever
1<r<oo.

Define U\ = N=+ H, and U") = b, U, then ||US||,.,» < 1 for every n, hence

|U|,..» < 1. Considering U as an operator in L({,, {,), we can write

U(p)

b, — 1, when p’ = g,
(») Iy
(7) U=11¢, v, by —5 ¢, whenp <gq, and

l, Ip—’q/>€q/ i(q—/>—>€q when p < ¢.
It follows immediately that ||U||,, < 1. Since J"% is an ideal, (iii) follows from
Proposition 3.3. It also follows from (7) that U factors through ¢, if p < r < ¢ or
P <<y,

Consider first the case p’ < ¢. Then U,, = N_iHn. Let h,; = Hye;, the i-th column
of the n-th Hadamard matrix. It follows from H? = NI that U,h,; = N_ﬁHﬁei =
N¥e;. Thus, ||Uphnillq = N# = | illp, so that ||Uy,||,, = 1. Hence, U is not compact,
and ||U|,, = 1 by Remark 2.2.

Next, suppose that p < r < p’ < q¢. We use Corollary 5.2 to show that U ¢ J%
in this case. Indeed, assume to the contrary that U € J%. Then there exists U
such that |U — U|| < 1 and U factors through /.. Let C be the £ -factorization
constant of U. Since p < min{r, 7’} one can choose n so that C' < %N%m, where
N = 2" Let ﬁn be the N x N submatrix of U corresponding to the n-th block of U,
that is, ljn = Qnﬁ P,, where P, (respectively, (),,) is the canonical projection from ¢,

(respectively, ¢,) onto the span of exy1, ..., eany. Then the ¢,.-factorization constant of
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U, is at most C. It follows from U eill, = ||N7%hn,i||p = 1 that

|, = O < U =T < 4 = (2 max [|U; ]| )7

I<i<N

Let § = U It follows from H? = NI and U, = N~ # H,, that U-' = N #H,
so that

5= N7 || Hyllypr < N5 Fmter.
Corollary 5.2 yields that the /,-factorization constant of U, is at least (26)71 >
%N » Ty > (', which is a contradiction.

The case p < ¢’ can be reduced to the previous case by duality. Indeed, it follows
from (7) that U* = Iq,p/U(q/): ly — L. It follows that if p < r < ¢ then I, and,
therefore, U* factors through ¢,,. Hence, U factors through /.. Furthermore, since
H, is symmetric for every n, it follows that U} coincides with U, as a matrix and

\Ullg#» = 1. Applying the previous argument, we observe that U* is non-compact

and ||[U*||y, = 1, hence the same is true for U. Furthermore, if ¢ < r < ¢, then
U* ¢ J% sothat U ¢ J%.
Finally, (v) follows immediately from (iv). O

Remark 5.6. If p < r <1’ < ¢ then the operator U defined as

U(r) Ir/,q
by 215,

Ip,r
b, =50,
is compact. Indeed, as a matrix
~ 1 1 1
U,=U\") = N H, = Nowle"a} ' U,,.

It follows from [|U,||,, = 1 and 7 < min{p’, ¢} that ||(7n||p,q = Nwowa 7 — 0 as

n — 0.

Remark 5.7. It follows from Theorem 5.4(iv) that J% is proper when max{p, ¢} <
r < min{p,q}. In particular, 7% is proper. It follows from Remark 4.9 and Theo-
rem 5.4(iv) that J% C J% whenever p < r < ¢’ or p’ < r < q¢. We do not know,

however, whether J% is proper in this case.

Next, we show that if U’ is another “U-like” operator then U and U’ factor through
each other.
Again, we view ¢, = (@, Xn)p and (, = (P2, Yn)q, where X,, = (2" and

Y, = £2". Denote the basis vectors in X, and Y, by e(ln), . ,egfl) and fln), o 2(33),

respectively. We can view H,, and U,, as operators from X, to Y.
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Theorem 5.8. Suppose that (n;) is an increasing sequence, and let U = D2, Un,,
viewed as an operator from {, = (B, Xm)p to b, = (P2, Ym)q' Then U and U
factor through each other.

