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1 In tro duction

The aim of this note is to classify the closed ideals in the Banac h algebra B (F ) of (b ounded,

linear) op erators on the Banac h space

F :=
� M

n2 N

`n
2

�

`1

: (1.1)

More precisely , w e shall sho w that there are exactly four closed ideals in B (F ) , namely

f 0g, the compact op erators K (F ) , the closure G`1 (F ) of the set of op erators factoring

through `1 , and B (F ) itself.

The collection of Banac h spaces E for whic h a classi�cation of the closed ideals in B (E)
exists is v ery sparse. Indeed, the follo wing list app ears to b e the c omplete list of suc h

spaces.

(i) F or a �nite-dimensional Banac h space E , B (E) �= Mn , where n is the dimension of E ,

and so it is ancien t folklore that B (E) is simple in this case.

(ii) In 1941 Calkin [2] classi�ed all the ideals in B (`2) . In particular he pro v ed that there

are only three closed ideals in B (`2) , namely f 0g, K (`2) , and B (`2) .

(iii) In 1960 Goh b erg, Markus, and F eldman [5 ] extended Calkin's theorem to the other

classical sequence spaces. More precisely , they sho w ed that f 0g, K (E) , and B (E)
are the only closed ideals in B (E) for eac h of the spaces E = c0 and E = `p , where

1 6 p < 1 .

(iv) Later in the 1960'ies Gramsc h [6] and Luft [9] indep enden tly extended Calkin's theo-

rem in a di�eren t direction b y classifying all the closed ideals in B (H ) for eac h Hilb ert

space H (not necessarily separable). In particular, they sho w ed that these ideals are

w ell-ordered b y inclusion.
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(v) In 2003 Laustsen, Lo y , and Read [7] pro v ed that, for the Banac h space

E :=
� M

n2 N

`n
2

�

c0

; (1.2)

there are exactly four closed ideals in B (E) , namely f 0g, the compact op erators K (E) ,

the closure Gc0 (E) of the set of op erators factoring through c0 , and B (E) itself.

Note that the Banac h space F giv en b y (1.1) is the dual of the Banac h space E giv en

b y (1.2) , and so the result of this note can b e seen as a `dualization' of [7]. In fact,

our strategy dra ws hea vily on the metho ds in tro duced in [7].

2 The classi�cation theorem

W e b egin this section b y recalling v arious de�nitions and results from [7]. F or simplicit y

w e state the results only in the generalit y that is required for our presen t purp oses, but

emphasize that a n um b er of them hold true in greater generalit y .

2.1 ` 1 -direct sums. Let (En ) b e a sequence of Banac h spaces. W e denote b y

� L
En

�
`1

the `1 -direct sum of E1; E2; : : : , that is, the collection of sequences (xn ) suc h that xn 2 En

for eac h n 2 N and




 (xn )




 :=

1X

n=1

kxnk < 1 : (2.1)

This is a Banac h space for co ordinatewise de�ned addition and scalar m ultiplication and

norm giv en b y (2.1).

Set E :=
� L

En

�
`1

. F or eac h m 2 N, w e write J E
m for the canonical em b edding of Em

in to E and QE
m for the canonical pro jection of E on to Em . Both J E

m and QE
m are op erators

of norm one; in fact, the former is an isometry , and the latter is a quotien t map. When no

am biguit y ma y arise, w e omit the sup erscript E from the op erators J E
m and QE

m .

W e use similar notation and con v en tions for �nite collections of Banac h spaces and

op erators.

2.2 De�nition. Let (En ) and (Fn ) b e sequences of Banac h spaces, and let T :
� L

En
�

`1
!

