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ABSTRACT. We prove that every separable uniformly convex Banach space X embeds into a
Banach space Z which has the property that all bounded linear operators on Z are compact
perturbations of scalar multiples of the identity. More generally, the result holds for all separable
reflexive Banach spaces of Szlenk index wy.

1. INTRODUCTION
The main goal of this paper is to show the following two results.

Theorem A. Let X be a separable uniformly convex Banach space. Then X embeds in a
Banach space Z, whose dual space is isomorphic to {1, and which has the property that all
operators T' on Z are of the form T = \ld+ K, where Id denotes the identity, A is a scalar and
K is a compact operator on Z.

After introducing some terminology we will formulate a generalized version of Theorem A in
Section 3.

The third named author and S. Argyros [AH] constructed a Banach space Z with the property
that every operator on Z is a compact perturbation of a scalar multiple of the identity. Moreover
Z* is isomorphic to 1. In [FOS] it is proved that if X has a separable dual, then X embeds into
a Banach space Y with Y* isomorphic to ¢;. In proving Theorem A we will integrate arguments
from both papers. Theorem A will in fact apply to all separable reflexive spaces of Szlenk index
wo-.

It is perhaps worth pointing out that, just as in [AH], the space Z, constructed in the proof
of Theorem A, will have some additional interesting properties. Namely,

i) Z is somewhat reflexive, i.e., every infinite dimensional subspace of Z contains an infinite
dimensional reflexive subspace.
ii) £(Z) is amenable as a Banach algebra.
ili) £(Z) is separable.
iv) Every T' € £(Z) admits a non-trivial invariant subspace.
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The proof of Theorem A relies heavily on the Bourgain-Delbaen construction [BD]. The
framework of which and the notation is reviewed in section 2. We present the construction in a
manner so as to encompass previous B-D constructions. In Theorem 2.12 we give criteria that
will ultimately yield the space Z, constructed in section 4 where Theorem A is proved, satisfies
the “scalar plus compact” property. Section 3 contains more necessary preliminaries, reviewing
embedding results and, in particular, the construction of [FOS].

Theorem B is proved in section 5. It was not known if a Banach space X, not containing
co and with separable dual, could be embedded into a space Y with a shrinking basis, also
not containing c¢y. Curiously, this is done also with the B-D construction and so we obtain
in addition that Y™ is isomorphic to ;. The power of the B-D machinery is proving to be
extraordinary.

Finally we note that Theorem A should extend to all separable reflexive Banach spaces using
higher order Tsirelson spaces, embeddings in [OSZ2] and an appropriate modification of the
arguments herein. We also note that in [AH] it is asked if Theorem A remains true for all spaces
with separable dual.

2. THE GENERALIZED BOURGAIN-DELBAEN CONSTRUCTION

In this section we lay out the general framework of the construction of Bourgain-Delbaen
spaces. This framework is general enough to include the original space of Bourgain and Delbaen
[BD], the spaces constructed in [AH], as well as the spaces constructed in [FOS]. We follow,
with slight changes and some notational differences, the presentation in [AH] and start by
introducing Bourgain-Delbaen sets.

Definition 2.1. (Bourgain-Delbaen-sets)

A sequence of finite sets (A, : n € N) is called a Sequence of Bourgain - Delbaen Sets if it
satisfies the following recursive conditions:

A is any finite set, and assuming that for some n € N the sets A;, As,..., A, have been
defined, we let T, = |Jj_; A;. We denote the unit vector basis of ¢1(I',) by (e : y€T',), and
consider the spaces (1(I';) and ¢;(I', \ I';), 7 < n, to be, in the natural way, embedded into
6 (T).

For n > 1, A,,; will then be the union of two sets Ag}ll and Af}ll, where Aﬁ?jl and A&)l
satisfy the following conditions.

The set AS)J)FI is finite and

(1) A c{(n+1,8,6%, f) : Be(0,1],0" € Byyr,y, and f € Vinr1 s},

where V{(,11,34+) is a finite set for € (0,1] and b* € By, r,).

AS}FI is finite and

a,B€(0,1],k€{1,2,...n — 1},§eAk,}

2 A(l) C + ]'7 M k? ) ) b*7 : *
2) il (n+ 1k, & 8,07 f) s 7y € Biyr,\ry) and f € Vint1,ake,80%)
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where Viyi1.ake8%) is a finite set for a € (0,1], k€ {1,2,...,n — 1}, £ € Ay, B €(0,1], and
b* e B€1(Fn)'

If (A,) is a sequence of Bourgain-Delbaen sets we put I' = (J;2, I';. For n€N, and y€ A,
we call n the rank of v and denote it by rk(y). If n > 2 and v = (n, 5, 0%, f) EA%O), we say that
v is of type 0, and, in the case that v = (n, o, k, &, 3, 0%, f) EAS), we say that 7 is of type 1. In
both cases we call § the weight of v and denote it by wt() and f is called the free variable,
which we denote by (7).

Given a sequence of Bourgain-Delbaen sets A = (A,, : n€N) we will always assume the sets

A%O), Ag), I',, and I" have been defined satisfying the conditions above. We consider the spaces
loo(Ujea j) and EI(UjGA Aj), for A C N, to be naturally embedded into (s (I') and ¢(T),
respectively.

We denote by cqo(I") the real vector space of families x = (x(y) : y€T') C R for which the
support, supp(z) = {y €T : () # 0}, is finite. The unit vector basis of ¢y(I") is denoted by
(e :y€L), or, if we think of cyo to be a subspace of a dual space, such as ¢1(T'), by (e : y€T).

If ' = N we write cqo instead of cgo(N).

Definition 2.2. (Bourgain-Delbaen families of functionals)

Assume that (A, : n€N) is a sequence of Bourgain-Delbaen sets. By induction on n we will
define for all y€A,,, elements ¢, €l(I',—1) and d, el1(T,,), with d: =er —c.

For v € A; we define ¢, = 0, and thus d7 = €.

Assume that for some n € N we have defined (¢} : y€T',), with ¢ € 41(I'j_1), if j < n and
rk(y) = j. It follows therefore that (d} : y€1T,) = (e — ¢} : y€TY,) is a basis for £,(I',) and
thus for £ < n we have the projections:

(3) Pl t 6T0) = 06(T0), Y aydi— Y adl.
Y€l 'Yern\rk
For y€ A, +1 we then define
* : * 0
o it y=(n+1,060,feAl, .
ae; + ﬁP@n](b*) ify=(n+10k&B 0 f)eN L.

We call (¢ : y€T'), the Bourgain-Delbaen family of functionals associated to (A, : n€N). We
will in this case consider the projections P(Z,n} to be defined on all of cy(I"), which is possible

(4)

since (d? : v €T') forms a vector basis of cyo(I") and, (as we will observe later) under further
assumptions, a Schauder basis of ¢1(T").

Remarks. The reason for using * in the notation for Pl 18 that later we will observe that
the P(zm] are the adjoints of some coordinate projections P, on a space Y with an FDD
F = (F}) onto @jeem Fj-

Of course we could, in the definition of A;Oll and AS}LI, assume 3 = 1, rescale b* accordingly,

possibly increasing the number of free variables, then simply define ¢, = 0%, if 7y is of type 0, or
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= aeg + P(*;C’n]b*, if v is of type 1. Nevertheless, it will prove later more convenient to have
this redundant representation which will allow us to change the weights of the elements of I"
and rescale the b*’s, without changing the ¢}’s. Moreover, it will be useful for recognizing that
our framework is a generalization of the constructions in [AH], [BD] and [FOS].

The next observation is a combination of a result in [AH] and [FOS], the main idea tracing
back to [BD].

Proposition 2.3. Assume that (A, : n € N) is a sequence of Bourgain-Delbaen sets and let

(¢t v €T) be the corresponding family of associated functionals. Let (P(Z,m] : k< m) and

(df : v€T) be defined as in Definition 2.2. Thus
Pl coo(T) = cooT), D aydi— Y ayds.
~er YET,\T

Forn €N put F; = span(d; : v € A,) and for 0 €(0,1/2) we define C1(0) = C1 = 0 and for
n>2,

Co(0) = sup { B Pl (09| : 7 = (A, s k. £,8,6%, e APk <m <7 < n, 3 > 0},
with sup(P) = 0 and

Cp = Co(0) = sup { Bl Pl (0 7 = (2, 0, k. €,8,6%, f)e AV k< m < 7 < n}.
Then
(5) ®i_ F; = span(e] : yeTly,) = 1(Ty),
and if C' = sup,, C,, < 0o, then F* = (F}) is an FDD for {1(I') whose decomposition constant
M is not larger than 1+ C. Moreover, for n€N and 0<1/2,
(6) C, <max (20/(1 — 26), C,(9)).
Proof. As already noted, since d = eX — ¢, and ¢} €/(,(I',—1), for n€N and y€A,,, (5) holds.
By induction on n € N we will show that for all 0 < m < n, [P la@,ll < 1+ C,, and
that (6) holds, whenever # < 1/2. For n = 1, and thus m = 0 and C; = 0, the claim follows
trivially (|| ]| = 0). Assume the claim is true for some n€N. Using the induction hypothesis

and the fact that every element of By, r,,,) is a convex combination of {+e} : y€'y;1} and
Cn(0) < Chi1(0), it is enough to show that for all ye A, and all m < n
(7)) [1Pim ()] <14 Cpyq and
20
(8)  NBFGm () < 155 V Cal0),i O<1/2 and 7 = (n+1,0, k& B,b°, /) €A,
According to (4) we can write
e, =d, +c,=d,+aa” + BFj ,(b"),
with o, € (0,1], 0 < k <n, a* € Byr,) (put £ = 0 and a* = 0 if v is of type 0), and

b* EBZl(Fn\Fk)‘
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Thus
Py o(el) = aly (") + B uin(mg).m (07)-
Now, if k > m, then (since a” € (,(T'y)) P, (€}) = P )
from the induction hypothesis:

