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Abstract

In this paper we determine the closed operator ideals of the space F' := <®nEN Eg) .
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1 Introduction

The aim of this note is to classify the closed ideals in the Banach algebra Z(F) of (bounded,
linear) operators on the Banach space

F = (@53) . (1.1)

More precisely, we shall show that there are exactly four closed ideals in Z(F'), namely
{0}, the compact operators ¢ (F), the closure %, (F) of the set of operators factoring
through (1, and A(F) itself.

The collection of Banach spaces E for which a classification of the closed ideals in Z(E)
exists is very sparse. Indeed, the following list appears to be the complete list of such
spaces.

(i) For a finite-dimensional Banach space FE, #(E) = M, where n is the dimension of F,
and so it is ancient folklore that Z(F) is simple in this case.

(ii) In 1941 Calkin [2] classified all the ideals in Z(¢5). In particular he proved that there
are only three closed ideals in Z({;), namely {0}, Z ({3), and B((5).

(iii) In 1960 Gohberg, Markus, and Feldman [5] extended Calkin’s theorem to the other
classical sequence spaces. More precisely, they showed that {0}, .#(F), and ZA(F)
are the only closed ideals in Z#(E) for each of the spaces E = ¢y and E = (,,, where
1<p<oo.



(iv) Later in the 1960’ies Gramsch [6] and Luft [9] independently extended Calkin’s theo-
rem in a different direction by classifying all the closed ideals in A(H) for each Hilbert
space H (not necessarily separable). In particular, they showed that these ideals are
well-ordered by inclusion.

(v) In 2003 Laustsen, Loy, and Read [7] proved that, for the Banach space

E = (@ eg) (1.2)

neN

there are exactly four closed ideals in (E), namely {0}, the compact operators % (E),
the closure ¢.,(E) of the set of operators factoring through co, and Z(F) itself.

Note that the Banach space F given by (1.1) is the dual of the Banach space E given
by (1.2), and so the result of this note can be seen as a ‘dualization’ of [7]. In fact,
our strategy draws heavily on the methods introduced in [7].

2 The classification theorem

We begin this section by recalling various definitions and results from |[7|. For simplicity
we state the results only in the generality that is required for our present purposes, but
emphasize that a number of them hold true in greater generality.

2.1 ¢;-direct sums. Let (E,) be a sequence of Banach spaces. We denote by (@ En)g1

the ¢;-direct sum of Fy, Fs, ..., that is, the collection of sequences (x,) such that x,, € E,
for each n € N and

)]l = llzall < oo, (2.1)

This is a Banach space for coordinatewise defined addition and scalar multiplication and
norm given by (2.1).
Set B = (@ E”)el' For each m € N, we write JE for the canonical embedding of E,,

into £ and QZ for the canonical projection of E onto E,,. Both JE and QF are operators
of norm one; in fact, the former is an isometry, and the latter is a quotient map. When no
ambiguity may arise, we omit the superscript E from the operators JZ and QE.

We use similar notation and conventions for finite collections of Banach spaces and
operators.

2.2 Definition. Let (E,) and (F,) be sequences of Banach spaces, and let T': (€D E”)el e
G Fn)f1 be an operator. We associate with 7" the infinite matrix (7}, ,,), where

Ton =QFTIE:. E, - F,  (mnéeN),
The support of the n™ column of T is

colsupp,,(T) := {m € N | T,,,,, # 0} (n € N).
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We say that T has finite columns if each column has finite support, and in this case we set
1 (T) := max(colsupp, (T)).

The significance of operators with finite columns lies in the fact that, in the case where
cach of the spaces E, (n € N) is finite-dimensional, for each operator T: () En)é1 e

G F”)z1 we can find a perturbation T': G En)z1 — (b F")el with finite columns such
that the difference T'—1T is compact and has arbitrarily small norm (see [7, Lemma 2.7(i)]).