� L
Fn

�
`1

b e an op erator. W e asso ciate with T the in�nite matrix (Tm;n ) , where

Tm;n := QF
m TJE

n : En ! Fm (m; n 2 N):

The supp ort of the n th

c olumn of T is

colsuppn (T) :=
�

m 2 N
�
� Tm;n 6= 0

	
(n 2 N):

W e sa y that T has �nite c olumns if eac h column has �nite supp ort, and in this case w e set

� n (T) := max
�
colsuppn (T)

�
.
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The signi�cance of op erators with �nite columns lies in the fact that, in the case where

eac h of the spaces En (n 2 N) is �nite-dimensional, for eac h op erator T :
� L

En

�
`1

!
� L

Fn

�
`1

w e can �nd a p erturbation

eT :
� L

En

�
`1

!
� L

Fn

�
`1

with �nite columns suc h

that the di�erence T � eT is compact and has arbitrarily small norm (see [7, Lemma 2.7(i)]).

2.3 Diagonal op erators. Let (En ) and (Fn ) b e sequences of Banac h spaces, and, for

eac h n 2 N, let Tn : En ! Fn b e an op erator. Supp ose that supkTnk < 1 . Then w e can

de�ne the diagonal op er ator

diag(Tn ) : (xn ) 7! (Tnxn );
� M

En

�

`1

!
� M

Fn

�

`1

:

Clearly , w e ha v e




 diag(Tn )




 = sup kTnk .

The follo wing construction is a dual v ersion of [7, Construction 4.2].

2.4 Construction. Let (En ) and (Fn ) b e sequences of Banac h spaces, and set E :=� L
En

�
`1

and F :=
� L

Fn

�
`1

. F urther, set

eF :=
� L eFn

�
`1

, where

eFn := F for eac h n 2 N.

Let T : E ! F b e an op erator. Since kTJE
n k 6 kTk for eac h n 2 N, w e ha v e a diagonal

op erator diag(TJE
n ) : E ! eF . W e claim that there is an op erator W : eF ! F suc h that

T = W diag(TJE
n ): (2.2)

Indeed, supp ose that y = ( yn ) 2 eF , so that yn 2 F for eac h n 2 N and

P 1
n=1 kynk <

1 . Then, for eac h m 2 N, the series

P 1
n=1 QF

m yn is absolutely con v ergen t in Fm , andP 1
m=1




 P 1

n=1 QF
m yn




 6 kyk . It follo ws that w e can de�ne an op erator

W : y 7!
� 1X

n=1

QF
m yn

�

m2 N

; eF ! F:

W e note that kWk 6 1, and (2.2) is satis�ed b ecause QF
m W diag(TJE

n )J E
k = QF

mTJE
k for

eac h k; m 2 N. 2

A linear subspace G of a v ector space E is termed c o�nite if the quotien t E=G is

�nite-dimensional. It is a standard elemen tary fact that the in tersection of �nitely man y

co�nite subspaces is again co�nite. More precisely , w e ha v e the follo wing upp er b ound on

the co dimension.

2.5 Lemma. Let n 2 N, and let G1; : : : ; Gn b e co�nite linear subspaces of a v ector

space E . Then

dim
E

G1 \ G2 \ � � � \ Gn
6

nX

j =1

dim E=Gj : 2
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2.6 De�nition. (i) Let G b e a closed subspace of a Hilb ert space H . W e denote b y G?

the orthogonal complemen t of G in H , and write projG for the orthogonal pro jection

of H on to G (so that projG is the idemp oten t op erator on H with image G and

k ernel G?
).

(ii) Let m 2 N, let E b e a Banac h space, and let K 1; : : : ; K m b e Hilb ert spaces. F or eac h

op erator T : E ! (K 1 � � � � � K m )`1 and eac h " > 0, set

n" (T) := sup
n

n 2 N0

�
�
�




 (projG?

1
� � � � � projG?

m
)T




 > " whenev er Gj is a sub-

space of K j with dim Gj 6 n for eac h j = 1; : : : ; m
o

2 N0 [ f�1g :

2.7 Lemma. Let m 2 N, let H and K 1; : : : ; K m b e Hilb ert spaces, let T : H ! (K 1 �
� � � � K m )`1 b e an op erator, and let 0 < " < kTk .

