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Abstract

We continue the study of 1-greedy bases initiated by F. Albiac and P. Woj-
taszczyk [1]. We answer several open problems they raised concerning symme-
try properties of 1-greedy bases and the improving of the greedy constant by
renorming. We show that 1-greedy bases need not be symmetric nor subsym-
metric. We also prove that one cannot in general make a greedy basis 1-greedy
as demonstrated for the Haar basis of dyadic Hardy space H;(R) and for the
unit vector basis of Tsirelson space. On the other hand, we give a renorming of
L, (1 < p < o) that makes the Haar basis 1-unconditional and 1-democratic.
Other results in this paper clarify the relationship between various basis con-
stant that arise in the context of greedy bases.
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Introduction

In approximation theory one is often concerned with approximating a signal
(a vector in some Banach space) with a finite linear combination from some
dictionary (a basis of the space). The greedy algorithm is perhaps the simplest
theoretical scheme for m-term approximation, which can be described as follows.
Let X be a Banach space and (e;) be a (Schauder) basis of X. Recall that this
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means that for any z € X there is a unique sequence (z;) of scalars with z =
> oo xie;. For such an = we fix a permutation p of N (not necessarily unique)
such that |z,1)| > |T,2)] > .... We then define the m* greedy approximant
to x by

G () = D Toiyp(i) -
=1

For this to make sense we need inf||e;|| > 0, otherwise (z;) may be unbounded.
In fact, we will always assume that (e;) is seminormalized, i.e., 0 < inf||e;|| <
sup|le;|| < oo, and often that (e;) is normalized, i.e., ||e;|| = 1 for all i € N.

We measure the efficiency of the greedy algorithm by comparing it to the
best m-term approximation: for m € N we let

om(z) = inf{Hx — Zaiei
i€A

We say that (e;) is a greedy basis for X if there exists C > 0 (C-greedy) such
that

: ACN, ‘A| <m, (ai)ieA CR} .

|z — Gm(@)|| < Com(x) for all z € X and for all m € N .

The smallest C' is the greedy constant of the basis. An important example
is the Haar basis of L,[0,1] (1 < p < oo) which was shown to be greedy by
V. N. Temlyakov [10]. This result was later established by P. Wojtaszczyk [11]
using a different method which extended to the Haar system in one-dimensional
dyadic Hardy space H,(R), 0 < p < 1. Other examples include the unit vector
basis of ¢, (1 < p < 00) and ¢y, or an orthonormal basis of a separable Hilbert
space.

As well as in approximation theory, Schauder bases play a very important
role in abstract Banach space theory. The idea behind introducing a co-ordinate
system is that it makes an a priori abstract space into a concrete space of
scalar sequences. There are many deep and beautiful results in the geometry
of Banach spaces that were solved using basis techniques. Often knowing that
a space has a basis, however, is not sufficient and one needs to consider special
bases. A particularly useful notion is that of an unconditional basis: a basis
(e;) of a Banach space X is said to be unconditional if there is a constant K
(K -unconditional) such that

H Zaiei S K- H szel

The best constant K is the unconditional constant of the basis which we denote
by Ky. The property of being unconditional is easily seen to be equivalent to
that of being suppression unconditional which means that for some constant K
(suppression K -unconditional) the natural projection onto any subsequence of
the basis has norm at most K:

H Zaiei S K- H iaiei
i€A i=1

whenever |a;| < |b;| for all i € N .

for all (a;) CR, ACN.



The smallest K is the suppression unconditional constant of the basis and is
denoted by Kg. It is easy to verify that Kg < Ky < 2Kg.

It is perhaps somewhat surprising that various properties of bases that have
arisen independently in abstract Banach space theory on the one hand and
in approximation theory on the other hand turned out to be closely related.
In [7], S. V. Konyagin and V. N. Temlyakov introduced the notion of greedy
and democratic bases and proved the following characterization.

Theorem 0.1 ([7, Theorem 1]). A basis of a Banach space is greedy if and only
if it is unconditional and democratic.

A Dbasis (e;) is said to be democratic if there is a constant A > 0 (A-
democratic) such that

DEEN)
i€A i€B

(In the original definition, A and B have the same cardinality, however when
(e;) is weakly null, which will always be the case for us, the two definitions are
equivalent.) The proof of this theorem provides the following estimates for the
various basis constants involved (c.f. [12, Theorem 1]):

whenever |A| < |B| .

Ks<C, A<C and C<Ks+Ki A. (1)

That is, a C-greedy basis is suppression C-unconditional and C-democratic, and
conversely, a suppression unconditional and A-democratic basis is C-greedy with

In this paper we continue the study of the “isometric case”, i.e., the case
when C' = 1, initiated by F. Albiac and P. Wojtaszczyk. In [1] they give a
characterization of 1-greedy bases in terms of symmetry properties of the basis.
They raise several open problems about symmetry properties of 1-greedy bases
and about the possibility of improving various basis constants by renorming. In
this paper we shall provide solutions to these problems. In order to explain their
characterization, we need some definitions. Let (e;) be a basis of a real Banach
space X. The support (with respect to the basis (e;)) of a vector z = > x;e; is
the set supp(z) = {i € N: z; # 0}. The subspace of vectors with finite support
(i.e., the linear span of (e;)) can be indentified in the obvious way with the space
coo of real sequences that are eventually zero. The basis (e;) then corresponds
to the unit vector basis of cgp. Given vectors x = > x;e; and y = > y;e; in
Coo, We say y is a greedy rearrangement of x (with respect to the basis (e;))
if there exists a bijection 7: supp(x) — supp(y) such that |y.)| = |zs| for
all i € supp(z), and 7(i) = ¢ and y; = x; whenever |z;| < |z],,. To put
it informally, y is obtained from x by moving (and possibly changing the sign
of) some of the coefficients of x of maximum modulus to co-ordinates where
x is zero. Note that this definition differs slightly from that given in [1] in
that we allow changing the signs of coefficients of maximum modulus that are
not “moved” to other co-ordinates. This subtle difference is an important one



but only for finite bases (c.f. Definition 3.1, Proposition 3.2 and Example 5.1
in [1]). In this paper we will only consider infinite bases, and for those the two
definitions of Property (A) below resulting from the two definitions of greedy
rearrangement are equivalent.

Theorem 0.2 ([1, Theorem 3.4]). A basis (e;) of a Banach space is 1-greedy if
and only if it satisfies the following two properties:

(i) (e;) is suppression 1-unconditional, and

(ii) (e;) satisfies Property (A): ||z|| = ||y|| whenevery is a greedy rearrangement

of x.

Property (A) is a sort of weak symmetry property for largest coefficients.
Recall that the basis (e;) of X is symmetric if there is a constant K > 0 (K-
symmetric) such that for all x = > % x;e; in X, for all permutations 7 of N
and for all sequences (g;) of signs we have

H igixw(i)ei <K- H ixiei
=1 i=1

Thus, by the above characterization, the property of being 1-greedy is formally
weaker than being 1-symmetric. Albiac and Wojtaszczyk gave an example of
a l-greedy but not 1-symmetric basis [1, Example 5.6]. Their example, being
the unit vector basis of ¢y with an equivalent norm, is still symmetric, and they
raise the question whether there is a 1-greedy basis that is not symmetric [1,
Problem 6.1]. In this paper we give a positive answer to this question:

Theorem A. There is a Banach space with a normalized basis that is 1-greedy
and not symmetric.

We can strengthen the above result with considerably more work to obtain
the following.

Theorem B. There is a norm on coo®coo equivalent to the norm ||-||e, + |||, ,
with respect to which the unit vector basis is 1-greedy and not subsymmetric.