JaP g (@) < 14 C < 14 G,

(a*) and thus our claim (7) follows

If &k < m it follows that
1171y (€] < alla™]| + B P m (0 <1+ Crya,

which implies (7).
In order to show (8), we deduce from the induction hypothesis for v = (n+1, a, k, &, 3,b*, f) €
Al with < 6 < 1/2 that

18Py (O < BUE g2 o | 1571 sy lea o) [])

<20(C, + 1)
20(C(0) + 1)) < 200,,(0) + Cr(0)(1 — 20) = C,,(0) if C(0) > 12,
- 29(13—920 + 1) = 13—929 otherwise,
20
< —— .
< max (1 —55 Cn(9))
which finishes the induction step and the proof of our claim. O

Remarks. Let I' be linearly ordered as (; : j€N) in such a way that rk(v;) <rk(y;), if i < j.
Then the same arguments show that, under the assumption C' < oo stated in Proposition 2.3,
(d3,) is actually a Schauder basis of £, [AH]. But for our purpose the FDD is the more natural
coordinate system.

The spaces constructed in [AH] satisfy the condition that for some 6 < 1/2 we have § < 6,
for all v = (n,a, k,a*,3,b*, f) € T of type 1. Thus in that case C,(#) = 0, n € N, and the
conclusion of Proposition 2.3 is true for C' < 260/(1 — 26) and, thus M < 1/(1 — 20). The
spaces constructed in [FOS] satisfy the following condition: there is a # < 1/2 so that for all
y=(m+1ak¢ B0 f) €l of type 1, either 3 < 0 or b* = ey, for some n €T with ¢; = 0
(and thus dj, = e;). It follows therefore in the latter case that /% (b*) = b" or P ,(b%) =0,
for k& < m, and, thus, that C,(0) < 1, for all n, and we conclude from Proposition 2.3 that
C' <max(1,20/(1 —260)) and thus M < max(2,1/(1 — 20)).

Assume we are given a sequence of Bourgain Delaben sets (A, : n € N), which satisfy the
assumptions of Proposition 2.3 with C' < co and let M be the decomposition constant of the
FDD (F)) in ¢,(I"). We now define the Bourgain-Delbaen space associated to (A, : n€N). For
a finite or cofinite set A CN we let P} be the projection onto the subspace @jcaF; of £1(T')
given by

Py (D) = 6(I), ) adi— > ayds
vyel yEA
5



If A = {m}, for some m € N, we write P, instead of P ,. For m € N we denote by R,,
the restriction operator from ¢;(I') onto ¢1(T',) (in terms of the basis (eX)) as well the usual
restriction operator from £o(I') onto € (I'y,). Since Ry, 0 P 1 is a projection from ¢4(I') onto
0(T),), for meN, it follows that the map

I lo(Tn) = Lo (1), :L'l—>P o R’ (z),

[1,m]

is an isomorphic embedding (P[*l’fm] is the adjoint of Fj  and, thus, defined on l(T)). Since
R, is the natural embedding of ¢, (I',;,) into ¢ (I") it follows for all meN that

9) Ry, o Jy(x) =z, for x € o(T),), thus J,, is an extension operator,
(10) Jn o Ry o Jp(x) = Jp(x), whenever m < n and x € £o(T',,),

and by Proposition 2.3,

(11) [Tl < M.

Hence the spaces Y, = Jn(loo(I'y)), m €N, are finite-dimensional nested subspaces of o (I")
which (via J,,) are M-isomorphic images of ¢ (I';;,). Therefore

(12) y=J v,

meN

is a Ly space. We call Y the Bourgain-Delbaen space associated to (A,).
Define for meN

Pim) Y =Y, 2+ Jyo0Ry(x).

We claim that P, coincides with the restriction of the adjoint P m] of P m) 1O the space Y.
Indeed, if neN, with n > m, and = = J,(Z) €Y,, and b* € {1(I) We ‘have that

(Pl (@), 0%) = (@, Py 1y (b7))
= (Rn(x), Ry o By, (b7)) (since Py ,,,(07) € span(e} 1y € I'y,))
= <P[1,m] o Ry, 0 Ryp(z),b%) = <P[1:m}( z),b").

Thus our claim follows since | J, Y, is dense in Y.

We therefore deduce that Y has an FDD (F,), with F,, = (P — Pim-1))(Y) and Y, =
Oy ~u loo(Ty,) for m € N. Moreover, denoting by P4 the coordinate projections from
Y onto @jcaF}, for all finite or cofinite sets A C N, it follows that P4 is the adjoint of P}
restricted to Y, and P} is the adjoint of P4 restricted to the subspace of Y* generated by the
F*?

"Denote by || - ||« the dual norm of Y* restricted to the sub space ©%2, F; = £;. We claim that
for all b* € ¢1(T)

(13) 1711 < 116" ley < M[E7][.
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The first inequality follows from the fact that [|eX[[. < [|eX[ls, = 1, for v € T', and the triangle
inequality. To show the second inequality we let b* € ¢1(I',) for some n € N and choose
x € Sy (r,) so that (b*,x) = ||b*||,,. Then it follows from (11) and (9)

. L1 1
[6°)l = (", == (@) ) = bl

We now recall some the notation introduced in [AH]. Assume that we are given a Bourgain-
Delaben sequence (A,) and the corresponding Bourgain-Delbaen family (¢f : v € I') and
Bourgain-Delbaen space Y, which admits a decomposition constant M < oco. As above we
denote its FDD by (F,,). For n€eN and v € A,,, we write

Bb* if v = (n,8,b%, ) € AY,
e+ BP ) (b7) ity = (n, k& B, f) € ALY
In the second case, we can write ef = di + ¢, and, then we can insert for ¢f its definition. We

can proceed this way and eventually arrive (after finitely many steps) to a functional of type
0. By an easy induction argument we therefore deduce the following

e;:d;+c’;:d;+{

Proposition 2.4. For allneN and v € A, there are a € N, 1, Ba,... 5, € (0,1], numbers
O0=po<pr <pr—1<pr<psg<ps—1,... <pa1 <ps—1<p,=ninNy, vectors b},
Jj=1,2...a, with b € By, (I') Nspan(e; : n € Iy, 1\ Tp,_,), and (§;) C Ty, with §; € A, for
1=12...a, and & = 7, so that

(14) e _ng + BiPG, o) (B)) ng + B, o (B):
7j=1

We call the representation in (14) the analysis of v and define for v € T', age(y) = a to
be the age of 7. We let the sets cuts of v to be cuts(vy) = {p1,p2,...pa}. We put w(y) =

max;j<age(y) 8j = Maxj<age(y) Wt(§;), and w(vy) = minjcage(y) B = max;<age(y) wt(&;), and call
these numbers the maximal weight of v, and the minimal weight of -, respectlvely

Remark. Assume that v € T and that a = age(y) € N, 81, 52,...,0, € (0,1], 0 =py < p1 <
Po—1<po<p3<p3—1,...<pPe1 <ps—1<p,=nin Ny, vectors b;,j:1,2...a, with
b; € By, (I') Nspan(e; : n € F 1\ I, ), and (§;) C Ty, with §; € A, for j =1,2...a, and
&, = 7, are chosen so that (14) holds. Then for r = 1,2...a we can write

(15) Gt D AR ) st By ()
j=r+1
We call the representation (15) of e a partial analysis of e .

We need one more definition concerning the weights of the elements of T'.
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Definition 2.5. Let (A,) be a sequence of Bourgain-Delbaen sets. We say that the weights of
all v € T are comparable if
_ V()
qo = inf

vel w(7)

> 0.

Remark. The comparability of weights is only a property of the sets AY and Ag), neN, but
not of the functionals ¢, v € T, and thus not a property of the corresponding Bourgain-Delbaen
space Y. Indeed, Let 0 < ¢ < 1. By replacing v = (n, 3,b*,v) € A by 7' = (n, ¢, %b*, (v, )
and v = (n,a, k, &, 3,b%,v) € AY by v = (n,a, k,é’,c,gb*,(v,ﬁ)), in the case that # < ¢,
we convert the sets A,, into Bourgain-Delbaen sets of comparable weights, ¢ > 1/¢, without
changing the ¢’s and, thus without changing the corresponding Bourgain-Delbaen space Y.