(i) Supp ose that n" (T) is �nite. Then there are op erators R : H ! `1 and S: `1 !
(K 1 � � � � � K m )`1 suc h that kT � SRk 6 " , kRk 6 kTk

p
n" (T) + 1 , and kSk 6 1.

(ii) F or eac h natural n um b er n 6 n" (T)=2 + 1 , there are op erators U : `n
2 ! H and

V : (K 1 � � � � � K m )`1 ! `n
2 suc h that I `n

2
= V TU, kUk 6 1=" , and kVk 6 1.

(iii) Let k 2 N, let H0 b e a closed co�nite subspace of H , and supp ose that n" (T) >
dim H ?

0 + k . Then n" (TjH 0 ) > k .

Pro of. P arts (i) and (ii) are the dual v ersions of [7, Lemma 5.3(i)�(ii)]. Indeed, they follo w

b y using [7 , Lemma 5.3(i)�(ii)] together with the fact that, for an y op erators T1 : (K 1 �
� � � � K m )`1 ! H and T2 : H ! (K 1 � � � � � K m )`1 , w e ha v e m" (T1) = n" (T

]
1) and

n" (T2) = m" (T [
2) , where m" (�) is de�ned as in [7, De�nition 5.2(ii)], and where T ]

1 and T [
2

are the mixed dual/adjoin t op erators giv en b y

T ]
1 :=

mX

j =1

Jj (T1Jj )� : H ! (K 1 � � � � � K m )`1

and

T [
2 :=

mX

j =1

(Qj T2)� Qj : (K 1 � � � � � K m )`1 ! H:

(Here w e write (K 1 � � � � � K m )`1 for the direct sum of K 1; : : : ; K m equipp ed with the

`1 -norm




 (x1; : : : ; xm )




 := max

�
kx1k; : : : ; kxm k

	
, and w e use

�
to denote the adjoin t of

an op erator b et w een Hilb ert spaces.)

(iii). F or eac h j = 1; : : : ; m, let Gj b e a subspace of K j with dim Gj 6 k . Set

Fj := Gj + Qj T(H ?
0 ) . Then Fj is �nite-dimensional with dim Fj 6 n" (T) , and so w e can

�nd x 2 H suc h that kxk 6 1 and




 (projF ?

1
� � � � � projF ?

m
)Tx




 > " . It follo ws that




 (projG?

1
� � � � � projG?

m
)TjH 0




 >




 (projG?

1
� � � � � projG?

m
)T(projH 0

x)





> k(projF ?
1

� � � � � projF ?
m

)T(projH 0
x)






=



 (projF ?

1
� � � � � projF ?

m
)Tx




 > ";
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and so n" (TjH 0 ) > k . 2

2.8 Remark. Let (K n ) b e a sequence of Hilb ert spaces, and let T b e an op erator on� L
K n

�
`1

with �nite columns. As in [7, Remark 5.4], there is a natural w a y to de�ne

n" (TJm ) for eac h " > 0 and eac h m 2 N, namely b y ignoring the co�nite n um b er of

Hilb ert spaces K k suc h that QkTJm = 0 .

F or eac h pair (E; F ) of Banac h spaces, set

G̀ 1 (E; F ) :=
�

TS
�
� S 2 B (E; ` 1); T 2 B (`1; F )

	
:

The fact that `1
�= `1 � `1 implies that G̀ 1 is an op erator ideal, and so its closure G`1 is a

closed op erator ideal. As usual, w e write G`1 (E) instead of G`1 (E; E )

2.9 Lemma. Let E b e a Banac h space and J b e an ideal in B (E) . If P is an idemp oten t

op erator on E and P 2 J , then in fact P 2 J .