Proof. Consider the following diagram

b= (BT, X)), = (B2, X)), S (B2, V), 2 (B2, Ya), = L
where 2 is the canonical embedding, and R is the canonical projection. We can view 1
and R as operators on /¢, and ¢, respectively. Thus, we get U = RU..
Next, we prove that U factors through U. First, we show that whenever n < m then
there exists operators C': X,, — X,, and D:Y,, — Y, such that U, = DU,,C and
[Cllpp < Land [|Dflgq < 1.

First, we consider the case ¢ < p/. Define C,,: X,, — X,41 via C’negn) = e§”+”

as
i1 =1,...,2" Clearly, C,, is an isometry.

Let Z, be the subspace of Y, consisting of all the vectors whose first half coordi-

nates are equal to the last half coordinates respectively, that is, Z,, = span{ fi(nﬂ) +
fi(_f;nl) |i=1,...,2"}. Let P, be the “averaging” projection from Y, onto Z, given
by
2n+l on
Pa(aaf™) = BT 4 1550,
i=1 i=1
Then ||P,]| = 1.

Define B,,: Z, — Y, via B( fl-("ﬂ) + fi(_f;l)) =2 fi("), then B, is an isometry. Hence,
D, = B,P,: Y,.1 — Y, is of norm one.

Fix 1 <7 < 2" Since Cnegn) = e§”+”, HnHCneg") is the i-th column of H, ;. Since
1 < 2™ it follows from the construction of H,,’s that the i-th column of H, ., is exactly

the i-th column of H,, repeated twice. In particular, HnHC’neE") € Z, and, therefore,
HnHCneE”) = PanHC’negn). Finally,

BnPanHCneEn) = Zé(the i-th column of H,,) = 2%Hne§”).

It follows that Dy Hy1C, = 21 H,. It follows from H, = 27U, that DyUp1Cp = U,.
Iterating this m — n times, we get DU,,C' = U,, where C': X,, — X,, is an isometry,
D:Y, — Y, is of norm one.

If ¢ > p', then we consider the adjoint operators. Note that U’ = U, as matrices.
Applying the previous argument we find matrices C' and D such that U} = DU C
with [|C|ly.¢ <1 and ||D|yy < 1. Then U, = C*U,,D* is a required factorization in
the case ¢ > p'.
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It follows that for every ¢ we have
(8) D;U,,C; = U;
for some contractions 6, X; — X, and l~7Z X, — X;. Let
C=(e2.0): (82.X), — (82,X,),
and
D= (o2,D:): (821Xn,), = (82:X0),,
Then C': ¢, — ¢, and D: {, — {, are bounded, and by (8) we have DUC = U. O

It follows that any two operators of type U generated by different sequences factor

through each other.

6. THE OPERATOR U 18 FSS

Again, let U be the operator defined by (6). Theorem 5.4(iii) states that U is FSS
when p #£ ¢’. We will show in this section that U is still FSS when 1 < p = ¢/. The
argument requires some preparation.

Recall that the n-th s-number of an operator 7" € L(H) on a Hilbert space H is
defined via s,(T) = inf{||7"— R|| | rank R < n}. For 1 < r < oo, the Schatten norm
||T|| s of T equals the ¢, norm of the sequence of the s-numbers. We say that 7" belongs
to Schatten class S, if

equipped with the operator norm.

T H 5 < o0. We denote by So the set of all compact operators

Lemma 6.1. If T € L(H) such that |T||, =1 and Fiﬂlf” |Tx|| > € for a subspace
q zeF||x||=1
F of H, then dim F' < e79.

Proof. Suppose that dim F' = k. For every operator S of rank & — 1 there exists

x € F such that ||z]| = 1 and Sz = 0. It follows that ||T"— S|| > ||Tz|| > ¢, so that

S$1 = ...2> 8 = ¢e. Therefore, 1 = ||T||f19 > ke, Hence k < 79, O
q

We will also utilize the following result of Maurey, [Maur74, Corollary 11, p. 21].