Definition 2.6. Let x €Y. The range of x is the minimal interval [p, ] C N, or [p, 00), so that
T € @?:ij, or x € @32, I}, respectively. We denote the range of x by rg(z). We say that x
has finite range if rg(x) is bounded.

The local support of x is defined to be the set

SUPPyo. () = {7 ye |J Ajanda(y) # 0}
Jj€rg(z)

(recall that x(v), v € I, denotes the coordinates in £ ('), thus z(7y) = e ()).
A set A CY is called of bounded local weight if

inf {W(V) iy € U supploc(x)} > 0.

A sequence (z,) C Y has decreasing local weight if
Tim sup{W(7) : 7 € suppioc(zn)} = 0.
Remark. If (z,) is a block sequence of decreasing local weight we can pass to a subsequence
(«!) so that Uy > Ly > Uy > Ly > Us ... where
L,= inf w(mnandU,= sup W(n) for neN.

nesuppio(z),) NESUPP)oe (4,)
If the weights of (A,,) are comparable and A C Y has bounded local weights, then
inf {w(y) 1y € U supploc(x)} > 0.
x€A

Proposition 2.7. [AH] Assume that the analysis of v € I is given by

e: - Zde + ﬂjp(zjflvoo)(b;) - Zd; + ﬁjp(zj,l,pj)@;)-
j=1

j=1
and assume that x€Y is such that {§; : j =1,2,...a} Nsuppy.(z) = 0. Then

[z(7)] < 2Mw ()|
8



Proof. 1f tk(v) < max(rg(z)), then z(7) = 0 (using that e = e; and the assumption that {¢; :
j=1,2,...a} Nsuppy(z) = 0). If rk(y) > max(rg(z)), then there is an s € {0,1,2...,a — 1}
so that p, < maxrg(x) < psy1. It follows from (15) that (po = 0 and ef, :=0)

€6 () + D Bl (b)) + d ()

Jj=s+1

< [ P 8)(@)| < 205 () 2]

()] = le;(2)] =

0

Proposition 2.8. Let T : Y — W be a bounded linear operator, W being a Banach space.
Then || T (zx)|| — 0 whenever (xx) is a bounded block basis if and only if |T(zg)|| — O whenever
(xg) is a bounded block basis of bounded local weight or a bounded block basis of decreasing local
weight.

Proof. Assume that the image of each block basis of bounded local weight is norm null and
assume that (x,,) is a normalized block sequence in Y and ¢y > 0, so that ||T(z,)| > €o, for all
n€N. We show that there is bounded block sequence (z,) with decreasing local weight so that
inf,en ||T(2,)]] > 0.

Let [pn, gn) = rg(xy), and put u, = z,|r,,. Thus |u,|/¢@r,) < 1 and z, = Jy, (u,)), for n€N.
For NeN, neN and v € I', define

vV (y) = {gn(’y) i zgviz Y7 and wN () = up ()=o) (7) = {’gnW) ﬁ zg;

(AVARWAN
=l2l

and write vgN) = (U%N)(v) vel,) v Yy = =J, ( )GY wi = (w,(qN)(v) ~verl n), and

= J, ( )EY It follows that Hy(N)H ||z H < M, by (11), and z, = yM 4 2 for
all n, N € N.Thus, (y M ne N) and ( 2N ine N) are bounded block bases for all N € N.
Moreover (y,(TN) : n € N) is of bounded local weight, for all N € N, and using our assumption
as well as an easy dlagonahzatlon argument we can assume, after passing to Subsequences if

necessary, that HT(yn )H < e0/2 whenever N < n. But this implies that HT(zn )H > €0/2 and

(z,(l )) is, by definition, of decreasing local weight. O

Definition 2.9. Let (z,) be a block basis in Y, w = (w;) C (0, 1] a decreasing null sequence
and C'>0. We say (z,) is a (w, C)-Rapidly Increasing Sequence, or (w,C)-RIS, if for keN
(16) |lzx]] < C and |zp(y)| < OW(y) if k> 2 and v € I' with w(v) > Waxrg(

Tp_1)
It is easy to see that Rapidly Increasing Sequences satisfy the following permanence proper-
ties.

Proposition 2.10. Let w = (w,, : n€N) be a decreasing null sequence in (0,1] and C> 0.

a) Every subsequence of a (w,C)-RIS is a (w,C)-RIS.
9



b) If (x,) and (y,) are (w,C)-RIS’s and o, B > 0, then there is a subsequence (m;) C N
s0 that (T, + BYm;)jen, s a (W, (a + 3)C)-RIS.

Proposition 2.11. Assume that (A,) has comparable weights. Let (x,) be a bounded block
sequence in'Y, and assume that (x,) is either of bounded local weight or has decreasing local
weight. Let w = (w;) C (0,1].

Then there is a C' > 0 so that (z,,) has a subsequence which is a (w,C)-RIS.

Proof. First assume that (x,) has decreasing local weight. By the remark after Definition 2.6
we can assume that Uy > Ly > Uy > Ly ...

L,= inf w(n)andU,= sup W(n) for neN.
nGSUpploc(fEn) nesupploc(x”)
By passing again to a subsequence we can assume that Wmyaxrg(z,_,) > Us, if £ > 2.
Assume that k € N, k > 2, and v € T' with w(7) > Wmaxrgs, , > Uk and write e}, as in
Proposition 2.4, by

a
6’#; - Zdzj + ﬁjp(z?jfhpj)(b;)'
j=1

Since [w(&;), W(&;)] C [w(v),w ()] C (Ug, 1], for all 1 < j < a), it follows that supp,,.(z) N
{&1,&, ... &} = 0. Thus Proposition 2.7 it follows that |z (v)| < 2M ||k ||w(7) for v € T. Our
claim follows in this case by taking C' = 2M supj,y ||k ]|-

If (x1) is of bounded local weight we let w = inf,enyesupp,, (z0) W(7), Which by the remark
after Definition 2.9, is a positive number, and choose C' = sup,,cy ||, [|2Mw™". Then for all
v € T' (note that in the second case below Proposition 2.7 applies)

) ol i) 2w _ [ o fw) ze| _
bl = {\xmw it w(n) <w {2Mw<v>ua:ku it wi(y) < w} < ow)

which proves our claim in the second case. 0J

We finish this section by stating a criterion which implies that all operators 7' : Y — Y are
compact perturbations of a multiplication operator. Most of the proof is based on the proof of
a similar statement in [AH].

Theorem 2.12. Let (A,) be a sequence of Bourgain-Delbaen sets, with finite decomposition
constant M and comparable weights. Assume furthermore that the FDD (F,) of Y, which we
defined above is shrinking, or equivalently that Y* is isomorphic to {1 (condition sufficient for
this will be given in the next section).

Let X be a reflexive subspace of Y with an FDD (Ej;), which has the property that E; C
@;ijj71+1F’i7 for some increasing sequence (my) (i.e. every block sequence in X with respect to
(E;) is also a block sequence in'Y with respect to (F})).
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Assume that T :' Y — Y is a bounded linear operator satisfying the following condition:

(17) There is a decreasing null sequence w = (w,), so that for all C' < oo and
every (w,C)-RIS (x,) liminf dist(T'(x,,), [z,] + X) = 0.

Then there is a A € R and a compact operator K on'Y so that T = \d+ K.

Remark. As the proof will show the statement of Theorem 2.12 can be generalized as follows.
Assume that there is set S of bounded block sequences (z,,) with the following properties:

a) All block sequences with uniformly bounded local weight and all sequences with de-
creasing local weight admit a subsequence which is in S.

b) Every subsequence of a sequence in § is also in S.

c) If (x,), (y,) are in S, then there is a subsequence (m,,) of N so that (z,,, +ym,) isin S.

Then, if T: Y — Y is a bounded linear operator satisfying the condition:

lim inf dist(7'(x,), [x,] + X) = 0 whenever (z,) € S,
there exists a A € R and a compact operator K so that T'= \ld + K.

Proof of Theorem 2.12. Assume that (x,,) is a (w,C) RIS which is seminormalized in the quo-
tient space Y/X. By our assumption we can choose a subsequence (z/,) of (z,) and a bounded
sequence (A,) C R so that lim, . || T(z},) = Ana;,|ly/x = 0, after passing again to a subsequence
we can assume that A\ = lim,, .. A, exists and, thus, that lim, . ||T(z},) — Az;,|ly/x = 0.

Secondly, we claim that A\ does not depend on (x,,), and that there is a universal A € R so that
for all C' > 0 every (w,C) RIS (x,), which is seminormalized in Y/ X, has a subsequence (z,)
so that lim, . || 7(2],) — Az} |ly/x = 0. Indeed, assume that (z,) and (y,) are such sequences,
and assume that A and p are in R so that for some subsequences (z/,) and (y/,) of (z,) and (y,),
respectively, it follows that lim, . ||T(2],) — Az, |ly/x = 0 and lim, .o [|T(y,) — v, lly/x =
0. Using Proposition 2.10 we can, after passing to subsequences, if necessary, assume that
maxrg(z;,) < minrg(y,) < minrg(z, ), for n € N, that (z;, +y,) is a (w,2C)-RIS, which
by our assumption on (F;) is also seminormalized in Y/X, and that there is a p € R so that
lim e [T(5%, + ) — Pl + )y x = 0.