Pro of. Let (Tn ) b e a sequence in J con v erging to P . Replacing Tn with P TnP w e

ma y assume that Tn 2 PB (E)P for all n 2 N. Note that PB (E)P is a Banac h algebra

with unit P , and so there exists n suc h that Tn is in v ertible. Th us there is an op erator

U 2 B (E) with P = ( P UP)Tn , whic h implies that P 2 J . 2

W e can no w state and pro v e our main theorem.

2.10 Theorem. Set F :=
� L

`n
2

�
`1

. The lattice of closed ideals in B (F ) is giv en b y

f 0g ( K (F ) ( G`1 (F ) ( B (F ): (2.3)

F urther, the follo wing dic hotom y holds for eac h op erator T on F with �nite columns:

(i) T 2 G`1 (F ) if and only if sup
�

n" (TJk)
�
� k 2 N

	
< 1 for eac h " > 0;

(ii) there are op erators U and V on F suc h that V TU = I F if and only if sup
�

n" (TJk)
�
�

k 2 N
	

= 1 for some " > 0.

Pro of. W e b egin b y pro ving the implications ` ( ' in (i) and (ii) for eac h op erator T with

�nite columns.

(i), ( . Let 0 < " < kTk , and supp ose that c := sup
�

n" (TJk)
�
� k 2 N

	
< 1 . Then, for

eac h k 2 N, there are op erators Rk : `k
2 ! `1 and Sk : `1 ! F suc h that kTJk � SkRkk 6 " ,

kRkk 6 kTk
p

c + 1 , and kSkk 6 1 b y Lemma 2.7(i). In the notation of Construction 2.4

(with En = Fn = `n
2 ), w e see that the diagonal op erators diag(Rk) : F !

� L
`1

�
`1

and

diag(Sk) :
� L

`1

�
`1

! eF satisfy




 diag(TJk) � diag(Sk) diag(Rk)




 = sup kTJk � SkRkk 6 ":

It follo ws that diag(TJk) 2 G`1 (F; eF ) b ecause

� L
`1

�
`1

is isomorphic to `1 and " is arbi-

trary , and so b y (2.2) w e conclude that T 2 G`1 (F ) , as desired.
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(ii), ( . Supp ose that sup
�

n" (TJk)
�
� k 2 N

	
= 1 for some " > 0. W e construct

inductiv ely a strictly increasing sequence (kj ) of natural n um b ers suc h that, for eac h j 2 N,

the follo wing assertions hold:

(a) colsuppk j
(T) 6= ; and � k j +1 (T) > � k j (T) .

(b) Set m0 := 0 , mj := � k j (T) , and E j :=
� L m j

i = m j � 1+1 ` i
2

�
`1

, and let Pj : F ! E j b e the

canonical pro jection. Then there are op erators Uj : ` j
2 ! `k j

2 and Vj : E j ! ` j
2 suc h

that the diagram

` j
2

I //

Uj

��

` j
2

`k j
2

Jk j //F
T //F

Pj //E j

Vj

OO

is comm utativ e, kUj k 6 1=" , kVj k 6 1, and im Uj �
T m j � 1

i =1 kerTi;k j . (The latter

condition is ignored for j = 1 .)

W e start the induction b y c ho osing k1 2 N suc h that n" (TJk1 ) > 1. Then colsuppk1
(T) 6=

; and kTJk1k > " . T ak e a unit v ector x 2 `k1
2 suc h that kTJk1xk > " , and de�ne

U1 : � 7!
�x

kTJk1xk
; `1

2 ! `k1
2 :

F urther, tak e a functional V1 : E1 ! `1
2 of norm 1 suc h that V1(P1TJk1x) = kP1TJk1k .

Then the diagram in (b) is comm utativ e b ecause kP1TJk1xk = kTJk1xk .