2.3 Diagonal operators. Let (E,) and (F},) be sequences of Banach spaces, and, for
each n € N, let T,,: E,, — F, be an operator. Suppose that sup ||7,|| < co. Then we can
define the diagonal operator

diag(T5,): (wn) = (Thzn), (@ E">gl - (@ Fn)&

Clearly, we have ||diag(7,,)|| = sup ||T,]|.

The following construction is a dual version of |7, Construction 4.2].

2.4 Construction. Let (E,) and (F},) be sequences of Banach spaces, and set E :
G En)g1 and F := (P Fn) Further, set F := (@F )g , where F, := F for each n € N.

Let T: E — F be an operator Since ||TJZ|| < ||T|| for each n € N we have a diagonal
operator diag(TJ¥): £ — F.
Define

meN

n=1

Then it follows that [|[W]| < 1 and T can be written as
T = W diag(TJE). (2.2)

2.5 Definition. Let G be a closed subspace of a Hilbert space H. We denote by G* the
orthogonal complement of G in H, and write proj. for the orthogonal projection of H
onto G (so that proj, is the idempotent operator on H with image G and kernel G*).
Let m € N, let E be a Banach space, and let K;,..., K,, be Hilbert spaces. For each
operator T: E — (K1 @ --- @ K,;,),, and each € > 0, set

H(prOjG% S D PrOjG#,,)TH > €
n.(T) :=sup{ n € Ny whenever G C K are subspaees € Ny U {£o0}.
with dim G; < n, for j=1,.

2.6 Lemma. Let m € N, let H and K, ..., K,, be Hilbert spaces, let T: H — (K; &
-+ @ K,,)e, be an operator, and let 0 < e < ||T|.

. ) . o, : 1 :
(i) Suppose that n.(T) is finite. Then there are operators R: H — (¢, and S: {; —
(K1 ® - @® Kp,)g, such that ||T — SR|| < e, |R|| < ||T|| /n(T) + 1, and || S]] < 1.
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(ii) For each natural number n < n.(T)/2 + 1, there are operators U: lj — H and
Vi (Ki®©--® Ky)e — 05 such that I,y = VTU, [|U]| < 1/e, and ||V|| < 1.

(iii) Let k € N, let Hy be a closed cofinite subspace of H, and suppose that n.(T) >
dim Hy + k. Then n.(T|g,) = k.

The proofs of (i) and (ii) of Lemma 2.6 follow along the same line as the proof of |7,
Lemma 5.3(i)—(ii)]. Actually we could deduce (i) and (ii) by applying [7, Lemma 5.3(i)-
(ii)] to some variant of the adjoint of T. For the sake of being selfcontained we include a
proof.

Proof. (i). Let n = n. + 1 and choose subspaces G; C K;, dimG; <n, for j =1,2...m,

so that

[(projet @ projgs @ ... projg.) o T = Z I Projg QT <e.
j=1

We put d = 37", dimG;. For j =1,...m welet I; : G; — Egimcj be an isometry and

I 65™% — (™% the formal identity. For z € H we define

R(l’) = (jjlj pI‘OjGj QJT(I))TZI c (@Tzl EcliimGj)fl _ €¢117

and for z = (z;), € (&1, f(lhmcj)él we define

S(z) = ([jflfjfl(zj));”:l € (ah, Kj)gl.
Since || ;]| < \/dimG; < /n and lej’lH < 1 it follows that |R|| < ||T||v/n and ||S]] < 1.
Farthermore, T' — SR = (projg. @ projgt @ ... projg. ) o T, which proves (i).

(ii). Let n < $ne(T)+1 By induction we will choose normalized elements 1, 25, . .. 2, €
H so that

a) x; L xy, whenever i # 4" are in {1,2...n},
b) T(z;) L T(xy), whenever i # 4" are in {1,2...n} and j € {1,2...m},
o) 1Tzl = >20L 11Q;T(2:)|| > e, whenever i € {1,2...n}.