The definition of Lorentz space {2 1 will be recalled in Section 4. A basis (e;)
of a Banach space X is subsymmetric if it is equivalent to all its subsequences
which implies that there is a constant K > 0 (K-subsymmetric) such that for
all z = Y72, wie; in X, for all sequences (g;) of signs and for all increasing
sequences n; < ng < ... of positive integers we have

o0 oo
H E EiTiCn, SKH g Ti€;
i=1 i=1

Note that a 1-subsymmetric spaces is 1-unconditional and 1-democratic.
What justifies studying the isometric case in general is the fact that various
approximation algorithms converge trivially when some appropriate constant




is 1. By contrast, when this constant is strictly greater than 1, the problem of
convergence can be very difficult to resolve. We mention as an example (see [3]
and [9] for details and recent developments) the so called X-greedy algorithm
whose convergence for the Haar basis of L,[0, 1] (whose unconditional constant
is strictly greater than 1) is still an open problem. The question of improving
the greedy or democracy constant of a basis by renorming is therefore of interest.
This question was raised explicitly by Albiac and Wojtaszczyk [1, Problems 6.2
and 6.3]. In this paper we present a solution by giving as counterexamples two
important Banach spaces with greedy bases.

Theorem C. There is no renorming of the dyadic Hardy space Hy that makes
its natural basis 1-greedy. There is no renorming of Tsirelson space T for which
there is any 1-greedy, normalized basis of T.

It remains an open problem whether the Haar basis of L,[0,1] (1 < p < o0)
can become 1-greedy under an equivalent norm [1, Problem 6.2]. Towards a
positive answer Albiac and Wojtaszczyk showed [1, Proposition 4.5] that under
an equivalent norm, for any € > 0, there is a subsequence of the Haar basis
which is 1-unconditional and (1 + ¢)-democratic, and whose closed linear span
is isomorphic to L,[0,1]. In this paper we strengthen this result considerably:

Theorem D. For any 1 < p < oo there is a renorming of L,[0,1] such that the
Haar basis is 1-unconditional and 1-bidemocratic.

A glance at the estimates (1) reveals that this renorming makes the Haar
basis 2-greedy. We are going to show that in general one cannot deduce anything
better.

Theorem E. There exists a 1-unconditional, 1-democratic basis which is not
C-greedy for any C' < 2.

In fact, the example we construct is 1-subsymmetric. In [1, Example 5.4] it is
observed that the first example of a subsymmetric but not symmetric basis due
to D. J. H. Garling [5] is also an example for a 1-unconditional, 1-democratic but
not 1-greedy basis. The greedy constant of Garling’s example turns out to be 2
(this is not computed in [1] but it is not hard to see), and thus Garling’s example
also proves Theorem E. Our example has the additional property of being 2-
symmetric, which is best possible since, by [1, Theorem 2.5], a C-symmetric
basis is C-greedy.

In the other direction, a 1-greedy basis is suppression l-unconditional by
Theorem 0.2, and hence 2-unconditional. For finite bases, Examples 5.1 and 5.2
of [1] show that 1-greedy need not imply 1-unconditional, but this possibility
was left open for infinite bases [1, Problem 6.4]. We solve this problem by
proving

Theorem F. There is a renorming of Lorentz space 21 such that the unit
vector basis is 1-greedy, 2-unconditional but not (2 — &)-unconditional for any
e>0.



The paper is organized as follows. The first two sections are concerned with
renorming results: we prove Theorems C and D in Sections 1 and 2, respectively.
In Sections 3 and 4 we give examples that clarify the relationship between the
greedy, democratic and unconditional constants of a basis (Theorems E and F).
In Section 5 we construct a basis that is 1-greedy but not symmetric, and finally,
in Section 6, we produce a 1-greedy basis that is not even subsymmetric.

We follow standard Banach space terminology and work with real scalars
throughout. We use |-| for absolute value (of a real number) and size (of a finite
set). The indicator function of a set A is denoted by 14. For A C N we think
of 14 as the vector ) ;. , e; in cgo or the functional ), , ef, where (e) is the
sequence of biorthogonal functionals to the unit vector basis (e;) of cgp. For a
vector & and functional f, the standard pairing f(x) will sometimes be written

as (x, f).

1. Renormings of greedy bases

The following questions were raised by Albiac and Wojtaszczyk (see Prob-
lems 6.2 and 6.3 in [1]).

(i) Can a greedy basis (e;) be renormed so that it is 1-greedy?

(ii) Can a democratic basis (e;) be renormed so that it is 1-democratic?

By the characterization of 1-greedy bases, Theorem 0.2, a 1-greedy basis
is 1-democratic, and so the following proposition solves both problems in the
negative for spaces like the Tsirelson space T (i.e., the dual of the original
Tsirelson space as described in [4]) with any basis, or for the dyadic Hardy
space H; with the Haar basis.

Proposition 1.1. Assume that X is a Banach space with a normalized sup-
pression 1-unconditional basis (e;) and that there is a sequence (p,) C (0,1]
with p = inf,en pn > 0 so that

[

Then (e;) is %—equivalent to the unit vector basis of ¢1.

= pnn whenever n € N and E C N with |E| =n .

Proof. First note that the sequence (p,,) is non-increasing. Indeed,

n(n—1)p, = H(n -1 zn:el-

i=1

> > o

=1 je{1,....n}\{i}

S| X o =ne- v

i=1 je{l,...n}\{i}

IN

[=p}



which implies the claim.
Denote the biorthogonal functionals of (e;) by (). For each finite subset E

of N we choose (a(E))ieE C R, so that

i

ZaEE)ef € Sx- and (2)

i€E

(Zaime;‘)<26i> :ZaEE) = HZei = np,. (3)
i€E i€E i€E i€E

Since (e;) is suppression 1-unconditional, it follows that a'® >0foralli e FE.

9

Since for any finite £ C N with |E| = n, and for any j € E we have

Z agE)SH Z eil| = (n = 1)pp_y = Z aﬁE\{j})

i€ E\{j} i€E\{j} i€ E\{j}

E
<[ e =non=3a”
i€EE ieE

it follows, after choosing jo € £ so that minjcp ‘P = a'P) | that

J Jo
. (E E
min ag ) = ago) (4)
SR I
ickE i€E\{jo}

>npp—(n—=1)pn—1=pn— (pn-1—pn)(n—1) .

Let b, = mini<j<p a§{1’2 """ ™ Since 1 — P = nso(Pn_1— pn) < 00 we can
find an infinite set N C N for which B

dim (0= 1) (pn-1 = pn) =0

Fix ¢ € (0, p). By (4) we can pass to an infinite N. C N such that b, > p, —¢ >
p—e whenever n € N,. Finally, using the suppression 1-unconditionality of (e}),
it follows that ), 4(p —€)ej € Bx~ forall A C {1,...n} and for all n € N,
and thus for all n € N.

Since € > 0 can be chosen arbitrarily small, it follows that (ef) is 2/p-
equivalent to the unit vector basis of cg, and thus (e;) is 2/p-equivalent to the
unit vector basis of £1. O

In the next two results we use Proposition 1.1 to deduce Theorem C stated
in the Introduction, and answer questions (i) and (ii) above.

Corollary 1.2. There is no renoming of Tsirelson space T for which T has an
unconditional and 1-democratic basis.

Proof. Assume a renorming |||-||| of T' existed admitting an unconditional and
1-democratic basis (z;). We can clearly assume that (z;) is normalized. We can



also assume that (z;) is suppression 1-unconditional. Indeed, if it is not, then
we can simply pass to the equivalent norm given by

sup H‘ E a;x;
i€E

ECN

for any > a;x; € T, with respect to which (x;) is suppression l-unconditional
and still normalized 1-democratic.

(z;) is weakly null (since T is reflexive), and therefore it has a subsequence
(x}) with ¢; as spreading model. It follows that there is a p > 0 and a sequence
(pn) C (0,1] such that for any n € N and any A C N with |A| = n we have

= lim

n
4 i k1—00, ko—00...kp—00 || TV 4 N

i€ i=1

This implies, by Proposition 1.1, that (z;) is equivalent to the unit vector basis
of ¢1, which is a contradiction. O

Remark. The above argument applies more generally to show that if Y is any
reflexive Banach space not containing ¢;, and if ¢; is the only spreading model
of Y, then Y contains no unconditional 1-democratic basic sequence.

Corollary 1.3. The dyadic Hardy space Hy admits no equivalent norm with
respect to which the Haar system is 1-greedy.