No w let j > 2, and supp ose that k1 < k 2 < � � � < k j � 1 ha v e b een c hosen in accordance

with (a)�(b). Set h :=
P m j � 1

i =1 i , tak e kj > k j � 1 suc h that n" (TJk j ) > h + 2( j � 1), and set

H :=
T m j � 1

i =1 kerTi;k j . Lemma 2.5 sho ws that

dim H ? = dim `k j
2 =H 6

m j � 1X

i =1

dim `k j
2 =kerTi;k j =

m j � 1X

i =1

dim im Ti;k j 6 h;

and hence n" (TJk j jH ) > 2(j � 1) b y Lemma 2.7(iii). In particular TJk j jH 6= 0 , and (a)

is satis�ed. F urther, w e note that n" (Pj TJk j jH ) = n" (TJk j jH ) b ecause Qi TJk j jH = 0
whenev er i 6 mj � 1 or i > m j . Lemma 2.7(ii) then implies that there are op erators

Uj : ` j
2 ! H � `k j

2 and Vj : E j ! ` j
2 suc h that (b) is satis�ed. This completes the inductiv e

construction.

W e `glue' the op erators Uj (j 2 N) together in the follo wing w a y to obtain an op erator U
on F . Giv en x 2 F , de�ne yi 2 ` i

2 b y

yi :=

(
Uj Qj x if i = kj for some j 2 N

0 otherwise

(i 2 N):
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Then w e ha v e

1X

i =1

kyi k =
1X

j =1

kUj Qj xk 6
kxk
"

< 1 ;

and so Ux := ( yi ) de�nes an op erator U on F . Similarly , since

1X

j =1

kVj Pj xk 6
1X

j =1

kPj xk = kxk;

the assignmen t V x := ( Vj Pj x) de�nes an op erator V on F .

W e claim that V TU = I F . T o this end, it su�ces to c hec k that

Qi V TUJj x =

(
x if i = j

0 otherwise

(i; j 2 N; x 2 ` j
2): (2.4)

By de�nition, w e ha v e Qi V TUJj x = Vi Pi TJk j Uj x . F or i = j , the diagram in (b), ab o v e,

sho ws that this is x . F or i < j , w e ha v e Uj x 2 kerTh;k j (1 6 h 6 mj � 1) , and so

Pi TJk j Uj =
m iX

h= m i � 1+1

JhQhTJk j Uj x =
m iX

h= m i � 1+1

JhTh;k j Uj x = 0:

F or i > j , Pi TJk j =
P m i

h= m i � 1+1 JhTh;k j = 0 b ecause Th;k j = 0 whenev er h > mj . This

completes the pro of of (2.4) .

Next w e establish (2.3) . It is clear that f 0g ( K (F ) ( G`1 (F ) ( F con tains `1 as

a complemen ted subspace, the pro jection on to whic h is an example of a non-compact

op erator in G`1 (F ) ). T o see that G`1 (F ) is a prop er ideal in B (F ) �rst note that b y

Lemma 2.9, if I F 2 G`1 (F ) , then I F 2 G̀ 1 (F ) , and hence F w ould b e isomorphic to `1 . It

is kno wn, ho w ev er, that F is not isomorphic to `1 , although this is b y no means ob vious.

One ma y for example use that `1 has a unique unconditional basis up to equiv alence (a

fact that essen tially relies on Khin tc hine's inequalit y), whereas it is easy to see that F do es

not ha v e this prop ert y .

W e no w sho w that the ideals in (2.3) are the only closed ideals of B (F ) . Standard

basis argumen ts sho w that the iden tit y on `1 factors through an y non-compact op erator in

B (F ) (see for example [7, Ÿ3]). It follo ws that for eac h non-zero, closed ideal J in B (F ) ,

either J = K (F ) or G`1 (F ) � J .

Supp ose that J is a closed ideal in B (F ) prop erly con taining G`1 (F ) . T ak e T 2
J n G`1 (F ) , and tak e

eT 2 B (F ) with �nite columns suc h that T � eT is compact ( cf. [7,

Lemma 2.7(i)]). Then

eT is also in J n G`1 (F ) . By (the con trap osite of ) (i), ( , w e

conclude that sup
�

n" ( eTJk)
�
� k 2 N

	
= 1 for some " > 0, and hence (ii), ( , implies that

I F = V eTU for some op erators U and V on F . It follo ws that J = B (F ) , as required.