Theorem 6.2. Let (2, 1) be a measure space, Y a Banach space, 0 < u < v < 00,

-1, %, T a bounded operator from a closed subspace E of L,(u) toY, and C' > 0.

u v

Then the following are equivalent.

(i) There exists a closed subspace F' of L,(u) such that T factors as T =V M,,
where V: F — Y with ||V|| < C, and My: L,(p) — L,(p) is a multiplication
operator defined by M,f = gf for every f € L,(u), with g € L.() and
lgll» < 1.
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(ii) For any x1,...,x, in E,

o) el 51 o]

In what follows, K¢ will denote the so-called Grothendieck constant, a fundamental
constant in the Banach space theory, see [DJT95, Tom89, LT77] for details.

Corollary 6.3. Let (2, 1) be a measure space. Suppose that ¢ = p' and % = % + %

(i) If T: Ly(u) — €5 then T can be factored through a multiplication operator from
Ly(p) to Lo(p), that is, T = S M,, where S: La(p) — €5 with ||S| < Kg||T||
and gl = 1.

(ii) IfT: 05 — L,(n) then T can be factored through a multiplication operator from
Lo(u) to Ly(p), that is, T = My, S, where S: 05 — Lo(u) with ||S]| < Kg||T|
and ||h||, < 1.

Proof. Suppose that T': L,(u) — ¢5. We verify that condition (ii) of Theorem 6.2 holds

foru=2,v=¢q =29, and r > 1 such that % = %—i—% (which is equivalent to % = l—I—%).

Let f1,..., fn € Ly. Then

n n k k n n % 2
SITa* =SSl =Sl = | (Al
i=1 i=1 j=1 j=1 i=1 i=1 2
where the last expression is the norm of the sequence ((Z:;l (Tf;);I?) %>n . It follows
P

from [LT79, Theorem 1.f.14] that

(i)', < sam (Sl =som[ () ]

where K¢ is the Grothendieck constant. Now (i) follows from Theorem 6.2. To

prove (ii), apply (i) to 7. O]

For N € Nand 1 < p < oo, by L)Y we denote the space L,(p) where u is the

uniform probability measure on Q = {1,..., N}. Thus, L) =(R", ||||Lév) where, for
1

T = (z) € RY, ||z = (§Zillzl)? for p < oo and [|Z]py = maxigien |
Clearly, ||-[[Ly is a scalar multiple of [|-[|py.

The following easy lemma is well-known to specialists. We state it exactly in the

form required later and we provide a short proof.

Lemma 6.4. Consider a product of three operators

My, T D
S LY =% LYV = N =Y
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where D = diag(d;)},, i.e., the diagonal operator with diagonal (d;). Then the Hilbert-
Schmidt norm of S satzsﬁes 1S]|lus < HwHLNHTHH HeN

Proof. Observe that, in the notation of function spaces on (€2, i),

S: [ f = ((gu ) (dulga, 1)),

for f € LY, and for some uniformly bounded sequence (g,)Y_; in LY so that ||T|| =
sup, ||gnllry . (Here (-,-) denotes the inner product with respect to u.) Let (f;)/L, be

an orthonormal basis of LY, then

N
HSHHS - ZHszHeN - sz2 gm¢fz Z Z<¢gna fz>2
= =1

i=1 n=1

N
= > @ gnldy < 012y - (spllgnllde) - 115y
n=1 "
O

Theorem 6.5 ([Pis04]). Suppose that T': LN — EN for some 1 < p <2 andq=7Yp.
Let E be a k-dimensional subspace of L , and Cp, Cy, and C3 be positive constants
such that
(i) HTHL;V,ZQ’ <1 and ||T||L{V,zg <L
(ii) E is Cy-isomorphic to (5;
(ili) F' =T(E) is Cy-complemented in £} ; and
(iv) Tig s invertible and H(T‘E)AH < G

Then k < (C3C,C3KE)".