Choose 1 € H, ||z1|| = 1 so that |[|T(x1)|| > ¢, and assuming that z1,xs, ..., xx_1 were
chosen for some k < n, we put for j =1,...,m

Gj = span{QjT(xi), CBJI_TYWY‘IZEZ 1= ]., ook — 1} C Kj.
Since dim G; < 2k —2 < 2n < n.(T), there is a w € H, ||w| = 1, so that
I(proje; & projay T(w)] > .

We write

k
w = Zaix,» + BT*Tx; + 2, with z € span™{z;, T*Tx; :i = 1,...k}.
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Since projg+ Q;T'(x;) = projgr Q;TT*Tx; = 0, it follows that (projg: .. .., projg. )T (w) =
(projgt @ ..., projg.)T(2) and, thus, z), = z/|2|| satisfies the conditions (a), (b) and (c).
Finally we define
U:ly — H, eir—>$— fori=1,.
€

and

. . . . - mej ( >>
V(@ Ki), = e (95)j=1 ;2 1Q,T (x| Sop, MQeT ()|

Because of (a) we have |U]| < 1/e, and using the triangle inequality and (c) it is easy to
see that ||[V|| <1 and using (b) we deduce that I,y = VTU.

(ili). For each j = 1,...,m, let G; be a subspace of K; with dimG; < k. Set
F;:= G, + Q;T(Hy). Then F} is finite-dimensional with dim F; < n.(T'), and so we can
find z € H such that ||z|| <1 and H(projFlL ®--- P proan%)TacH > ¢. It follows that

”(Projcf ©- - DPprojg. T|H0H = H projgr @ -+ @ pTOJ'GTLn)T(PTOJ'HO x)H
= ||(P1V0J'FlL S---D PYOJ'F%)T(IJTOJ‘HO x)”
= H(projFlL DD projFT#)T:z:H > g,
and so n.(T|g,) = k. O

2.7 Remark. Let (K,) be a sequence of Hilbert spaces, and let T be an operator on
(D Kn)g1 with finite columns. As in [7, Remark 5.4|, there is a natural way to define

ne(TJ,,) for each ¢ > 0 and each m € N, namely by ignoring the cofinite number of
Hilbert spaces K}, such that Q.TJ,, = 0.

For each pair (F, F') of Banach spaces, set
4, (E,F):={TS|SeBE)TecRB(,F)}

The fact that ¢; = ¢, & {; implies that ¢, is an operator ideal, and so its closure G, is a
closed operator ideal. As usual, we write ¢4, (E) instead of ¥, (E, E)

2.8 Lemma. Let I be a Banach space and # be an ideal in #(E). If P is an idempotent
operator on I/ and P € _Z, then in fact P € ¢.

Proof. Let (7)) be a sequence in _# converging to P. Replacing T, with PT,P we
may assume that 7,, € PZA(E)P for all n € N. Note that P#(E)P is a Banach algebra
with unit P, and so there exists n such that T, is invertible. Thus there is an operator
U € #(FE) with P = (PUP)T,, which implies that P € ¢#. O

2.9 Theorem. Set F := (P 63)51. For each operator T' on F' with finite columns the
following conditions are equivalent:



(i) T¢9u(F),
(ii) sup{n-(TJy) | k € N} = oo for some £ > 0,
(iii) there are operators U and V on F such that VTU = Ip.

Proof. We begin by proving the implication “not (ii) = not (i)”

Let 0 < & < ||T||, and suppose that ¢ := sup{n.(TJ;) | k € N} < co. Then, for
each k € N, there are operators Ry: {5 — (; and Sy: £, — F such that ||TJ, — Sy Ri|| < €
|Rill < |IT||vVe+ 1, and ||Sk|]| < 1 by Lemma 2.6(i). In the notation of Construction 2.4
(with E, = F, = (%), we see that the diagonal operators diag(Ry): F — (&P El)él and

diag(Sk): (B El)h — F (where F = (@22, F),,) satisfy
Hdiag(TJk) — diag(Sk) diag(Rk)H = sup ||TJx — Sk Ri|| < ¢

It follows that diag(TJi) € %y, (F, F) because G El)el is isomorphic to ¢; and ¢ is arbi-
trary, and so by (2.2) we conclude that T € &, (F), as desired.