It remains to pro v e the implications ` ) ' in (i) and (ii) for eac h op erator T with �nite

columns. This is done b y con trap osition.
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(i), ) . Supp ose that sup
�

n" (TJk)
�
� k 2 N

	
= 1 for some " > 0. Then, b y (ii),

( , there are op erators U and V on F suc h that I F = V TU, and so T 62G`1 (F ) b ecause

G`1 (F ) is a prop er ideal in B (F ) .

(ii), ) . This is similar. 2

In [1, Ÿ8] Bourgain, Casazza, Lindenstrauss, and T zafriri pro v e that ev ery in�nite-

dimensional, complemen ted subspace of the Banac h space F :=
� L

`n
2

�
`1

is isomorphic to

either F or `1 . Here w e presen t a new pro of of this fact using only the ideal structure of

B (F ) . More precisely , w e shall deduce it from the dic hotom y in Theorem 2.10 for op erators

in B (F ) with �nite columns.

2.11 Remark. In [7, Ÿ6] a new pro of is presen ted for the corresp onding result of Bourgain,

Casazza, Lindenstrauss, and T zafriri for the space E :=
� L

`n
2

�
c0

, whic h sa ys that ev ery

in�nite-dimensional, complemen ted subspace of E is isomorphic to either E or c0 . This

new pro of in [7] relies on a result of Casazza, K ottman and Lin [3 ] that implies that E is

primary . The result of [3], ho w ev er, do es not sho w that F is primary , and so the argumen t

in [7 ] cannot b e used here. The pro of w e presen t b elo w uses only the classi�cation result,

Theorem 2.10, and it also w orks for the space E .

W e start with an easy strengh tening of part (ii) of Theorem 2.10.

2.12 Prop osition. Let T b e an op erator on F . If T 62G`1 (F ) then there exist op erators

A and B on F suc h that I F = ATB .

Pro of. Let K b e a compact op erator on F suc h that T � K has �nite columns. Note that

b y the ideal prop ert y w e ha v e T� K 62G`1 (F ) . By Therorem 2.10 there are op erators U and

V on F suc h that I F = U(T � K )V . Th us UTV is a compact p erturbation of the iden tit y ,

and hence it is a F redholm op erator. It follo ws that for some W 2 B (F ) the op erator

W UTV is a co�nite-rank pro jection. Since E is isomorphic to its �nite-co dimensional

subspaces the result follo ws. 2

2.13 Theorem. (Bourgain, Casazza, Lindenstrauss, T zafriri [1]) Ev ery in�nite-di-

mensional, complemen ted subspace of F =
� L

`n
2

�
`1

is isomorphic to either F or `1 .

Pro of. Let Y b e an in�nite-dimensional, complemen ted subspace of F , and let P 2 B (F )
b e an idemp oten t op erator with image Y . If P 2 G`1 (F ) , then b y Lemma 2.9 w e ha v e

P 2 G̀ 1 (F ) , and hence Y is isomorphic to `1 . If P 62G`1 (F ) , then b y Prop ostion 2.12 the

iden tit y on F factors through P , i.e., F is isomorphic to a complemen ted subspace of Y .

W e can th us write F � Y � V and Y � F � W for suitable Banac h spaces V and W . W e
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no w use P elczynski's decomp osition metho d to sho w that Y is isomorphic to F .

F � Y � V

� F � W � V

� (F � F � : : :)`1 � W � V

� (Y � V � Y � V � : : :)`1 � W � V

� (Y � V � Y � V � : : :)`1 � W

� F � W � Y;

where w e also used the fact that F is isomorphic to (F � F � : : :)`1 . 2
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