Proof. Let us denote by (h,) the Haar system in H;. It was shown in [11,
Lemma 9] that

1
> | = 514 (5)
neA
for any finite set A C N. Here |||-]|| denotes the natural square-function norm
of Hy (see [11] for details). Now assume that ||-|| is an equivalent norm on H;

with respect to which (h;,) is 1-democratic. As in the proof of Corollary 1.2
we may assume that (h,) is normalized and suppression 1-unconditional with
respect to ||-|]. Then by (5) the conditions of Proposition 1.1 are satisfied with
en = hy, for all n. This implies that (h,,) is equivalent to the unit vector basis
of ¢1, which is a contradiction. O

Remark. In [11] Wojtaszezyk studied the efficiency of the greedy algorithm for
multi-dimensional Haar systems. In particular he showed that in dimension one
the Haar basis is a greedy basis for H;,, 0 < p < co. For p > 1 this reproves the
result of Temlyakov [10] that the Haar basis of L, is greedy.

2. Renormings of bidemocratic greedy bases

In this section we show that L,[0,1] (1 < p < o) may be renormed so that
the Haar basis is 1-unconditional and 1-democratic (Theorem D). This answers
a question raised implicitly in [1, page 78]. We first prove some more general



results on renorming bidemocratic greedy bases, of which Theorem D will be an
easy consequence.
Suppose that (e;) is a normalized 1-unconditional greedy basis of a Banach
space X with biorthogonal sequence (ef). Recall that the fundamental function
 is defined by

¢(n) = sup
[Al<n T 52y

€;

The dual fundamental function ¢* is given by

©*(n) = sup Zef

|A‘Sn €A

We recall that (¢(n)/n) is a decreasing function of n, since for any A C N with

|A| = n we have
1
D=2 2

i€A i€A jeA\{i}
(c.f. the first claim in the proof of Proposition 1.1). Clearly, p(n)¢*(n) > n.
We say that (e;) is bidemocratic if there is a constant A > 0 (A-bidemocratic)
such that
d(n)o*(n) < An foralln € N.

It is known [2, Proposition 4.2] that if (e;) is bidemocratic with constant A,
then both (e;) and (e}) are democratic with constant A.

Theorem 2.1. Suppose that (e;) is a 1-unconditional and A-bidemocratic basis
for a Banach space X. Then

il = max { el sup- |A| Z| 2} (6)

|A|<

is an equivalent norm on X . Moreover, (e;) is 1-unconditional and 1-bidemocratic
with respect to ||||||. In particular, (e;) and (ef) are 1-democratic and 2-greedy.

Proof. For x € X and |A| < oo, note that

A
' ) Sl |_¢* Sl < Al

Hence
) <zl < Allz] -

Since || Y;c 4 €| < ¢(|A]), we have

B |An Bl$(|B))
H’Zez T Bee  |B]
g Al
n>|Al T

=o(A])



using the fact that (¢(n)/n) is a decreasing function of n. Thus, (e;) is 1-
democratic with respect to |||-]||.

From (6) we have ||| > ;o4 ef|]| < ﬂ On the other hand,

¢(l41)
H‘ Z 4] 4]
ieacilll ~ (4]
Hence (e;) and (ef) have fundamental functions with respect to |||-||| of (¢(n))
and (n/¢(n)), respectively, which implies that (e;) is 1-bidemocratic. O

Corollary 2.2. Suppose that X has nontrivial type and that (e;) is a greedy basis
for X. Then X admits an equivalent norm |||-||| such that (e;) is 1-unconditional
and 1-bidemocratic with respect to |||-|||.

Proof. First, we use the fact that there is an equivalent norm on X for which
(e;) is 1-unconditional (and greedy). By [2, Prop. 4.1] every greedy basis for
a space with nontrivial type is bidemocratic. So by Theorem 2.1 there is an
equivalent norm for which (e;) is 1-unconditional and 1-bidemocratic. O

L,[0,1] has nontrivial type for 1 < p < oo, so we obtain Theorem D in the
Introduction which improves [1, Proposition 4.5].

Corollary 2.3. There is a renorming of L,[0,1] (1 < p < oo) for which the
Haar basis is 1-unconditional and 1-bidemocratic.

3. l-unconditional and 1-democratic does not imply 1-greedy

In this section we give an example of a 1-unconditional and 1-democratic, and
hence 2-greedy, basis (e;) that is not C-greedy for any C' < 2. This establishes
Theorem E. Our example is in fact 2-symmetric which is best possible since a
C-symmetric basis is C-greedy by [1, Theorem 2.5]. It is also 1-subsymmetric:
for all (a;) € coo, for all sequences (g;) of signs and for all increasing sequences
ny < ng < ... of positive integers we have

oo oo
H E €iQiCn, || = H g ;€
i=1 i=1

Thus, subject to being 1-unconditional and 1-democratic but not C-greedy for
any C' < 2, our example has as much symmetry as one can hope for. The
construction is motivated by the proof by Kutzarova and Lin that Schlumprecht
space S contains ¢7’s uniformly [8]. We first need to introduce a piece of
notation. For subsets F, F' of N we write E < Fifm <nforallme E, ne F.
If m € N and F C N, then we write m < F instead of {m} < F.

Fix (g;,) C R such that > .-, >_j>i€; < 1. Then choose sequences n; /' 00
of positive integers and r; \, 0 of positive reals such that 1 =n; =1 and

Ting Tj . .
max § —— <¢gj whenever ¢ < j .
ring’ T

10



This can clearly be done, and moreover we can also arrange that n; divides n;
whenever ¢ < j. Let
F={slg+tlp:steR, E,FCN, E<F,
di<j, s=r; |E|=n;, t=r1;, |F]| :nj}
and define
||| = sup(|z], f) (= € coo),
feF

where |z| denotes the sequence (|z;|) if # = (z;). It is easy to verify that
I|| is a norm on cgp and that the unit vector basis (e;) is a normalized (n.b.,
r1 = n1 = 1) l-subsymmetric basis of the completion X of (cgp, ||||). It is also
not hard to verify that (e;) is 2-symmetric. Indeed,

l|z|l] = sup {ri<x,1E> :ieN, ECN, |[E|= nl} (z € cop)

is a 2-equivalent norm on X with respect to which (e;) is 1-symmetric. It
remains to show that the greedy constant of (e;) is 2.

Theorem 3.1. Let X be the space defined above. The unit vector basis (e;) of
X is not C-greedy for any C < 2.

For the proof we need norm-estimates for two types of vectors.

Lemma 3.2. Fizi<j inN. Let t = 15 + ——1p, where

TiNg Tin;

n;
G:{gla7gn1}u H:UHm7 H1<gl<H2<92<<Hnl<gn1

m=1
and |Hy,| = %% for each m =1,...,n;. Then ||z]| <14 2 + 2) >iEp-

Proof. Let k € N and let E C N with |E| = ny. We first estimate (z,7;1g).
We define

AME)=min{m >1: minF < g,,}
p(E) = min{m >1:max FE < gm}

and, for this to be always well-defined, we set ¢,,11 = co. We have

Tk

(@,ri1p) = ——|G N B| + ——|H N E|

Tin; 515

< 1k min{p(E)—/\(E),ni,nk}—&- i

Ting

min{(p(E)—)\(E)—&—l)%,nj,nk} :

7”j nj i
Observe that

pP(E)—=A(E) ifk =1

Tk
ring

min{p(E>—/\(1*7)7’”‘1"”’“}S mm{fkﬁw} ifk#i.

11



Similarly, we have

p(E)—)\‘(E)-‘,-l if k :]

T i

k_ mi _ LT
Py min { (p(E) — MN(E) + 1) metll nk} <

mm{r—’;,ﬁ} ifk#7j.
Hence, by the choice of (n;) and (r;), we have

p(E)=M(E)

ez

+5j ifk=1

<«T,7’k1E>S Ej—i—w lfk:j

ng
Emax{ik} T Emax{jk} Otherwise.

We can finally estimate ||z||. Let f € F. Then f = slg + t1p, where s =
Tk, |E| = ng, t = r and |F| = n; for some k < [; moreover E < F, which
implies that p(E) < A(F), and hence (p(FE) — A(E)) + (p(F) — M(F)) < n;. Tt
follows immediately that

(. f) = (z,relp) + (x,rlp) <1+ i +2) g

¢ p>i

and this completes the proof of the lemma. O

Lemma 3.3. Fizi < j inN. Lety = fln-lG'i_r-ln-lH’ where G < H, |G| =n;
i Tbq J
and |H| =n;. Then |y|| > 2.