But this implies that limsup,,_. [|[Az;, + py,, — p(z;, + y.,)|ly/x = 0, and since (z],) and (y;,)
are seminormalized and maxrg(z/) < minrg(y,), for n € N, this yields, using our assumption
on the FDD of X, that A = pu = p.

We claim now that S = T — A\Id is a weakly compact operator, which, finishes our proof since
by Schauder’s theorem S is (weakly) compact if and only S* is (weakly) compact and since by
Schur’s theorem all weakly compact operators on ¢; are norm compact.

First note, that by what we just proved, using Propositions 2.8 and 2.11, it follows that the
operator S : Y — Y/X, x — Qo S(z), where Q : Y — Y/X is the quotient mapping, is norm
compact. Hence for a given € > 0 there is an N = N. so that dist(7'(z), 2||T||Bx) < &, whenever
© € ®y Iy N By. Thus T(By) C W + By, where W. = 2MT(Byy p,) + 4M|T| Bx.
We thus showed that for every € > 0 there is a relatively weakly compact set W. C Y so that
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T(By) C W. 4 eBy. We therefore deduce our claim from a well known characterization of
weakly compactness (c.f. [Di]). O

3. EMBEDDING BACKGROUND AND OTHER PRELIMINARIES

In this section we recall some of the embedding results established in [OS],[0S2], [FOSZ] and
[FOS]. We first need to introduce some notation and terminology.

Let E = (E;)2, be an FDD for a Banach space Z. cyo(®52,F;) denotes the linear span of
the E;’s and if B C N, coo(®icpk;) is the linear span of the E;’s for ie B. P, = P¥: 7 — E,
is the n'" coordinate projection for the FDD, i.e., P,(z) = 2, if 2 = Y ;°| ;€ Z with z; € E, for
all 4. For a finite or cofinte set A C N, we write Py = P¥ =Y _, PE. The projection constant
of (E,) in Z is

neA

K =K(E,Z2) :sup{||P[}fn,n]|| :mgn} )

E is bimonotone if K(E,Z) = 1.

The vector space coo(®2, Ef), where Ef is the dual space of E;, is naturally identified as a
w*-dense subspace of Z*. We write Z*) = COO(@;’;EZ-*)Z . So Z®) = Z* if (E;)2, is shrinking,
and then E* = (Ef)2, is a boundedly complete FDD for Z*.

As in the previous section we define for z € coo (952, E;) the support of z by suppg(z) = {n :
PE(z2) # 0}. The range of z, is the smallest interval in N containing suppg(z) and we denote
it by rgg(2).

A sequence (2;)f_;, where £€N or £ = oo, in co(®2, E;) is called a block sequence of (E;) if
max suppg(z,) <min suppg(z,41) for all n</¢.

Definition. [OSZ1] Let Z be a Banach space with an FDD E = (E;)°,. Let V be a Banach
space with a normalized 1-unconditional basis (v;)2,, and let 1 <C <oo. We say that (E,)%
satisfies subsequential C-V -upper estimates in Z, if whenever (z;)3°, is a normalized block
sequence of E with m; = minsuppg(z;), 1 €N, then (z;)2, is C-dominated by (v,,,)2,. Precisely,

for all (a;)32; C R,

(19 | <c|| 3w
i=1 =1

Similarly, (E,)S, satisfies subsequential C-V -lower estimates if every such (z;)5°; C-dominates
(Um,)52,. We say that (E,)>, satisfies subsequential V -upper estimates or subsequential V -
lower estimates, if for some C' > 1 it satisfies C-V-upper estimates, respectively C-V-lower
estimates.

In the case that (v;) is a subsymmetric basis, i.e. if (v;) is uniformly equivalent to all of
its subsequences, we simply say that (E,)5, satisfies C-V -upper estimates in Z or (E,)%
satisfies C'-V -lower estimates in Z if whenever (z;)5°, is a normalized block then (z;); is
C-dominated by (v;)$2, or C-dominates (v;)$2,, respectively.

In the case that for some C' > 1 and some 1 < ¢ < p < oo (E,) satisfies C-£,-lower and
C-{,~upper estimates, we say that (E,) satisfies C-(p, q) estimates in Z.
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Definition. [N]<“ denotes the set of all finite subsets of N under the pointwise topology, i.e.,
the topology it inherits as a subset of {0, 1} with the product topology. Let A C [N]<“. We
say A is
i) compact if it is compact in the pointwise topology,
ii) hereditary if for all A€ A, if B C A then B€ A,
iii) spreading if for all A = (a4, ...,a,) €A with a1 <as<---<a, and all B = (by,...,b,) €
IN]<“ with by <by<---<b, and a; <b; for i <n, B€ A. Such a B is called a spread of
A?
iv) regular if {n} €A for all n€N and A is compact, hereditary and spreading.
Let A C [N]<¥ be a regular family. A sequence of sets in [N]<¥ A; < Ay <---< A, (ie.,
max A; <min A; 1 for i<n) is called A-admissible if (min A;)?" , € A.

Definition. Let A C [N]<“ be a regular family of sets and let 0 < ¢ < 1. The Tsirelson space
Tx. is the completion of ¢yy under the norm || - || 4. which is given, implicitly, by the equation
|z||ac = ||2|loo V sup { ZCHA’L"T’.H.A,C :neN, and A;<-- <A, is .A—admissible}.

i=1
Here A;x = x|4,. The unit vector basis of ¢y is a normalized shrinking 1-unconditional basis
for Tip .. Ta. is reflexive (and contains no isomorph of ¢, or any £,).
If A= S, is the a"-Schreier family of sets, where av <w;, we denote Ta. by Ty For more
on these spaces (see e.g., [AT], [LTang], [OSZ2] and the references therein).
For n € N, A, denotes the (regular) family of subsets of N with at most n elements. The
following close connection between ¢, spaces and Ty, . was observed in [Be].

Proposition 3.1. [Be, Theorem 1.2]
If ¢ < % then T'a, . is naturally (i.e via the extension of the identity on cy) isomorphic to c.
Ifc > % then Ty, . 15 naturally isomorphic to ,, where p is the solution of the equation

c=n"""7.

Our embedding theorems, 3.2 and 3.3 below, refer to the Szlenk index, S.(X), [Sz]. If X
is separable then S,(X) is an ordinal with S,(X) < w; if and only if X* is separable. Also
S.(T,..) = w** [0SZ2, Proposition 7]. If S,(X) <w; then S,(X) = w” for some B <w;. Much
has been written on the Szlenk index (e.g., see [AJO], [B2], [FOSZ], [G], [GKL], [JO], [L],
[0SZ2]).

Theorem 3.2. [FOS, Theorem 1.3] Let aw < wy and let X be a Banach space with separable
dual. The following are equivalent.
a) S, (X)<w*¥.
b) X embeds into a Banach space Z having an FDD which satisfies subsequential T, .-upper
estimates for some 0 <c<1.

Theorem 3.3. [OSZ2, Theorem A] Let a <w; and let X be a separable reflexive Banach space.

The following are equivalent.
13



a) S.(X)<w* and S,(X*) <w*v.
b) X embeds into a Banach space Z having an FDD which satisfies both subsequential
T\ c-upper estimates and subsequential T7, .-lower estimates.

The following notation was introduced in [FOS].

Definition. Let E = (E;)°, be an FDD for a space X and let 0 <c<1. Let x € coo(B2, E;).
A block sequence of E, (z1,...,x,), is called a c-decomposition of x if
¢
(19) x = sz and, for every ¢ </, either #suppg(z;) =1 or |z <c.
i=1
Clearly every such x has a c-decomposition. The optimal c-decomposition of x is defined as
follows. Set ny = minsuppg(z) and assume ny; <ny <---<n; have been defined. Let

nj+ 1, if [PR@)] > c,

ny1 =4 minfn: |PE

1 E TSNS} :
(@) >}, if [Py (2)][<c and the “min” exists,
1 + maxsuppg(z) , otherwise.

There will be a smallest ¢ so that ny,1 = 1 4+ maxsuppg(z). We then set for ¢ < ¢, x; =

[Ei nien) (@) Clearly (z;)f_, is a c-decomposition of x. Moreover, if (E;) is bimonotone and

]S I_K/QJ, then ||$2j_1 + Zlfng > C.

Let A C [N]<¥ be regular. We say that the FDD (E;)2, for X is (¢, A)-admissible in X if
every x € Sy M coo(DX, F;) has a c-decomposition, (z;)F_;, where (suppg(z;))} is A-admissible,
i.e., (minsuppg(z;))i_, € A.