Proof. Suppose that T', E/, and F’ satisfy the hypotheses for some C, C5, and Cs. Let
r be such that l =1+ 1 There exists an isomorphism V': /4 — E such that ||V <

and ||[V7Y| < C’1 By Corollary 6.3(ii) V factors through LY. Namely, V = M,S such
that S: ¢5 — L3 with ||S]| < C1 K¢ and ||g||, < 1. Let J: E — L[ be the canonical

inclusion map.

M, T D
LN 9 LN EN éN
2 P q
diagonal

ST JTincl. Proj-lQ lR
T
o Y, p 2, p gk
C'1 —isom. C1C3—isom
Let @ be a projection from ¢} onto F with ||Q|| < Cb. It follows from (i) that

IT||Ly,ey < 1. Then F is CyCs-isomorphic to 5. Let W: F — £ be an isomorphism
such that ||[W| < 1 and [[W™!| < C1C5. Corollary 6.3(i) implies that W@ factors
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through £5, that is, WQ = RD where R: (Y — (5 with |R|| < K¢|[WQ| < CyKg,
and D is a multiplication (or diagonal) operator D = diag(d;)}_, with H(dj)Hw < L

We are going to show that || DT M,[|sy < 1, using the classical complex interpolation
argument (see, e.g., [BL76]). For the convenience of the reader not familiar with the
subject, we provide the details. Let Z = {z € C| 0 < Rez < 1}, and define a function
F from Z to the unit ball B(LY () of L(LY,¢5) as follows:

(9) F(z) = |D|"=2)2 sign DT M

191 =2 sign g”
Here, as usually, |D| = diag(|d;|) and sign D = diag(signd;). Observe that F is
analytic in the interior of Z as a function from Z to C¥ x CV. Furthermore, F
is continuous and bounded on Z. A direct calculation shows that if % = 17_9 then
F(0) = DT M,.

If Rez = 1, it follows from (9) that F(1 + it) = A,TB,, where A, = |D|~% sign D
and By = M i . Notice that A; and B; viewed as operators from £5 to £} and

lg|~ 2" sign
from LY to LY respectively are contractions. It follows that

(10) HF(Z)HLgeg <7l py ey <1 whenever Rez = 1.
If Re z = 0 then we can write

F(it) = A,|D|2TM, 5 By.

lgl2
It can be easily verified that H| qlz
it follows by Lemma 6.4 that

oy S Land [[(|dif2) |,y < 1. Since || Tl y 0y < 1,

(11) HF(z < 1 whenever Rez = 0.

M oss
Put SN = S,(LY, £5). Tt is known (see, e.g. [GK65, Theorem 13.1]) that the Schatten

classes interpolate like L,-spaces. Since
Lu-0+io=1-1=1
it follows that (SZ, S5 )y = Sy
On the other hand, by definition of a complex interpolation space,

Bsy.siye = {f(9) | f:+ Z — B(LY, £} analytic,

| fitnesopls, < 1 and || figmescn||5. <1}

Since [|-[|s, = [|*[|us and [|-[[s. = |||y ey, it follows from (10) and (11) that DT M, =
F(0) € By sy, and, thus, [[DTM,[|sy < 1. It follows that

IWTVIls, = [[RDTM,S| 5, < IRI[[DTM[|, IS] < C1Ca K.
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Note that ||(WTV)~!|| < C3C3. 1t follows from Lemma 6.1 that

k:<< 1 :
S\ 0202 €10, K2

This concludes the proof. O

) = (@ociRz)"

We also need the following lemma, which generalizes Lemma 3.4. Assume that X is
a Banach space with an FDD (X,,)7° ,, see [LT77] for the definition of FDD. Let P, be
the canonical projection from X onto X,,, and assume that X satisfies the following
condition, which means that X is far from a cyp-sum of the X,,’s:

for any & > 0 there is a k = k(J) in N so that whenever
x € Sx, then card{n € N : |[P,z|| > 0} < k.

Suppose that for every n € N we are given a seminorm ¢, on X,, such that ¢,(z) < ||z]|,

(12)

where ¢, (x) stands for ¢,(P,z) whenever z € X.