Proof. Simply apply to y the element f = 7;1g 4+ r;1g of F. O

Remark. The vectors x and y in the previous two lemmata are rearrangements
of each other, so we already know that the unit vector basis is not C-symmetric
for any C' < 2.

Proof of Theorem 3.1. Fix p > 1 and fix positive integers ¢ < j. Let
z2=51c +slg+tly

where G and H are defined as in Lemma 3.2, G’ < H and |G'| = |G| = n;, and
5 = Mln,-,’ s = rﬁm -, t = lenj. Thus z combines two vectors of type x and y
from the two lemmata above.

Consider now N-term approximations to z where N = n;. By Lemma 3.2

we have

1
< — /]_ ’ <1 — 3
on(2) < |z = slel <1+ —+ > e

! p>i

provided y — 1 is sufficiently small. On the other hand, the N** greedy approx-
imant to z is Gy (2) = sl¢g, and

Iz = Gn(2)]| = |z = sle| = 2

by Lemma 3.3. Letting ¢ go to infinity, we have shown that the basis is not
C-greedy if C' < 2. O
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4. 1-greedy does not imply 1-unconditional

In this section we answer Problem 6.4 of [1] by constructing a 1-greedy basis
that is not l-unconditional. This will be achieved by renorming the Lorentz
space {21. We begin with recalling the definition of /5 ;.

Consider the weight sequence w; = vi —v/i—1, i =1,2,.... Let £ be the
collection of all formal sums f of the form

oo
f = Z :I:wiejni
i=1
for any choice of signs, where my,mao, ... is a permutation of N. Then
||xHe2,1 = sup(x, f> (33 S COO)
fee
defines a norm on cyg, and we denote by ¢ ; the completion of cyy with respect

to this norm. The unit vector basis (e;) is a normalized 1-symmetric, and hence
1-greedy [1, Theorem 2.5], basis of ¢ 1. Note that for x = >~ z;€; we have

oo
”‘THZQJ = sz|xp(z)| s
1=1

where p is the decreasing rearrangement of z: [z,1)| > |2,2)| > .... The
space ¢3,1 will also be featured in Sections 5 and 6 where we shall recall further
properties.

Let F now be the collection of all functionals f of the form
1 * - *
f:%z:j:ei—k‘z wiey,. (7)
i€l i=n+1

for any choice of signs, where n > 1, |E| = n, (m;) is a sequence of distinct
positive integers, and {m;: ¢ > n} N E = 0. Then

Izl = sup[{z, f)]  (z € L2,1)
feF

is a renorming of £ ; satisfying
llll < ll@lle,,, < 2(llll  forallze by, .

The second inequality is straightforward. To see the first one, it is sufficient
to prove the following: for n € N and positive reals a1 > as > -+ > ay,, the
inequality ﬁ > a; <> w;a; holds. One way to see this is as follows.

> wias = sup 3wy > Ave, 3wy = (S w)(Xw) = % S,

where the first equality, in which the sup is taken over all permutations p
of {1,...,n}, follows by a standard inequality for decreasing rearrangements
(see [6, p. 261]), whereas the inequality, in which we replace sup by the average
over all p, is clear as are the next two equalities.

13



Theorem 4.1. With respect to |||-|||, (e;) is 1-greedy and 2-unconditional but
not (2 — g)-unconditional for any € > 0.

Proof. Note that (e;) is a normalized, suppression 1-unconditional, and hence
2-unconditional, basis for (¢2 1, ]||-||). To show that (e;) is 1-greedy it suffices, by
Theorem 0.2, to verify Property (A). To that end, consider z =y + > .5 *e;,
for some choice of signs, where |y|ls.. <1, BNsupp(y) = 0 and |supp(y)| < oo.
Suppose that |(z, f}| = |||z|||, where f is given by (7) for an appropriate choice
of signs. We may assume without loss of generality that (z, f) > 0, which
implies that (x, ey, ) > 0 for all i > n. We shall show that f may be chosen
so that B C E. This will immediately imply Property (A), since if Z is a
greedy rearrangement of x then the same greedy rearrangement applied to f
yields f € F which norms Z. Indeed, fixing N € N with N > supp(z) and
N > supp(Z), we can assume, after changing f if necessary, that

{m;:i>n}n{l,...,N} ={m;: i >n} Nsupp(z) ,

so the change from f to f is permissible.

Assume now that B ¢ E, and fix r € B\ E. If r = m; for some i > n,
then interchanging m; and m,; does not decrease (z, f). So we may assume
that either » ¢ {m; : i > n} or r = my41. In either case we set E; = EU {r}
and consider the linear functional f; € F defined (for an appropriate choice of
signs) by

1 [e.e]
| = — tef 4 wier .
! Fﬁgil g% s

(In fact, the signs do not change for i € E, and we use a plus sign for i = r.)
Putting o = >, pl{z, €])|, we note that o < n and obtain

wmw@wzg%%-%—wﬁ

1 o
- (et Y

So (z, f1) = |l|z||| and |B\ E1| = |B\ E| — 1. Iterating this argument a total of
| B\ E| times shows that without loss of generality we may assume that B C E.
Thus, as explained above, (e;) has Property (A) and hence is 1-greedy.

We now show that (e;) is not (2 — ¢)-unconditional. To that end, let (n;)32,

be a rapidly increasing sequence of integers with ng = 0. Consider the sequence
()22, defined by

“Wpg1 2 0.

g
1
T, = — E e .
VI — Ni—1

Jj=n;—1+1

Then [[|2;]|| = [|«ille,, = 1, and, provided (n;) increases sufficiently rapidly, we

obtain
N
[[X
i=1

>N -1 (N>1)

14



by applying the functional f = >";°, w;ef. On the other hand, we also have

N .
[Pom=

To see this, let f € F be given by (7) and write f = g + h, where g =
ﬁ YiepEe; and h=3"" o we), . Foreachi=1,...,N we have

N +4

<
- 2

(N>1).

(i g)| < —dmn)
v = Vg —niq

0< <5Ei,h> < Hl.i||f2,1 =1,

and

and hence
N ‘ 3
’<Z(—1)’xi,g>‘ < 3 and
i=1
N
. N+1
DY ERSS

Il
-

2

where for the first inequality we need (n;) to increase sufficiently rapidly.
Thus, we have obtained

U [D:3: o 21 [
N=oo ||| 32, (— 1) |

which implies that (e;) is not (2 — ¢)-unconditional for any € > 0. O

)

The following more general result is proved in similar fashion.

Theorem 4.2. Let1 < g < p < co. Then there is a renorming of Lorentz space
Ly q for which the unit vector basis is 1-greedy but not 1-unconditional.

5. A 1-greedy basis need not be symmetric

In this section we answer the most important problem raised in [1], Prob-
lem 6.1, which asks whether there exists a 1-greedy basis that is not symmetric
in an infinite-dimensional Banach space. We give a positive answer by con-
structing an example based on the space £ ; used in the previous section. This
will prove Theorem A.

As before, we consider the weight sequence w; = Vi —vi—1, i =1,2,....
This time F will denote the collection of all formal sums f of the form

_ ! +e! loo:t‘* 8
f_%z €i+§ Z wzemi7 ()

1€eF 1=n—+1

15



for any choice of signs, where n > 1, |E| = n, m; < my < ... are positive
integers, and {m;: i > n}NE = (). We then define a norm ||-|| on cop by setting

H:EH = Sup<xvf> for z € cqp -
feF

It is straightforward that (e;) is a normalized 1-unconditional basis for the com-
pletion of (cgo, ||-]])-

Theorem 5.1. With respect to ||-||, the unit vector basis (e;) is 1-greedy and
not symmetric.

Proof. An argument similar to the first part of the proof of Theorem 4.1 shows
that (e;) satisfies Property (A), and hence it is 1-greedy. Indeed, let x = y +
> e *ei for some choice of signs, where ||y|lo., < 1, B Nsupp(y) = @ and
[supp(y)| < oo. Suppose that (z, f) = ||z|, where f is given by (8) for an
appropriate choice of signs. As in the proof of Theorem 4.1, it suffices to show
that f may be chosen so that B C E. Property (A) will then follow immediately.