Proposition 3.4. (see [FOS, Proposition 3.1 and following remarks| and the remark below)
Let E = (E;)2, be an FDD for a Banach space X whose projection constant is b > 1. Let
A C [N|<¥ be a regular family, let 0<c<1 and 1<C.
a) Let D C By Ncy(852,EF) be d-norming for X for some c<d/v*<1. If every x* €D
has an A-admissible c-decomposition (w.r.t. (E})), then (E;)2, satisfies subsequential
cil—Tb%/d’B—upper estimates where

B=B,= {{n}uB1 UB,:neN, Bl,BzeA} u{e} .

b) Assume that (E;)2, satisfies subsequential C-T 4 .-upper estimates. Then there ezists a
reqular family G = G(c, C, A) such that (E})2, is (¢, G)-admissible in X*. In fact, the
optimal c-decomposition of every x* € Sx« N (B2, EY) is G-admissible.

Moreover, if A = Ay, for some k €N, then there is a { = {(k,b,c,C) so that in (b) we can
choose G = Ay.

Remark. With the exception of the “moreover” statement, Proposition 3.4 coincides with
Proposition 3.11 in [FOS] and the remark thereafter. But this additional observation follows

immediately from the proof. Indeed, by first renorming X and changing C' if necessary we can
14



(as in the proof of [FOS, Proposition 3.11]) assume that (E;) is bimonotone in X. Secondly,
as the proof of part (b) of [FOS, Proposition 3.11] shows, the family G, which satisfies the
conditions in part (b) can be chosen to be G = {nUAU B : A, B € B}, where

B:{BG[N]@:HZQ‘

and where (¢}) denotes the unit vector basis of T, .. Since (t}) is 1-subsymmetric in 77, ., but
not equivalent to the unit vector basis of ¢y we deduce the claim.

§CC_1}

*
T.Ak,c

We now state a generalized version of Theorem A.

Theorem 3.5. Assume that X is a separable reflexive space whose Szlenk index is wg. Then X
embeds into a Bourgain-Delbaen space Z (as introduced in Section 2), whose dual is isomorphic
to {1 and which has the property that all operators T : Z — Z are of the form T = MNd+ K,
where X is a scalar and K 1is compact operator on Z.

Remarks. If X is a uniformly convex space, then, using the main result in [Ja] or [GG]|, one
deduces that for some 1 < ¢ < p < oo the space X admits for some C > 1 C-(p, q)-tree
estimates (see [OS, Definition 1.6] for the term tree estimate and Remark after [OS, Theorem
1.7)).

This implies (by the easy implication in) [OS2, Theorem 3] that the Szlenk index of X is wy.
We therefore observe that Theorem 3.5 implies Theorem A.

Secondly, if X is reflexive and has Szlenk index wy, then, again by using (the non trivial
part of) [OS2, Theorem 3], X satisfies (0o, q)-tree estimates for some ¢ > 1, which yields by
(OS2, Theorem 5] that X embeds into a reflexive space with an FDD (E;) admitting C-(o0, q)
estimates for some C' > 1. Using also Proposition 3.1 we can therefore assume that for some
mo and ng in N, the space X in Theorem 3.5 has an FDD E = (E;) which satisfies upper
T, 1/m, estimates. It also follows that we can increase no if necessary, and that we can choose
myg arbitrarily high, as long as we change ng accordingly.

4. CONSTRUCTION OF THE SPACE Z IN THEOREM 3.5

According to the remarks after the statement of Theorem 3.5, and by renorming X, if neces-
sary, we can assume that X has a bimonotone FDD (E}), so that for some choice of mq and ny
in N (E;) satisfies T4, 1/m,-upper estimates in X. We first apply Theorem A of [FOS], which
allows us to embed X into a Bourgain-Delbaen space Y, whose dual is isomorphic to #;. Since
we will want to exhibit certain properties of that space and we want to fit its construction into
the framework introduced in Section 3, we need to recall this space in more detail.

Let € € (0,1) and c € (0, 1/16) be given, and choose (g;)°; C (0, ¢) with &; | 0 so that

(20) izlaz-<i and ;ai<% for all neN.
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We choose J; € (0,1], A; € Sg: and R; C (0,1) such that each is a finite set which is an
€i/2-net for its respective superset. We shall assume ¢ — €i/2 € R; for each i € N. We write
E* = (E})$, for the FDD for X*.

We next define D C Sy« N coo(D52, EF) by

> it}
D={L . $+£BeN]", aq;€J; and z'c A’ for i€B
|22 ai|
i€B
By Proposition 3.4 there is an ¢, € N so that every y* € D has a unique optimal c-
decomposition, (yi,...,y;), with £ < ¢y. We approximate this by elements of D and scalars r;
as follows. For ¢ </ choose r; € Riinsuppy- ) such that |r; — |lyf]| | < QEmmSuppE*( «y, with r; <c
if ||y;|| <c. The latter is possible since ¢ — 3 € R; for all j. Let xj = y;/[|y;|l, Wthh, by the
definition of D, is again in D.
We then have

(21) [rixy — vl < Emin suppg= (y;-‘)/2 , i<t

¢ ¢

(22) ’ anf < nginsuppm (yr)/2 and
i=1 i=1

(23) if i < ¢ and #suppg-(z;) > 1 then r, <c.

We began with y* € D, took its optimal c-decomposition (y7,...,y;) and approximated it by
(riz7, ..., rexy) where the z}’s belong to D and were multiples of y. We call (ria7,... 7))
the D.-decomposition of y* € D and fix such a choice for each y*. If 2* € 2, 47, z* = (27) is
its own D.-decomposition.

Next we define I’ (we use the superscript “~” because later we will replace r by a set I' which
is defined by a sequence of Bourgain-Delbaen sets as introduced in Section 2) and a certain
partial order on I and use that to define the A,’s.

j > 1 and there exists y*€ D so that (rjz7,.. are} U A

= {(rlxl’ raty, s TiEG) the first 7 elements of the D, decomposmon of y* n

We first define an order on the bounded intervals in N by [ny,ns] < [mq, ms] if ny < mgy or
ng = my and ny; > my. It is not hard to see that this is a well ordering. It is instructive to list
the first few elements in increasing order (we let [n,n] = n):

(I )n 1 (1 2 {1 2] 37 [273]7 [173]7 47 [374}7 [274]7 [174]7 5 )
We next define a subsequence (k;)32; of N. If I, consists of the singleton {j} we put k; =n. If
§ = (rmat, ... res) el we let

l

rgp. (Zr ) =rgp.(7) and SuppE*<Zm§‘ ) = suppg-(7) -

i=1
16



We then define a partial order “<” on T’ by 5 <7 if either

® rgg.(7) <rgg-(7), or

o 1gp.(7) =rgg-(77) has at least two elements, and 7 is of length 1 while 7 is at least of
length 2 (as finite sequences), or

e 1gg. () =rgp-(1) = {j}, for some jEN, 5 € A}, and 7j = (rz*), for some r € [; and
z* € Aj.

This yields a rank of 4, denoted by rk(7) € T, for 7 € I: if 4 is minimal in T" with respect to
< we put rk(¥) = 1, and, assuming we defined I';, = {7 : k(%) < n}, we assign to all minimal
elements of I' \ I';, the rank n 4 1. It is easy to see that for 5 € T’

2n — 1 if rgp.(§) = I, and either n = k;, for some j€N, with 7 € A3
rk((y)) = or length(%) > 2,
2n if rgp-(7) = I, and length(y) = 1 and ¥ & U,y 45

Thus, the elements of A} (which are their own D.-decomposition) have rank 1. All elements
of the form r - z*, with r € R; C (0,1) and z* € A}, which are the beginning of some D.-
decomposition of an element in D have rank 2. All elements of A} have rank 3 and so on. We
set for neN, A, = {7 € T : tk(3) = n}.

We now define Ay, and AY and Ag), for n > 1, satisfying the conditions in Definition 2.1.
A, = AP UAY will be, in a natural way, a bijective image of A,. Put Ay = A}, and assume
we have defined for some neN, Ay, Ago) and Ag.l) ,if 1 < 7 < 2n—1, together with a bijection
(T) : Tgn_y1 — D91, which carries Aj into A;, 7 < n, and where I'y,_1 = Uj§2n—1Aj =

Uj oot (A UAD), and Ty, = {5 € D1k(3) < 20— 1},
We then consider the following four cases:

Case 1. If § = (rz%) € Ay, and 2% € Aj for some j €N, then it follows that r; <1 and n = k;
and we put v = (2n,cry,e;,0), where 7 = 2* € Aoy = A% We let therefore in this
case AY) = {v: 7€ Ao} and AY = 0.

Case 2. If ¥ = (r27) € Ay, and z7 € U,y span(A), then n ¢ {k; : j € N} and r; < ¢, and
we put v = (2n,rq, €ns 0) where 7 is the D, decomposition of x}. In that case we put
Ag:} ={y:7¢€ An} and Aé}j = 0.

Case 3. If ¥ = 2" € A} = Agpy1, for some jEN, and thus n = k; — 1, for some j €N, then set
v = (2n+1,¢,0,2%). In the notation of Definition 2.1, 8 = ¢, b* = 0, and Vap 41,10 = A}
Set Ag?l)—i-l ={v:7 € Donia} anc~1 Agz)-i-l = 0.