Lemma 6.6. Suppose that X, (X,,), and (q,) are as in the preceding paragraph and
0 < r < 1. Then there exists € > 0 such that for every | € N there exists L € N
such that for every L-dimensional subspace G of X such that max,ey q,(x) = r||z|| for
all x € G there exists an [-dimensional subspace F C G and an index ng such that

Gno(z) = €||x|| for all x € F.
To prove Lemma 6.6 we need the following stabilization result, see, e.g., [MS86, p.6].

Theorem 6.7. For everyn € N, € > 0 and ¢ > 0 there is an N = N(n,e,c) € N
so that for any N-dimsensional space E, and any Lipschitz map f : Sp — R whose

Lipschitz constant does not exceed c, there is an n-dimensional subspace F' of E' so that

max{f(z):x € Sp} —min{f(z) :z € Sp} <e.

Proof of Lemma 6.6. Let k(-) be the function defined in (12). Put
m = k(%), 0=4-, and s=k(J).

It suffices to show that for I’ € N there exists L so that if G is a subspace of X of
dimension L and max,eyn ¢, (z) = r|jz|| for all x € G then G has an I’-dimensional
subspace F" and a set I C N with card I = s such that max,c; ¢,(x) > 6||z| for all
x € F.

Indeed, once we prove this formally weaker claim, we can take a number [’ large
enough, so that we can apply Theorem 6.7 s times to deduce that F’ has an [-dimen-
sional subspace F', which has the property that for all n € T

— mi <9
Max ¢n () — min ga(z) < 3.
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Now pick any y € Sp, then ¢,,(y) = max,es g,(y) = ¢ for some ng € I. Then for every
r € Sr we have
qno(x) Z min QHO(Z> > manﬂo(z) - % > Qno(y) - g 2 g7
2€SE ZESE
)
5-
Let I’ € N and define numbers Lg, L1, ..., L,, as follows. Put Ly = [’, and, assuming

so that the statement of our Lemma is satisfied for € =

that Lo, Ly, ..., L,, n < m, have already been defined, we use Theorem 6.7 to choose
L1 large enough so that for every L, ;-dimensional subspace G of X and every
Lipschitz-1 map f: Sg — R there is an L,-dimensional subspace G’ C G such that
— mi < 0.
max f(x) —min f(z)

Let L = L,,. Assume that out claim is false. This would mean that there exists a
subspace G of X of dim G = L such that

(13) ma&;qn(x) > r||lz|| for all z € G, and
ne
(14) for each I C N of card ] = s and each subspace F' C G of
dim F”" = I’ there exists x € S such that max,c; ¢,(x) < 6.
Choose an arbitrary vector x; € Sg and a subset I; C N of cardl; = s so that

Min,er, ¢n(21) = max,eny, ¢n(@1). It follows from (13) that there exists an index n,
such that g, (z1) > r; we can assume that n; € I;. On the other hand, the definition
of s implies that ¢,(x1) < § whenever n ¢ I;. It follows from the definition of L,, that
there exists a subspace G,,_1 of G of dimension L,,_; so that

15 W () < i n § < 26,
) B MR < g (e + o

where the last inequality follows from (14).

Next, pick an x93 € Sg,,_, and I, C N\ I so that card Iy = s and min,ey, g, (22) >

-1
maXn¢r,ur, ¢n(T2). Again, it follows from (13) that there exists an index ny such that
In, (T2) = 7; we can assume that ny € Iy Uly. By (15), ¢, (22) < 26 < r for each n € I,
so that ny € I. Again, ¢,(z2) < 6 whenever n ¢ I; U I,. We can choose a subspace
Gy of G,,—1 of dimension L,,_, so that

max max g, () < 24.
mGSGWFZ nels

Proceeding this way, we obtain a sequence of vectors xzi,...,x, and disjoint sets

Iy, ..., I, of cardinality s, and indices nq,...,n,, such that for each i = 1,...,m we
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have n; € I; and ¢y, (z;) > r. Also,
20 ifnelU---Ul;_q, and
() < {5 itngLU---UL,

hence ¢, (z;) < 20 whenever n ¢ I;. If n € I; then ¢, (z;) < ||z;]| = 1.