Assume that in fact B ¢ E, and fix r € B\ E. If r = m, for some j > n, then
set m} = m; for i < j and m} = m;,; for i > j. Otherwise, if r ¢ {m; : i > n},
then we set mi = m,; for all i € N. In either case we set By = E U {r},
a =Y . pl{z,ef)|, and consider the linear functional f; € F defined (for an
appropriate choice of signs) by

1 1 &
fi= Z:I:eerf Z Tw;e;, .
n+ 1 i€ Fq 2 1=n-+2

Noting that o < n, we obtain
1
<xvf1> - <xaf> > —F— = ——= — Wp41 — iwn+2 >0.

As before, this completes the proof that (e;) has Property (A) and is 1-greedy.
It remains to show that (e;) is not symmetric.

Fix k£ € N and choose a rapidly increasing sequence n; < ng < --- < ny of
positive integers. Let B1 < Fy < --- < Ey and F} < Fy < --- < F} be finite
subsets of N with |F;| = |Fi41—;| = n; such that

E; =

k
=1 i=1

C~=

Fi: {1,2,...,Zf:1ni} .

K2

Set

k
1 _ 1
Jmls and  y= ) s LE

1 =1

i
-

7

We show that ||| > % and |ly|| < 3. Since y is a rearrangement of z, and since
k € N is arbitrary, it will follow that (e;) is not symmetric.

16



. oo
Since e} + 1 3°7°, wie} € F, we have

k
ol > 5 > Yttt e
A n;

provided nq, ..., ny increases sufficiently fast.
Next, assume that |ly|| = (y, f) where f is given by (8). Write f = g+ 3h
where g = ﬁ Sieperand h =37 . wes, . Since

mln{n n;}
<\/%1Fk+1—i’g>< ’fl : mln{\/:71/nl}

it follows that |(y, g)| < 3/2, provided the n; increase sufficiently fast.
For each j=1,...,k let p; = |F; N {m; : i > n}|. Observe that

w|

I
—L 1, .h)< XL
<V”’““’f ryoh) < Npy1—5

It follows that if nkﬁ_j < 477 for all j, then [(y,h)] < 1. Otherwise there

is a least value of j, which we denote by j, such that ﬁ > 477, Set
. —J
190 = L4*J°nk+1_joj + 1. Then

9-i if < jo

1 . .

<,/1’Lk+17j1Fj7h> S 1 lf]:]0
Wig\/Mk+1—5 £ 7> Jo -

Thus, assuming the n; were suitably chosen, we obtain |(y, h)| < 3.
The above estimates yield |ly|| = (y,g) + 3(y, h) < 3, as claimed. O

6. A 1-greedy basis need not be subsymmetric

In this final section we construct a normalized 1-greedy basis that is not
subsymmetric. This example is more involved than the previous ones, and so
we divided the section into four subsections. We first fix our notation repeating
some of the earlier definitions. Next we describe a general procedure for con-
structing 1-greedy bases starting with a given norm on cog. We then apply this
procedure to norms on cgg @ cog that are 1-symmetric in each co-ordinate. In
the final subsection we specialize to the norm ||-||¢, + |||l¢, , and prove that the
resulting 1-greedy basis is not subsymmetric. '

6.1. Notation.

As usual, (e;) denotes the unit vector basis of cgg with biorthogonal func-
tionals (ef). Let x,y € cgp. The following is a list of notation that will be used
in this section.
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o M(z)={keN: [(z,ef})| = [2lle,. }-

e For A C N write Az = Z(oj, ep)er.
keA

o Define [z by (jal,e7) = |{z,e7)l, k € N,
e Define z -y by (z -y, e;) = (z,ef)(y,ef), k€N,
o Write z <y if (z,e;) < (y,ej) for all k € N.

e Given t € R, write <t to mean (z, ef) <tforall keN.
Qi
o Write 2 = y if there exists a permutation 7: N — N such that (y,ej) =
(x,€5 ) for all k € N.

e Write x ~ y if y is a greedy rearrangement of z, i.e., if we can write z =
z+Xe-lgand y = z+4+ An-1p, where e: A — {£1}, n: B — {£1} are
functions on finite sets A, B, and A Nsupp(z) = BNsupp(z) =0, |A| = |B|
and ||z|le, < A

Thus M (x) denotes the set of co-ordinates of x of maximum modulus. Next,
a subset A of N is identified with the projection onto it. The following four
pieces of notation define the standard lattice structure of cgg. Note that for
A C Nand x € coo we have Az = 14 - 2, where 14 = >, _ , e denotes, as
usual, the indicator function of A. In the last line we repeated the definition of
greedy rearrangement in a slightly different form.

6.2. Greedification

Given a seminorm ||| on cgg, we define f: coo — R by
fla) =inf {Jlyll : y~a}
and we then define |||-||| on cop by

Nzl = inf { Ml s m >0, &= 3" i, wimal}
=1 =1
:inf{Zf(xi): m >0, x:ZxZ} .

=1

i=1

Note that [||||| is a seminorm on ¢y dominated by ||-||. We shall write G(|-]|)
for [[|-[]I

Starting with a seminorm ||-|| on cop, we define a sequence of seminorms
[-l(ny recursively as follows. We set [|-[y = [|-||, and for n € N we define
[y = G([Il¢n—1))- We then let [|-||(0) be the pointwise limit of the sequence

18



(I[l(n))- Observe that ||-[|(s) is a seminorm with respect to which the unit
vector basis satisfies Property (A): if z~y then ||z (s0) = |yl (s0)-

The notation above will be fixed for the rest of this subsection. We write
Kg = Kg’”, Ky = Kl”]'” and A = Al'l for the the suppression-unconditional,
unconditional and democratic constants, respectively, of the unit vector basis
(e;) with respect to [|-||, which take values in R* U {oo} in general. These
constants as well as Property (A) were defined in the Introduction with respect
to a norm, but they clearly make sense for seminorms, too.

Routine verification gives the following result.

Proposition 6.1. (i) Assume that ||-| dominates another seminorm ||| on
coo. Then G(||-||) dominates G(||||')-

(ii) If (e;) has Property (A) with respect to ||-||, then ||||l| = ||-||. It follows that
Fll ooy = 11l

(i1i) For x € coo and A C N we have f(Azx) < Kgf(x). It follows that Kgl'm <
Kl

(iv) For x € cop and e: N — {1} we have f(e-z) < Ky f(x). It follows that
I < gl
v S8y

(v) For x € coo we have ||z|| > f(z) >

> mnxﬂ It follows that ||x| >
[l =

1
m”»@”-

(vi) Ing'” =1, then

m m

Izl = inf{Zf(a:i) :m >0, = le and supp(z;) C supp(x) Vi} .
i=1

i=1

The point about the “greedification” procedure is to produce 1-greedy bases.
This is an easy consequence of properties (i), (ii) and (iii) above, the charac-
terization of 1-greedy bases (Theorem 0.2) and the observation above that (e;)
always has Property (A) with respect to ||| (s0)-

Corollary 6.2. Assume that Kg'” =1 and |le;|]| = 1 for alli € N. Then [|-]|(s0)
is a norm on cop that dominates the co-norm, and moreover (e;) is a normalized
1-greedy basis with respect to ||-||(oc)-

Remark. Recall from the Introduction the (still open) problem raised by Albiac
and Wojtaszczyk [1, Problem 6.2] which asks if there is an equivalent renorming
¢, say, of Ly[0,1] (1 < p < oo0) with respect to which the Haar basis (h;)
is (normalized and) 1-greedy. Assume that such an equivalent norm ¢ exists.
Denote by ||-||, the L,-norm, and consider the equivalent norm

H Zazhz = sup H Zazhl
i€EA

ACN

)
p
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with respect to which (h;) is normalized and suppression 1-unconditional. The
above corollary and Proposition 6.1(i) and (ii) then tell us that (h;) is normalized
and 1-greedy with respect to the equivalent norm ||||(o). In other words, if
there is a positive answer to [1, Problem 6.2], then the greedification procedure
produces that positive answer.