To show “(ii) = (iii)” suppose that sup{n.(TJ;) | k € N} = oo for some € > 0. We
construct inductively a strictly increasing sequence (k;) of natural numbers such that, for
each j € N, the following assertions hold:

(a) colsuppy, (1) # 0 and puy;,, (T) = puy; (T).

(b) Set mg := 0, m; := ju,(T), and E; := (@ijj,ﬁl gé)h’ and let P;: F' — E; be the
canonical projection. Then there are operators U,: £} — Egj and Vj: E; — £} such
that the diagram

&) &)
Uj Vi
Ik P;
Egj J F T F J Ev‘7
is commutative, |Uj|| < 1/e, [|[V;]| < 1, and imU; € (2 ker Ty, (The latter

condition is ignored for j = 1.)

We start the induction by choosing k; € Nsuch that n.(T'J;,) > 1. Then colsupp,, (T') #
0 and ||TJ,, || > . Take a unit vector = € £5 such that || TJ,,z|| > ¢, and define

ad w
Up: e === ) —
a 1T Ty ]| i

Further, take a functional Vi: By — £} of norm 1 such that Vi(P\TJy,z) = ||Pi/T Jy,||-
Then the diagram in (b) is commutative because ||P\T Jy, x| = ||TJk, x||.

Now let j > 2, and suppose that k; < kg < --- < k;_; have been chosen in accordance
with (a)-(b). Set h := Y77 'i, take k; > kj 1 such that n.(TJy,) > h +2(j — 1),



and set H = (] ker Ty ), = ker(d;; ' Q1) o T o Ji,. Since dim H > k; — h it follows
that dim H+ < h and hence n.(TJy|g) > 2(j — 1) by Lemma 2.6(iii). In particular
TJy, | # 0, and (a) is satisfied. Further, we note that n.(P;TJy,|x) = ne(T'Ji,|r) because
QT Jr;|g = 0 whenever ¢ < m;j_; or i > m;. Lemma 2.6(ii) then implies that there are
operators U;: ¢ — H C % and V;: E; — () such that (b) is satisfied. This completes the
inductive construction.
We ‘glue’ the operators U; (j € N) together in the following way to obtain an operator U
on F. Given z € F, define y; € (} by
. {UijSB if i = k; for some j € N (i € N).

0 otherwise

Then we have

. . |
S il =Y 1U;Q5z) < <o
i=1 j=1

and so Uz := (y;) defines an operator U on F'. Similarly, since

[e.9] o
Do IViPzl < Y lIP = ],
j=1 j=1

the assignment Vz := (V;Pjx) defines an operator V on F.
We claim that VTU = Ir. To this end, it suffices to check that

x ifi=jy

Q:VTU Jju = { (i,j EN, z € B). (2.3)

0 otherwise

By definition, we have Q;VTU Jjx = V;P/TJ,Ujx. For i = j, the diagram in (b), above,
shows that this is z. For ¢ < j, we have Ujx € ker Tj (1 <h<mj_), and so

PTIUj= Y J@TJUz= > JWTwwUz=0.

h=m;_1+1 h=m;_1+1

For i > j, PTJ,, = szifﬁl JnThi, = 0 because Ty, = 0 whenever i > m;. This
completes the proof of the implication “ (i) = (iii)”.