Case 4. If ¥ = (ryaf,roxb, ... ,rpx}) € Nopiq, n & {kj —1 : j € N}, then ¢ > 1 and we let
v = (2n+1,1,k,& core, €5, 0) where § = (ria7, rox5, ... 117y y), k = 1k(§), 7 is the
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c ifzj € UA]

D. decomposition of 7, and ¢, = {1 otherwise

}. Set ASBH = {v:% € Ay} and
0
Agn)—i-l = 0.
It follows that wt(y) < ¢ in all cases. The remarks after Proposition 2.3 gives us that the
corresponding Bourgain Delaben space Y is an L o-space which has an FFD (F;), with (we
define rk(y) = rk(%), for v € I') F; = span(d, : rk(fy) = 1), whose decomposition constant M is

not larger than 2.
Secondly, consider for i €N the map

. —1 *
¢i By — Fop,—1, r—=c E x (ﬁ)d(%i—m,o,x*)
T*EA;

(recall that Agg, 1 = Ag;{)ifl = Agki_l = A, for all i€ N). Then, similar to Proposition 4.5 in
[FOS], the map

¢ : coo(DE;) —: coo(DF)), Zﬂfz = Z@(I )
i=1 i=1
extends to an isomorphic embedding, which we still denote by ¢ of X into Y, with

(24) (L+e) zll < llo(@)] < A +e)lzl, for z € X.

Thirdly, we note that for v € I' the age of v equals to the length of 4 which is not larger
than fy. Using the analysis (14) of v we can write € as

(25> e _Zd5 +ﬂj (Pj—1,p5) b* de +ﬁ]
We note that as in [FOS]|, we conveniently have that P(p s y(07) = bj forall 1 < j < a

We further note that 3; < ¢ < 1/16 and thus ||3;b7|| < 1/16. From the analysis (25) of v it
follows therefore that there is a c-decomposition of e} which has no more than 2¢, elements,
thus Proposition 3.4 yields that (F;) is a shrinking FDD of Y, which for some ¢ € (0,1) and
1 <" < o0 has C”—TAGZO#,—upper estimates.

We make one last formal change of the elements of A and AP and change their elements
(n,3,b*,v)and (n,a, k, &, 3, b*,v) in case that < c¢into (n, c, gb*, (B,v)) and (n, a, k, &, gb*, (B,v)).
As noted in the Remark after Definition 2.5 this will not change the family () er and, thus,
neither the space Y. But the new sequence of Bourgain-Delbaen sets, which we still denote by
(A,), has comparable weights, and

_W(7)
= inf =1.
O w()
In our next step we will use the construction in [AH], and increase the sets A, to sets
A, = A, U©, in such a way, that X will still embed into a Bourgain-Delbaen space Z
corresponding to the Bourgain-Delbaen sets (A,), and will have the additional property that

all operators on it will be compact perturbations of a scalar multiple of the identity.
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Our construction so far has dealt with a general constant c satisfying 0 < ¢ < <. We now
impose the further condition that % € N. This condition will be convenient for us now as we
introduce some modifications based on [AH]. As in [AH] we start with two sequences (m;) and
(n;) in N satisfying the following properties.

(26) \/ ’I’L1/2 > 1/C =myq > 16, M1 > m?, Njt1 > (16nj)1°g2(mj+1), and ny > 2€0

The FDD (F;) which we have constructed satisfies C-¢,-upper estimates for some 1 < ¢ < 00
and C,; > 1. Based on the values of ¢ and C,, we will impose the following additional property
on (m;) and (n;).

1-1
(27) Cym? < n; /

By induction we define for every n € N sets 0 and ©4. In the notation of Definition 2.1
we will always have a = 1, and the set of all free variables will always be a singleton, we will
therefore suppress this dependency, and write (n, 3,0*) for elements in 0 and (n,k, &, 3,b")
for elements in O

We let @§°) = @51 = (), and assuming we defined @59) and @§1)7 for j =1,2... n, we let
AV = APy AV — AP el e, =6 ue A =AY UAY, A, =, 6, and
fj = 3;1 A;, for j=1,...n. We also assume that, so far (Zj)’?_ satisfies the conditions of

7=1
Bourgain-Delbaen sets in Definition 2.1. The terms rank, type, weight, free variable, analysis

and age of v are therefore defined for all v € T,,. Also the functionals €l (T,), v €T, as
well as the projections P (on ¢(T',)), 1 <p<n, are defined. We also assume that, so far,
o: Iy —{1,2...,#I',} is a bijection with o() € (#I';_1, #L;], if j € A;, for j <n.

Also note that for ¢ €N, so that k; <n, it follows that E; C Fj,. , and we have the following
(natural) embeddings

@zk <nE — EB]<TLF =M ‘e (F )
We will identify X C £,(T) with X @0 C £oo(T) @ loo(A) = £ (T). Spefically, if b* € £,(T,),
we denote by b*|x the fu_nctional defined by the restriction of b* onto the space @, j,<,E; ®0 C
loo (L) @ loo(Ay) = loo(T).

For 0 < p < n, we choose finite sets Etp,n] from the set
{0 e @i, T+ 07l < 1,07[x =0},

such that Erp ] is g,-dense in the ¢;(I",) norm. We assume, without loss of generality, that
B(pn] C B(qm} if ¢ <p<n<m. Wewill also require that if v € T \ T and e, € & erlF
then e’ € B(p n- Note that the conditions that e}|x = 0 and ||e3|[s,r) < 1 are automatlcally
satlsﬁed for v € T\ I'. For f* € coo(F;) we define the range of f* to be the smallest interval
range(f*) = [p,n] such that f* € @®j_ F;. If we have constructed I',, then the Bourgain-

Delbaen techniques produce the FDD (F7)™,. Thus we can incorporate the FDD (F;)™_, into

(2 (]
the creation of ©,, ;.
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The sets @,(10) and @53) are now defined as follows:
n—1 LLHJ * * n*
Up=o Uj1 {<”+17p7m%j’b) 1b EB(p,n}}

(28) @S)J)rl = 1y 1222 n € A,, minrange(e’) > p
n— 1 %\ . ) s
UUp:O Uj:?[ {(n—l—l,p,m e > Wt( 1 n }

e n) = s—s With mg;_» > ny;
and
(29)
n— L] * *\ . * n*
. Ui Ui { (n+ Lpeg 5 67) 1 € € 0y, wi(€) = L age(§) < may, b € By }
n+1

1
Myo(€)

- n—1 L%J ( * 1 *) .
VU2 Ui=i n+lpe, ma 1 1) e A, min range(e;) > p, wt(n) =

6 € @;D?Wt(g) = m;_ﬁage(S) < Ngj-1, }

The sets A, = A, U©,, form Bourgain-Delbaen sets as in Definition 2.1. We have dropped
the variables o and f from Definition 2.1 as for v € ©,, we always set «, f = 1. The remark
after Proposition 2.3 holds for our new sets A,, and thus we have that (F*) is an FDD for
¢1(T") with decomposition constant not larger than 2. We denote Z to be the Bourgain-Delbaen
space associated to (A, : n € N), which again by the remark after Proposition 2.3 is a £
space.

In our construction of Fz(p,n] we required that e € F?p,n] if yeT\T and range(e) C (p_,n].
In some circumstances, this allows us to conveniently combine all four possible cases for v € I'\T'
into one general case. For instance, if ¥ € '\ I" has age a and weight m;l, then the evaluation

analysis of 7 is given by
ko * —1 *
€ =D dg+mi' Y b,
i=1 i=1

where b7 € B, ,,] and & € ©,, for some sequence of non-negative integers (p;)%, C No. It
is important to point out that we denote include the projection operators P(*pi—lvpi) as we have
guaranteed that minrange(b}) > p;—1 and hence P, b7 = bj.

Our first goal is to show that X is naturally isomorphic to a subspace of Z. We are given
that X C Y C l(T) and that Z C loo(TUA) = £ (T) @ £ (A). We will prove that the set A
has been defined in such a way so that X &0 C Z C (') & ¢(A), and hence X naturally

embeds as a subspace of Z. Before proving this property, we will need the following lemma.
Recall that we identify X C ((I") with X &0 C lo(I") @ loo(A) = Lo ().

Lemma 4.1. Ify € T\ T then e}|x = ¢i|x = di|x = 0.

Proof. We are identifying X C loo(I") with X ©0 C £oo(I') & leo(A) = les (T'), which means that
eX|x = 0 for all y € '\ I'. We have that e = d’ + ¢, and thus it will be sufficient for us to
just prove that ¢f|x = 0.

There are two possible cases for v € I'\ I. In the first case v = (n+ 1, p, mj_l, b*) € @ffjl for

some b* € E:p,n]. Thus ¢ |x = m;'b*|x = 0 as b*|x = 0 for all b* € Ezﬁp,n].
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In the second case, v = (n+1,p,ef, m; ", b%) E@nH for some b* EB(pn] andfe@ Thus
clx e£|X—|—m2]b|X—Oase£|X—0f0ralleF\Fandb*|X—0f0rallb EB O

(pm]*
Theorem 4.2. The space X B0 C Loo(T) B loo(A) is a subspace of Z C Loo(T) B log(N) = Loo(T).