We now continue with the general discussion of greedification. We say that
(e;) is strictly unconditional with respect to ||-|| if the following holds:

Vay€con (o] <yl and |z] # Jy|) = [|l=] < [ly] -

Note that this implies Kg' I'— 1. The next result shows that greedification
preserves strict unconditionality under certain conditions.

Proposition 6.3. Assume that in the definition of f and |||]|| the infimum is
always attained. If, in addition, (e;) is strictly unconditional with respect to |-||,
then the same holds with respect to |||-|||.

Proof. Assume that |z| = Aly| for some A 7 supp(y). We show that |||z||| <|||y|ll,
and the result then follows by convexity.
Write = ¢ - Ay for suitable ¢: N — {£1}. By assumption we have |||y||| =

> llyill for some yi~yi, >y =y.
Let z; = - Ay; so that x = > x;. It is easy to see, as explained below, that

Vi Je;: N— {x1} 3IA; CN such that
9)

xf =¢; - Ay} ~ x; and (Ai Dsupp(y)) < AD supp(yi)) .

Since Kg'” = 1, it follows that ||z}|| < ||y;|| for all i. Moreover, since A Zsupp(y),
there exists j such that A 2 supp(y;), and hence A; 2 supp(y;) and ||2 || < ||y;]|-

Thus
el < > il <> lwill = iyl -

This completes the proof.

To see (9) fix ¢, and write y; = z+ An-1p and y; = z + A’ - 1p/, where
n: B — {1} and n': B — {£1} are functions on finite sets, |B| = |B’|,
Bnsupp(z) = B’ Nsupp(z) = 0 and A > ||z]|_. Note that

ri=c-Az+Xe-n-1anp -

Fix B” C B’ such that |[B"”| = [AN B|. Set A’ = (A Nsupp(z)) UB” and
z, =¢- A'y]. Then
v,=ec-Az+ X0 1pr ~z; .

We also have [supp(y;)| = [supp(y;)| and [A’| = |A"Nsupp(y;)| = [ANsupp(y:)|-
Hence A D supp(y;) if and only if A’ D supp(y}). Thus ¢; = ¢ and A; = A" will
do. O

As a corollary we obtain
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Proposition 6.4. Assume that in the definition of f and |||-||| the infimum is
always attained and that (e;) is strictly unconditional with respect to ||-||. Let
x € cop and assume that |||x||| = > f(x;), where x = > x;. If in addition z > 0,
then x; > 0 for all 1.

Proof. As before, K ,w = 1 by strict unconditionality, and so f(z) = f(|z|) for
all z € coo. If z; has negative coefficients for some j, then | > x2| # 3 || and,
by the previous proposition, we have

lelll = 37 £l = 37 f(anl) = || Sl || > || 32

which is a contradiction. O

)

6.3. Norms on cgg @ cog-

The definitions and results of Subsections 6.1 and 6.2 extend to cgg(.S) for
any countable set S. In particular, we can take S = N UN (where U denotes
disjoint union) in which case coo(S) is identified with cop ® coo in the obvious
way. The unit vector basis of coo(5) is (€s5)ses, where e5: S — R is the indicator
function of {s}. This basis does not necessarily come with a natural ordering
but as we only consider unconditional norms, the order is irrelevant.

Throughout this subsection we work with a fixed norm ||-|| on cgo @ coo which
dist
satisfies the following symmetry property: given x1,x2,y1,y2 € coo, if |21] =

|x2] and |y | st ly2], then ||(z1,y1)|| = ||(z2, y2)||. The resulting function f and
seminorm |||-]|| are defined as in Subsection 6.2.

The symmetry assumption on the norm implies that the infimum in the
definition of f is always attained. More precisely, given x,y € cqq

either 3FE C M(x) 3E’ C N such that |E| = |E’|, E' Nsupp(y) = 0 and
flxy) = |z = B,y + Mp)||
where A = [|z(le., = [[#llee V [¥llewc s
or 3F C M(y) 3F' C N such that |F| = |F'|, F' Nsupp(xz) =0 and

f('ray) = ||(m+)‘1F’7y_Fy)||

where A = ||yl = ||zl V Ylle.. -

We say that E (respectively, F') is a set of moving coordinates of (z,y) on the
left-hand side (respectively, right-hand side).
The following is an easy consequence of the above observation.

Proposition 6.5. Let x1,x9,y1,Yy2 € coo. Assume that |x1]| et |za| and |y1] diet
ly2|. Then f(z1,y1) = f(x2,92) and [[[(z1, y1)[| = [[[(z2, y2)]l|-

The main result of this subsection is
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Theorem 6.6. The infimum in the definition of |||-||| is always attained.

The precise statement of the theorem is as follows: given x,y € cqg, there
is a decomposition (z,y) = Y (z;, ;) such that |[|[(z, )| = X f(xs, y:); we will
call such a decomposition a norm-attaining decomposition of (x,y). The proof
takes a number of steps.

Lemma 6.7. Assume that (x1,y1) and (x2,y2) have an identical set E of mov-
ing coordinates on the left-hand side, and that there exists ¢: E — {+1} with
¢-EBx; = |Ex;| fori=1,2. Then

flx1+ 22,01 +y2) < f21,91) + f(22,92) -

The same holds if E is a moving set of coordinates on the right-hand side and
e By; = |Ey;| fori=1,2.

Proof. Fix E' C N with |E| = |E’| and E’ N (supp(y1) Usupp(y2)) = 0. Then
f(@i,y:) = (2 — B,y + ANilp)||

where A\; = ||zillee, = l|zille, V |¥ille, (2 = 1,2). Note that ¢ - Ex; = |Ex;| =
A;1g. It follows that €~E($1 —l—xg) = (/\1 +/\2)1E‘ and A\ + Xy = ||(Z‘1 +T2,y1 +
y2)|le., - Hence

(z1+ 22 — E(x1 +22),1 + 92 + (M1 + X2)1e) ~ (@1 + 22,91 + ¥2)
and

f@y+ 22,51 +1y2) < ||(z1 + 22 — E(z1 + 22), 91 + y2 + (A1 + A2)1gr)

< (1 = B,y + Mle)l| + [[(z2 — Bz, 42 + Aolp)|

= f(@1,y1) + f(22,92)
O

Corollary 6.8. Given x,y € coo, there exists N € N (depending only on
|[supp(x)| and |supp(y)|) such that

N N
)l =it {37 flaip) s (@y) = D (@w),

=1

supp(x;) C supp(x) and supp(y;) C supp(y) Vi} :

Proof. Assume that (z,y) = ), (4, y;) for some index set I, where supp(x;) C
supp(z) and supp(y;) C supp(y) for all i. Write I as a disjoint union of sets
Lg., E Csupp(zx), €: E — {£1}, and Rp., F C supp(y), e: F — {£1}, so
that if i € Lg . then E is a set of moving coordinates of (z;,y;) on the left-hand
side and e- Ex; = |Ex;|, and if i € Rp . then F is a set of moving coordinates of
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(24,y;) on the right-hand side and ¢ - F'y; = |F'y;|. Then by the previous lemma
we have

> f( > (J?nyi))-&- > f( > wayz) > fwiy)

ECsupp(z) 1€LE . FCsupp(y) 1€ERF,c icl
e: E—{£1} e: F—{£1}
from which the result follows by Proposition 6.1(vi). O

Proof of Theorem 6.6. Let x,y € cog and let N € N be given by Corollary 6.8.

Choose z\™,y\™ for 1 <i < N and n € N such that (z,y) = S, (2™, y™)

for all n € N, supp (; (n )) C supp(z), supp (yf )) C supp(y) for all 4,7, and

PN 2", y™) = [l @, )l -

() _, x; and y(")

After passing to subsequences, we may assume that z; ;. — Y as
n — oo for each ¢. This uses the fact that ||| dominates some multiple of the
{so-norm on cog P Coo-

Fix i. After passing to further subsequences, we may assume that (z ("), yl("))
has a set F of moving coordinates on, say, the left-hand side for all n € N. Fix

E’' ¢ N with |E’| = |E| and E' Nsupp(y) = 0. Then

Flal”) = (a7 = 2ol 4 210

where /\( RE H( ‘ ’yz("))Héoo

Now ||(zi,yi)lle,, = lim, )\Z(-") = \;, say, and |E:z:§n)\ = )\En)lE — Mg It
follows that

F@i,ys) < (@ = Eaiyi + s 1p) | = lim £ (", (") .