Put z = >"" | x;, then for every n € N we have ¢,(z) < 1+m-20 < 2. On the other
hand,

ni (23) < Gy (2) + G, (€ = 73) < g, (2) + 2m0,

so that g,,(z) > r—2md = § for each i = 1,...,m. It follows from the definition of m
that there can be at most m — 1 indices n such that ¢,(z) > §||1'||7 hence §||x|| >z
It follows that [|z| > 2, so that g,(z) < 2 < r||z| for every n € N, which is a

contradiction. O

Now we are ready to prove that U is F'SS.

Theorem 6.8. The operator U constructed in (6) is FSS for all1 <p <2 < g < o0,
unless p = q = 2.

Proof. In view of Theorem 5.4(iii) we may assume that ¢ = p’. Recall that U =
@, Uy is composed of blocks U, : X, — Y,,, where X,, = 2" and Y;, = £2". For each
n, let P,: ¢, — X,, be the canonical projection. For x € ¢, put ¢,(z) = HU P :UH By
Theorem 5.4(i) we have ¢,(z) < ||z||.

Assume that U is not FSS. Then there exists a constant C' such that there are
subspaces G of ¢, of arbitrarily large dimension such that the restriction of U to G is
a C-isomorphism. Let x € Sg, write x = Y| x,, where z,, € X,,, then ||[Uz| > %
On the other hand,

Uz = ZHU 2| < max]|Un, [T pZHU 2| < max g, ().

n=1
Hence, max qn(x) > Cva.

It follows from Lemma 6.6 that there exists € > 0 such that for every k£ and for every
G C {, of sufficiently large dimension there exists a subspace F' of G and an index n
such that dim F' = k and g,(x) > ¢ for all x € Sp. This implies that the restriction of
U, P, to F is a t-isomorphism. Put E = P,(F), then E is a k-dimensional subspace
of X,,, and U, is a é—isomorphism on E. In view of Theorem 4.10 we may assume that
FE is 2-isomorphic to £5 and U, (E) is K-complemented in €2n

Let V,, be the canonical isometry between L) and X, = £, where N = 2". It

follows that ||V,z|n~ = N%_%HxHLg for every x € L) and every r € [p,q|. It follows
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from the definition of U,, and Remark 5.3 that
11 1_1_1
[UnVall py o = N272 [ Unlley,ey = N2 7274 Hullgy oy = 1

and
1—1 1—1_1
10Vall e = N7 [Unley e = N' 7573 | Hy oy = 1.

Now applying Theorem 6.5 to U,V,, and V. !(E) we obtain a contradiction with the
fact that k = dim F/ was chosen arbitrarily. O

Remark 6.9. If p = ¢ = 2 then U is an isometry, hence not FSS. Consider the case
when p =1 and ¢ = co. The preceding proof does not work, since now we cannot use
Theorem 4.10. Actually, U is not F'SS in this case. Indeed, we now have U, = H,,. It
is easy to see that among the columns of H,, one finds all the Rademacher vectors (of
length N = 2"). Since the span of these vectors in ¢Y is isometrically isomorphic to

n it follows that the restriction of H, to the appropriate subspace of /¥ preserves a

copy of /7.

Question. Are there any other closed ideals in L(¢,, ¢,)? In view of the diagram at the

beginning of our paper this question can be subdivided in the following subquestions:

(i) Is Jra equal to 595 N J%7 If not, is ¥ N J* an immediate successor of
jIp,q ?
(ii) Is J FSS an immediate successor of 755N 74?7 More generally, are there any
immediate successors of J¥%% N J%, other than J%?
(iii) Is J¥99 Vv J* an immediate successor of J?
(iv) Is J¥59 v J% equal to L(€,,4,)?

Question. Suppose again that U is the operator defined in (6). Since U is FSS, we
have JY C J¥95. Does JY equal JFS59
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