Proof. We will first recall some of the technicalities of the Bourgain-Delbaen construction. We
have extension operators J,, : oo (I',) :— €oo(I') such that for all y € £ (T,,),

_ ey ifyely
Tny(7) { (Jny) fyel\Ty.

We denote Y, = J,,(foo(T')). The Lo space Y C £o(T) is then defined by Y = UY,,.
_ Modifying our Bourgan-Delbaen space Y into the space Z gives new extension operators
Jn  loo(Ty) i— Lso(T) such that for all y € £o(T,),
Jnylecra(v) iy €T
Jay(v) =9 W) ifyel,;
c(Jny) ifyel\T,.
We denote Z,, = J,,(so(T')). The Lo space Z C £y(T) is then defined by Z = UZ,.

Recall that (£;) is the FDD for X, and that (F;) is the FDD for Y defined by F; = J;({oo(A;)).
Our specific construction of Y gave that E; C Fy, for some sequence (k;) € [N]“. Thus if
T € @ik, then © = Ji, Ry, x where Ry, @ loor) — lo(I'y,) is the restriction operator. Our
goal is to now show that (z,0) = Ji, (Rg,2,0) € loo(I") @ loo(A).

First, we check for v € I' that

We assume for a fixed N € N that J, (Ry,z,0)(7) = ( : )( ) =0forally e A,. If y € Oy
then ¢ € oo(I'y) and by Lemma 4.1 we have that ¢}|x = 0. We now have the following,

=ci(2,0) ascl € lo(Ty)
=0 ascfx=0

Thus by induction, we have that Jj, (Ry,,0)(y) = (z,0)(y) for all v € T'. Hence, (z,0) =
Ji, (Ri,x,0) € Z. Which implies our desired result that X &0 C Z. O

Proposition 4.3. Let v, € @S}rl each have the same odd weight — i_l and have respective

analyses (pi, €y, &i)1<i<a and (P, €, & )i<i<ar- If a > @’ then there exists 1 < £ < a such that
& =& foralli <l and wt(n;) # wt(n}) for all j and all € < i < d

Proof. We choose 1 < ¢ < @' to be maximal such that & = ¢&; for all i < ¢. If ¢ = a’ then the

proposition holds. If ¢ < a it must be that & # &, and hence wt(n) = Muay(e,) # Mag(e)) =

wt(ny). In this set up, ages are simply given by age(§;) = i and age(§;) = jforall 1 <j <a

and 1 < i < a’. Thus whenever i # j we have that wt(n;) = Muo(e;) # Maoe) = wt(n;). If
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J > L then the analysis of §; is (p;, €;.,&i)i<icj1 and the analysis of & is (p;,ej;g,fé)gigj_y
The elements §; and & clearly have different analyses as £, # &, and thus §; # &;. We then
have that wi(n;) = Mmas(e;) # Mag(e;) = wi(n;). We have covered all the cases, and thus the
proposition is proven. 0

If we are given some v € I then we can find the analysis of v through simple iteratation.
Conversely, it will be important for us to be able to choose an element v € I which has some
specified analysis. The following lemmas state essentially that if we satisfy some important
conditions, then we are able to choose such a 7.

Lemma 4.4. Let a,j be positive integers such that a < ngj. If po < p1 < ps < -+ < p, are
natural numbers with 25 < py and b} is a functional in E?pr_1,p7-—1] forall1 <r < a, then there
are elements &, € ©,, each with weight % such that the analysis of v =&, is (py, b, & )0,

J

Proof. 1t is specified that 25 < p;, and thus (p1, po, m%j,b*l‘) € @é?). We now assume that
1 < k < a and that & has been found with analysis (p,, %, &,.)"_, and weight % We have
J

that age(§i) = k < a < nyj, and thus there exists §p1 = (Pry1, Pk, €5, m%j, bii1) € @ﬁll. Thus

k+1
r=1-*

A m%jb}zﬂ, and hence the analysis of {11 is (p, b5, &) The proof is then

complete by induction. O

Lemma 4.5. Let a, jo be positive integers such that a < ngj,—1. Let pg < p1 < ps < -+ < pq

be natural numbers with 2jo — 1 < py. Let (n,)i—; C A with range(e; ) C (pr—1,p,] such that
wt(m) = m4_1 = for some ji € N with myj,_o > ny;, 1 and wt(n,) = ;) forall2 <r <a.
71—

Mao(n, 1

Then there exist elements &, € ©,, each with weight

(p'm ez,n 57")?21 .

such that the analysis of v = &, is

2jo—1

Proof. We have that 2jo—1 < py as well as wt(n) = my} _, < ny?_; and range(e;; ) C (po,p1),

which implies that (py,po, ———, €’ ) € @1(;?). We now assume that 1 < k < a and that

mgjo_l’ m
&, has been found with analysis (pr,e;r,fr)le and weight We have that age(&) =

majo—1
k < a < ngj—1 as well as wi(n1) = - s and range(e; ) C (pr—1,p,]. Thus there exists
o(ng
* * 1 . . *
Skv1 = (pk+17pk7€gk,#rlaenkﬂ) < @ék)ﬂ- Hence the anlaysis of 41 is (pmemafr)fg- The
proof is then complete by induction. 0

Lemma 4.6. Ifp < q and v € ®]_,,, F; such that ||z||z/x = 1 then there exists b* € Ezp,q
b*(x) > § — &g

Proof. As ||lz|z/x = 1, there exists % € Sige - such that z*(z) = 1 and z*|x = 0. We then

set by = %]D[;FLQ]x*. We have that ||b5]]¢,r,) < 2[|05] < %HP[;JFL(I]HHJU*H < 1. If zy € X, then our

particular embedding of X into Z results in Pyy1,gx0 € X. Thus bj(zo) = 22*(Pps1,92) = 0, as

2*|x = 0. Combining these properties gives that by € {b* € @, | F : ||b*]l,, < 1,b%|x = 0},
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*

and hence there exists b* € E(M] such that ||b* — bi|| < e, Thus we have that b*(x) >
bj(z) —eq > 1 — &g O
Lemma 4.7. Let (x,)?_, be a skipped block sequence with a < ngj and 2j < minran(zs). Then

there exists v € A of weight m%J such that Y 5 x;(v) > =250 @il z/x-

— 8mg;_1

Proof. Choose pg < p1 < ps < -+ < p, such that ran(z,) C (p,_1,p,) for all 1 <r < a. By
Lemma 4.6 we may choose b € E?pr_hpr) such that bf(z,) > 1_E;E%’lHycHZ/X. By Lemma 4.4
there exists &, € ©,, for each 1 < r < a with weight m%] such that the analysis of v = &, is
(prs b7, &0 )5—1. We first note that df (x,) = 0 for all i,r because §; € ©,, and p; € ran(z,) for
all 4,7. We further note that bf(z,) = 0 for all i # r because ran(x,), ran(b’) C (py—1,p,). We
may now obtain a lower estimate for > 7 | x;(7) by using the evaluation analysis of .

S an(m) = (> )
=S+ m%ij?(Zm

r=1
1 a
= — N b (a,
L3 b

r=1
1 < 1-8¢g, 1
25 el

O

In Definition 2.9 we stated what it meant for a block basis (x;) of Y to be a (w, C')-RIS for
some sequence w = (w;) C (0,1]. We will now be solely considering the case w; = m% In the

future, we will use the term C-RIS to mean ((m; '), C)-RIS. To simply some proofs we will also
add an additional condition to the definition of C-RIS.

Definition 4.8. Let (x,,) be a block basis in Z and C' >0. We say (z,,) is a C-Rapidly Increasing
Sequence, or C-RIS, if for ke N

(1) [laell < C
(2) |zr(7y)] < Cweight(y) if k > 2 and v € T with weight(y) > m_!

max rg(Tk—1)"
(3) |zr(y)] < Cmitif v € T with weight(y) = m;!

Adding condition (3) is not a significant change as if (z4)%2; is a C-RIS for Definition 2.9,
then (z4)72, is a C-RIS for Definition 4.8. The new definition will however make the statements

and proofs of certain theorems cleaner.
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It will be essential for us to obtain certain upper bounds on values of the form [eZ >, .} Axvy|

where (z}) is a C-RIS. Estimating these bounds for v € T'\ ' will follow the same proofs as in
[AH].

Lemma 4.9. Let (z1,) be a C-RIS. If y € T\ T and wt(y) = m; " then,

€2 (x)] < Cm; ! if i < maxran(zg_1) or if i > maxran(xy)

Proof. The definition of C-RIS ftrivially gives the estimate that [eZ(z4)] < Cm;'if i <
max ran(xg_1). We now consider the case ¢ > maxran(zy). The evaluation analysis for ~y
is given by

* - * 1 *
€ =D de by,
r=1 v

for some (&,)%_, C T\T and (b%)%_, C [F}]. The element &, has weight m; ', for each 1 < r < a.
This is important as the set ©,, contains elements of weight m; ' only if p > i. Thus if we consider
p1 so that & € ©,, then p; > i > maxran(xy). Furthermore, minrange(d;), min range(b}) >
p1 > maxran(zy) for all 1 < r < a. Thus we have that d(x;) = 0 for all 1 < r < a, and
bi(zx) = 0 for all 1 <r < a. Applying this to the evaluation analysis for e gives the following
desired result,

* - * 1 * 1 * 1 * C
el = | 32 ) + b )] = b )] < Bl < &
r=1 ? 2 i 7

O
Lemma 4.10. Let (x)ker be a C-RIS, let A\ be real numbers, and let v be an element of T.
There exists a functional g* € W|[(An,,m;")] such that
(1) supp(g*) C 1
(2) le5(Xner Meze)| < Cg™(Qper | Meler)-

Proof. We proceed by induction on the rank of v € I". If rank(y) = 1 then
ei(z MeTk) = Aol (Tr,)  Where ko = min([).

kel

We may thus simply take g* = e} € W[( Ay, mi")].