Since ¢ was arbitrary, we obtain

N

1z, )l = hme Cu™) =3 v > @yl

i=1

and this completes the proof. O

6.4. A 1-greedy non-subsymmetric basis

We let ||| denote the norm on cog @ cop defined by [[(z, y)|| = ||=]e, + ||ylles.,
for x,y € cgo. The definition of the Lorentz space {3 1 was recalled in Section 4.
We next define f and |||-||| as in Subsection 6.2. As explained at the beginning
of Subsection 6.3, these definitions make sense for norms on cgg(S) for any
countable set S including S = NUN;, in which case cgo(S) is identified with
coo D cop in the obvious way.

The following establishes Theorem B, which is the main result of this section.
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Theorem 6.9. |||-||| is a norm on coo®coo equivalent to ||-||e,+I|-||e,., . Moreover,
the unit vector basis of cog D coo is mormalized, 1-greedy but not subsymmetric
with respect to |||]]|.

Remark. What this theorem tells us is that the greedification process applied
to ||-|| terminates after just one iteration, i.e., ||-[|(o0) = [I|"l|-

The main step in the proof will be showing the existence of norm-attaining de-
compositions, as defined after Theorem 6.6, of a particularly pleasant form. To
begin with, we collect in a proposition what we already know about f and |[|-|].
First we note the following properties of ||-||:

symmetry property: if [o1] ' [as] and Jya| ' ol then a1,y =
(22, y2)II;

e the unit vector basis of cgg P cgp is normalized and 1-unconditional, and so
K gl
s —hy =4

e “strict unconditionality”: if |z| < |y| and |z| # |y|, then ||z| <|y|;

)1/2

o ly-domination: ||(z,y)|| > [(z,y)lle, = ([l2ll7, + [lyll7,)”"; in particular, if

supp(x) Nsupp(y) = 0, then [[(z,y)[| = [[= + ylle,;

e For A C N we have [[14]l¢,, = V/JAJ; it follows that the unit vector basis is
democratic with All'll = /2.

Using Propositions 6.1, 6.4, 6.5 and Theorem 6.6 we obtain

Proposition 6.10. (Properties of |||-|||.)

. . dist dist
(i) Symmetry property: if lv1| = |va| and || = ||, then f(z1,m) =

f(w2,y2) and [||(x1, y1)l| = [l (22, y2)]ll-

(i) For all x,y € coo there exists a norm-attaining decomposition (x,y) =

> (x4, y;) with supp(z;) C supp(z) and supp(y;) C supp(y) for alli. More-
over, if xt >0, y >0, then x; >0, y; > 0 for all i.

(i1i) ly-domination: ||[(x,y)|l| = [[(z,y)|le,- In particular, if ||z|l, < X\ and

1/2
ACN, then [[[(z, M)l = £z, M) = [|(, ALa) ey = (]2, +A%A) 2.

(i) ||| and ||||]| are equivalent. More precisely, ||z|| > ||z||| > ﬁHzH for
all z € cog P coo-

Corollary 6.11. The unit vector basis of cooPcog is normalized, 1-unconditional
and not subsymmetric with respect to |||-|||.

Remark. Thus, to prove Theorem 6.9, it is sufficient to show, by Theorem 0.2,
that the unit vector basis of coo @ cqp satisfies Property (A) with respect to |||-|||.
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Remark. Let y € cgp with y > 0. We can write y = 2111 Aila, where m >
0, \iy >0 foralliand § # Ay € Ay € --- € A,, C N. This decomposition
is unique and we shall call it the wedding cake decomposition of y. Note that
M(y) = Av, Jyllee = X7 A and Jylley, = S IAiLa,lle,. This motivates
the following attempt at finding norm-attaining decompositions.

Let 2 € coo be another vector with > 0. Set A = ||z]le., V ||ylle., and
Ao =A—> ", A;. This yields a decomposition

m
(z,y) = (z0,0) + Z(xi,)\ilAi) , where z; = %x , 1=0,1,...,m.
i=1
Note that ||z;|le., < A; for i =1,...,m, and hence (assuming, as we may, that

supp(z) N supp(y) = 0)
m
@ )l < llwolle, + Dl + AiLales -
i=1
It turns out that this is not a norm-attaining decomposition in general but, as
the next two results show, a norm-attaining decomposition exists where on the
right-hand side we use the wedding cake decomposition.

Theorem 6.12. Let x,y € cop with x > 0, y > 0. Then there exists a norm-
attaining decomposition (x,y) = > (x;,y;) such that

(i) For all i, either y; = 0 or there exist A; > 0 and A; C N (4; # 0) such
that y; = \ila, and z; < \;.

(11) For alli,j with y; # 0 and y; # 0, we have A; C Aj or A; C A;.

(iii) Given k,l € N, if (x,e5) < (x,€]), then (z;,e;) < (x;,ef) for all i. In
particular, M (x) C M(xz;) for all i.

Proof. By the symmetry properties of ||-||, f and [||]||, we may assume without
loss of generality that supp(z) Nsupp(y) = 0.

(i) Let u,v € cop with supp(u) Nsupp(v) =0, u >0, v >0 and v # 0. We
show that there is a decomposition (u,v) = > (u;,v;) such that Vi either v; = 0
or 3\; >0, 4; C N (4; #0) such that v; = \;14, and u; < \;, and moreover

flu,v) = Zf(uuvi) .

Then (i) will follow: start with any norm-attaining decomposition of (z,y), as
given by Proposition 6.10(ii), and replace each term (u,v) in that decomposition
by a further decomposition as above.

Let A = |lulle, V ||v]le. and let v =3"" | X\;14, be the wedding cake decom-
position of v. Set A\g = A — Y77 Ai.

We consider two cases. First we assume that ||ulle,. < ||v]le.. (which implies
that Ag = 0), and that (u,v) has a set F' of moving coordinates on the right-hand
side. Fix any F' C N with |F’| = |F| and F' Nsupp(u) = () so that

flu,v) = ||(u+ ANlp,v— Fo)| .
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Note that F C A; and >, Ailg\r is the wedding cake decomposition of
v — Fv (we omit the first term if F' = A;). Set u; = ’\Tu and v; = A\;14, for
i=1,...,m. Then (u,v) = > 1" (u;,v;), u; < \; for all 4, and

flu,0) = [(u+ Mg v = Fo)l| = [lu+ Apdle, + [lv = Folle, ,

[(wi + Xilp, Ailanr)ll Z (i, vi)

% (ut ALp)

I

©
Il
A

‘Z + ) INitanplle,
2 =1

I

Il
-

7

which proves the claim. In the second case we assume that |Julls_ > ||v]l¢., and
(u,v) has a set F of moving coordinates on the left-hand side. Fix any E' C N
with |E’| = |E| and E' Nsupp(v) = 0 so that

flu,v) = ||(u— Bu,v+ Alg/)] .

Note that Aol + Z:zl Aila,uE is the wedding cake decomposition of v+ A1 g/
(with the first term omitted if \g =0 or E/ = 0). Set u; = )\7“ and v; = A\;1a,
for i =0,1,...,m (where Ag = 0, and so vg = 0). Then (u,v) = > 1" (ui, v;)
and u; < \; for all i =0,1,...,m, and moreover

fu,0) = ||(u = Bu,v + Mp)|| = [lu = Bulle, + [lv+ AMgrles s

I
Ms

l[ui = Buille, + ZHA La,um|le,
=0

||(u1 - Euia )\i]-A,;UE’)H > Z f(uivv’i) 5
=0

N
I
=)

I

Il
o

K2

which completes the proof of (i).