Finally to deduce “(iii) = (i)” we need to observe that &, (F) is a proper ideal in Z(F),
and, thus, cannot contain T, since by (iii) Ir is contained in the ideal generated by T.
First note that by Lemma 2.8, if Ir € 4, (F), then Ir € %, (F), and hence F would be
isomorphic to /1. It is known, however, that F'is not isomorphic to ¢;, although this is by
no means obvious. One may for example use that /; has a unique unconditional basis up
to equivalence (a fact that essentially relies on Khintchine’s inequality), whereas it is easy
to see that F' does not have this property. O

Our main theorem on the classification of the closed ideals of Z(F) can be deduced.
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2.10 Theorem. Set F := (D eg)el. The lattice of closed ideals in A(F') is given by
{0} C H(F) C D0 (F) € B(F). (2.4

Proof. It is clear that {0} C # (F) C 4,,(F) (F contains ¢, as a complemented subspace,
the projection onto which is an example of a non-compact operator in ¢,, (F)). By (ii) <=
(i) in Theorem 2.9 the identity on I cannot be in &, (F), thus ¢, (F) is a proper subideal
of B(F).

We now show that the ideals in (2.4) are the only closed ideals of #(F'). Standard
basis arguments show that the identity on ¢; factors through any non-compact operator in
HB(F) (see for example |7, §3]). It follows that for each non-zero, closed ideal ¢ in #(F),
either # = # (F)or 9, (F)C ¢.

Suppose that # is a closed ideal in %B(F) properly containing ¥, (F). Take T €
I\, (F), and take T € %(F) with finite columns such that T — T is compact (cf. |7,
Lemma 2.7(i)]). Then T is also in I\G,(F). By Theorem 2.9 we conclude that I = VTU
for some operators U and V on F. It follows that ¢ = Z(F'), as required. O

In [1, §8] Bourgain, Casazza, Lindenstrauss, and Tzafriri prove that every infinite-
dimensional, complemented subspace of the Banach space F' := (@ Eg)el is isomorphic to
either F' or /1. Here we present a new proof of this fact using only the ideal structure of
A(F). More precisely, we shall deduce it from the dichotomy in Theorem 2.10 for operators
in A(F) with finite columns.

2.11 Remark. In |7, §6] a new proof is presented for the corresponding result of Bourgain,
Casazza, Lindenstrauss, and Tzafriri for the space F = (EB EQ)CO, which says that every
infinite-dimensional, complemented subspace of E is isomorphic to either E or ¢y. This
new proof in [7] relies on a result of Casazza, Kottman and Lin [3] that implies that E is
primary. The result of [3], however, does not show that F' is primary, and so the argument
in 7] cannot be used here. The proof we present below uses only the classification result,
Theorem 2.10, and it also works for the space E.

We start with an easy strenghtening of part (ii) of Theorem 2.10.

2.12 Proposition. Let T' be an operator on F. If T ¢ 4, (F) then there exist operators
A and B on F such that Ip = ATB.

Proof. Let K be a compact operator on I’ such that T'— K has finite columns. Note that
by the ideal property we have T— K ¢ ?gl (F). By Therorem 2.10 there are operators U and
V on F such that Ir = U(T — K)V. Thus UTV is a compact perturbation of the identity,
and hence it is a Fredholm operator. It follows that for some W € %B(F) the operator
WUTV is a cofinite-rank projection. Since FE is isomorphic to its finite-codimensional
subspaces the result follows. O

2.13 Theorem. (Bourgain, Casazza, Lindenstrauss, Tzafriri [1]) Every infinite-di-
mensional, complemented subspace of F' = (@ 65) [ 18 isomorphic to either F' or /(.
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Proof. Let Y be an infinite-dimensional, complemented subspace of F', and let P € A(F)
be an idempotent operator with image Y. If P € &, (F), then by Lemma 2.8 we have
P € %,,(F), and hence Y is isomorphic to ¢,. If P ¢ 4, (F), then by Propostion 2.12 the
identity on F' factors through P, i.e., I’ is isomorphic to a complemented subspace of Y.
We can thus write ' ~Y &V and Y ~ F & W for suitable Banach spaces V and W. We
now use Pelczynski’s decomposition method to show that Y is isomorphic to F'.

F ~ YoV
~ FeWeoV
~ (FeF®.. )yaoWaV
~ YoVaeYaVae. ),eWaV
~ YoVoeYoVe.. ),eW
~ FaW~Y,

where we also used the fact that F' is isomorphic to (F&® F @ ...),,. O
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