For (ii) we argue by contradiction. Assume that for some i, j the sets A;, A;
are not comparable. Without loss of generality assume that A; < A; and note
that

FlaiAita) + F(e; A La,) = Floi Aida) + £(Re) AL,

+f (252, (O = A4, )

Next write (u,14) and (v,1p) for (%xl, lAi) and ( 2,14, ), respectively,
and assume, without loss of generality, that [lu||7, + |A| < |wll7, + 1B|. Set
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r = |A\B|. Then (u,14)+ (v,15) = (u,1anB) + (v,1auB), and
flu,14) + f(v,14) = [[u+ Lalle, + lv+ 1],
1/2 1/2
= (uliZ, +141) " + (I, +181)

) 1/2 ) 1/2
> (I, +141 =)+ (JollZ, + 1Bl +7)

= f(u7 1AﬁB) + f(va 1AUB) .
It follows that

J(wa, Nila,) + f(25,214,) > f(@i, Ailana,) + f(%ﬂﬁj, AilA,iuAj)

J

n f(Af;inxj, (A — )\i)lA].) .

which contradicts the assumption that (z,y) = > (x;,y;) was a norm-attaining
decomposition.

It remains to show (iii). Let k,! € N and assume that (z,e}) < (z,e}) but
(xi,ey) > (z;,e;) for some i. Then there exists j such that (x;,e}) < (z;,e€/).
Fix n > 0. Define z} by (z},e}) = (x5, e}) —n, (z},ef) = (x;,¢ef) +n, and
(], ey,) = (zi,ey,) for m # k,I. Similarly, define z/; by (2, e;) = (z;,ef) +
n, (zhef) = (zj,ef) —n, and (2, ey,) = (zj,¢5,) for m # k, 1. Finally, set
x}, =z, for h # 4, j. Then (x,y) = > (x},y;,) and, provided n > 0 is sufficiently
small, we have

o F@hvh) =Y ek +vhlles <Y len +ynlles =Y f(@n,yn)

which contradicts the assumption that (z,y) = > (x;,y;) was a norm-attaining
decomposition. O

Theorem 6.13. Let x,y € cog with x > 0, y > 0. Let y = ZZZI Aila,
be the wedding cake decomposition of y. Then there exists a norm-attaining
decomposition (v,y) = Y ;o (%i,y;) such that either

(i) T =1{0,1,2,...,m}, o #0, yo =0 and y; = \la,, x; < A fori =
1,...,m.

(1)) T =41,2,...,m}, y; = N1a,, ©; <A fori=1,...,m.
Moreover, if |z|le.. > llylle.., then ||zille. = N for alli=1,... ,m.

Remark. The first part of Theorem 6.13 will be an easy consequence of Theo-
rem 6.12. What it shows is that finding |||(z,v)||| is finding the minimum of a
convex function on a compact convex set in Euclidean space:

eyl = min { > llas +wille, : D@ =, 0< 2 < A M(x) C M(x) Vi
iel i€l
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(where Ag = oo if (i) holds). The second part of the Theorem is what is impor-
tant here: it shows that if ||z|l¢.. > |lylle.., then the minimum is attained on a
certain face of this compact, convex set. There seems to be no nice geometric
description of where the minimum occurs. The knowledge of this special face
turns out to be sufficient for verifying Property (A).

Proof of Theorem 6.13. As usual, we will assume that supp(x) N supp(y) = 0.
Start with a norm-attaining decomposition (x,y) = >,/ (2i,y:) satisfying (i),
(ii) and (iii) of Theorem 6.12. Note that if for some ¢ # j we have supp(y;) =
supp(y;), then we may replace the terms (z;,y;) and (x;,y;) by the single term
(w3 + xj,y; + ;) to obtain a new decomposition (z,y) = >, (@}, y;,) such
that >, o f(@h,95) < X her f(@h,yn). Indeed, we have

f@isys) + flog,y5) = e+ yille, + llzg + yjlle,

> o + x5 + i + yjlle, = flai + 25,0 +y5) -

Moreover, the new decomposition also satisfies (i), (ii) and (iii) of Theorem 6.12.
The first part of 6.13 now follows easily.

Now assume that ||z|l¢. > [|ylle... IF 0T (i.e., if we are in alternative (ii)),
then set g = yo = 0. Now define p; = ||z;]le,, for ¢ = 0,1,...,m. Since
M(z) C M(x;) for all 4, it follows that

m m
lzllew = 1 < no+ Y X = po+ [yllew < o+ [2llene -
i=0 i=1

Hence if po = 0, then p; = A; for all @ = 1,...,m, and the theorem follows.
Otherwise, set

i — s
g = — Hi fore=1,...,m.
Ho
Note that .
S e = IYllee — lllless + 10
i=1 Ho
Define
ZEZ—IZ+€1'SC0, 7':15 , M,
m
i’() = (1 — Zé‘i)l’o .
i=1
Then Y 1", Z; = x, and for each i = 1,...,m we have
(Tirep) = pi+eipo = Ni if k€ M(z)

(Ti, er) = (w4, ex) + €i(wo, ef,)

< i+ Eipo = A if k¢ M(x) ,
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and thus ||Z;||., = A;. Finally, we have

m m
f(ioa 0) + Z f(jﬂ >\7:1Ai) = ||‘f0||€2 + ZHjl + )‘11141 Héz
=1 i=1
< lzolles + D _lls + Nila,le,
=1
unless ¢; = 0 for all 1. O

Remark. It is not difficult to see from the above proof that alternative (i) holds
if and only if ||z|le.. > l|ylle -

Proof of Theorem 6.9. By Proposition 6.10(iv) and Corollary 6.11, it suffices to
verify that the unit vector basis of cog @ coo satisfies Property (A) with respect
to |||l In fact, using Proposition 6.10(i), it is enough to show the following
claim. Let x,y € coo and A C N; assume that supp(x), supp(y) and A are
pairwise disjoint, and that 0 <z <1 and 0 < y < 1; then

1z +1a, )l = [z, Ta + )l -

We begin with the proof of the inequality |||(z + 1.4, y)|l| < |||(z, 14 +y)||| which
only really uses Theorem 6.12(i). Let

m

(z,1a+y) = (20,0) + Z(xi, Aila,)
i=1
be a norm-attaining decomposition, where 0 < z; < A; for all i = 0,1,...,m

(and A\g = o). Then

m

Iz, 1+ )l = lzolle, + Y llzi + Nila,lle,
=1

= f(20,0) + Z (@i + Aila, Ailana)
i=1

2 [+ La, )l

since (x +14,y) = (20,0) + > 1% (@ + X\ila, \ila\a).

We now turn to the reverse inequality. Let y = >:"  X\;14, be the wedding
cake decomposition of y. By Theorem 6.13 there is a norm-attaining decompo-
sition .

(@ +1a,y) = (20 + 0, 0) + > (i + i, Aila,)
i=1
where 0 < z; <z, 0 < wu; <1y forall i =0,1,...,m, and moreover x; <
Xi, up < A for i =1,...,m. By Theorem 6.12(iii) and by the last part of
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Theorem 6.13 we have u; = M\14 for i = 1,...,m, and ug = Agla, where
Ao = (1=, Ni). It follows that

m
@ + 14,91l = llzo + wolle, + Yl +ui + AiLa e,
=1

= f(xo,uo) + > flwiyui + Aila,)

i=1

> l[(z, 14+ y)IIl -
This completes the proof. O
We finish this subsection with a simple consequence.

Corollary 6.14. There is a renorming of {o with respect to which the unit
vector basis is 1-greedy but not 1-symmetric.

Proof. Let X be the completion of the subspace

{(z,y) : x,y € coo, supp(y) C {1}}

of coo @ coo with respect to |||-||| (i.e., we take all vectors on the left-hand side
together with the span of e; on the right-hand side). It follows from Proposi-
tion 6.10(iii) that [||(z,0)||| = ||z|l¢, for all z € cgg, and hence |||-||| restricted

to X is equivalent to the fo-norm. The unit vector basis of X is 1-greedy by
Theorem 6.9. We show that it is not 1-symmetric by computing |||(2e2, e1)]||. It
follows from Theorem 6.13 (see also the subsequent remark) that

[1(2e2, e1)|| = flea,0) + f(e2,e1) = |lealle, + [ler + ealle, =1+ V2,
which differs from, say, |||(2e2 + e1,0)||| = V/5. O

Remark. Albiac and Wojtaszczyk gave a renorming of ¢q with respect to which
the unit vector basis is 1-greedy but not 1-symmetric [1, Example 5.6].
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