We now assume that v € I' has rank greater than 1 and age a. We assume that the lemma
holds for all elements of I" with rank less than that of v. We consider the evaluation analysis
of e, which is given by

a a a a
-1
=D diwmit Y mibien =) i+ By
i=1 =1 i=1 =1

for some sequences ()%, ()%, C I'. Recall that ¢, was chosen so that age(n) < ¢y for all

n € I'. Let (p;)fy C N be the sequence such that & € A, for all 1 < i < a and p, = 0.
24



Let Iy = {k € I : p, € range(xy) for some 1 < r < a}. As (zx) is a block sequence, for each
1 <r < a there is at most one k € I such that p, € range(zg). Thus, |Io| < a < fy. We then
set I, = {k € I : range(xy) C (pr—1,pr)}. Note that, if & & Uj_oI,, then e’ () = 0. We now
have the following equality,

Z)\kl'k = 6 Z)\kmk +Zﬁr Z)\kl'k

kel kel

For k € Iy, we apply condition (3) in the definition of C-RIS to get the estimate [eZ (z1)| <
Cm;'. Thus we now have that,

kely ke[r

For each 1 < r < a, we apply the induction hypothesis to € I to obtain g* € W[(A,,, m;")]
with supp(gf) C I, Such that

(31) ler. (O Meai)| < Car(d I Mulex)
kel kel
We now define g* by setting
g =my ZeﬁZgr
kely

This is a sum, weighted by m; ' of at most 2ly < ng functionals in W|[(A,,,m")] which are
each supported on disjoint intervals. Thus g* € W|[(A,,,m;")]. We now use (30) and (31) to
obtain the following.

Z/\kl‘k | < le Z |>\k:| + Z |ﬁr Z/\kl‘k by (30)

C I,

kely kel
<Cmit ) Il + Z 1B:1Cgr (D Ielex) by (31)
kely = kel,
<Cmp' ) I+ Zm;lchz Aelex)  as |6, < my!
kely kel
=Cmy ' () ep+ Zgr O eler +> 0D " IAuler)  as g7 = 0 or supp(gy)
kely kely r=1 kel,
= Cg" (> [Melex)
kel
O
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Proposition 4.11 (Basic Inequality). Let (vx)rer be a C-RIS, let Ay, be real numbers, and let
v be an element of I'. There exists kg € I and a functional g* € W[(Agnj,m;1>jeN] such that:

(1) either g* = 0 or weight(g*) = weight(y) and supp(g*) C{k €I :k >k}
(2) [e5(2per Awzi)| < 2C Ak + Cg™(Xopes | Akler)

Moreover, if jy is such that ez (D _per Mn)| < Cmaxyey |Ai| for all subintervals J of I and all

¢ €T of weight m;", then we may choose g* to be in W[(As,,, m j_l)#jo].

]0’

Proof. We assume that v € I' and will show that the moreover part holds. For v € I, the rest
of the proposition is an obvious corollary of Lemma 4.10. We first consider j, # 1. By Lemma
4.10, there exists g* € W|[(A,,,m;")] satisfying (1) and (2). Thus g* € W[(A,,,m;")] C
W[(Agnj,mj_l)#jo], which proves the moreover part. We now consider j, = 1, and assume
that |ef (> ,c; Mear)| < Cmaxyes | Ag| for all subintervals J of I and all € € T of weight m; .
However, v has weight m; "', and thus we may take g* = 0 € W|[(Asn,, m;");jx,]. Thus the
proposition is true for all v € I'.

We now consider the case v € '\ T, and will proceed by induction on the rank of 4. There
are no v € I' \ I, and thus we first consider the case that rank(y) = 2. We then have that

efy(z ARTr) = Ao € (Thy) + A€ (Th,),

kel

where ko and k; are the first two elements of I. Thus setting g* = e; gives the desired
inequality.

We now assume that v € I' \ I" has rank greater than 2, age a, and weight m,:l. We suppose
that there is some ¢ € I such that maxrange(zy) < h < maxrange(zer1). The simpler cases
of h < maxrange(x) or maxrang(zy) < h for all k € I can be proved in the same way, and
so will not be considered. We will split the following summation into three parts, and estimate
each part separately.

(32) Z)\kxk Z )\ke a:k)—k)\ge 235 +€ Z )\k:ck

kel kel k<t kel k>t

For the first part, we have by our choice of ¢ that h > maxrange(xy) for all k& < ¢. Thus
Lemma 4.9 gives us |eZ (zx)] < Cm,,'. Furthermore, the inequality maxrange(z,) < h implies
that §{k € I : k < {} < h, and thus trivially #{k € I : k < ¢}m;' < 1. We now have the
following upper bound.

> el < CY o my Ml < Ct{k €12 k < €3my " max [Ax| < Cmax |\
kel k<t k<t het het

For the second term we have the trivial bound

[Ace (ze)| < ClAd.
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Thus combining the first two terms gives the inequality

(33) s (Y Mwa)| < C max Al + ClAd < 20 Ao,

kel k<t

for some particular ko < /.
We now set I' = {k € I : k > (}, and focus on estimating the last term: |eZ (>, Auzr)|.
The evaluation analysis of €, is given by

a a
el = Zd; +m; Zb:,
r=1 r=1

for some (£,)?_, € T\ T and (b))%, C [F7]. We denote (p,)?_; C N to be the sequence such
that & € ©,, for each 1 < r < a. This implies that b) € P?prihpr) for all 1 < r < a, where
we set po = 0. Let I} = {k € I : p, € range(zy) for some 1 < r < a}. As (x}) is a block
sequence, for each 1 < r < a there is at most one k € I’ such that p, € range(xy). We then set
I, = {k € I : range(xy) C (pr-1,pr)}. Note that, if k ¢ Ut_yI,, then el(z)) = 0. We now have
the following equality,

(34) (O M) = Y el (@) +my Y 0 Apan)

kely r=1 kel,

As by € Sy N @z:j 177, the functional by is a convex combination of functionals +e; with

pr—1 < rank(n) < p,. Thus we may choose 7, to be such an 7 with

003" M)l < e, (O M)

kel kel

For each r, we apply the induction hypothesis to each element 7, € T' and the C-RIS (z})xe 1,
obtaining k, € I/ and a functional g; € W[(Asy,,m;")jen] supported on {k € I} : k > k;
satisfying

(35) e, (O M) < 20|, | + Car(d I elex)

kel kell,

We now define g* by setting

(36) g =m O er+ > (e +95)

kel r=1

This is a sum, weighted by m;, ' of at most 3n; functionals in W[(A,,, m;')] which are each

supported on disjoint intervals. Thus ¢g* € W[(A,,,m;")]. We now use (32), (33), (34) and
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(35) to obtain the following.

(O Mw)| < 2C Ak + Cmy Y 7 Akl 4+ my ! Zb (> Mwx)| by (33)

kel r=1 kel

< 20\, | + Cmy Z |Ak| +my, Z ey, Z)\kxk by (34)

kely kel

< 20 Ago| + Cmp ' (D [Nl + Z Ae + 970> I Aelex)) by (35)
kel =1 kel

=< 2C Ml + Cg™ (O I eler)
kel

If jo satisfies the moreover condition in the statement of the proposition we proceed by the same
induction. The base case is the same. When we prove the inductive step for v with weight m,:l
we need to consider separately the cases h # jo and h = j,. For the case h # jo, the proof
remains unchanged as we are able to assume by induction that g& € W[(Asy,,m;");xj,]. Thus
when we define ¢* as in (36) we have that g* € W/[(Asy,, m;")j45])-

For the remaining case h = jo, the moreover assumption gives automatically that [eZ (D, Aewr)| <
C' maxges |[Ag|. Thus we are able to take g* = 0. O

The basic inequality relates the functionals €2 with v € T to functionals in the mixed Tsirelson

space W[(.A;;nj,m;l)jeN]. The following proposition gives us good estimates for what happens
when we apply functionals in mixed Tsirelson spaces to averages.

Proposition 4.12. If jo € N and f* € W[(Agnj,mj_l)jeN] is an element of weight m; ', then

o 1 -1 - .

2m,; m; - ifh <

* 1 h J 0
7 ;ef>|<{mh1 AN

L m; )jeN] 15 exactly mj_ol. If we make the
J )J?é]o then

o -1 -2 . .
Pty e < { 2my " i h< o

— my, if h > jo

In particular, the norm of n3' >,% ey in W[(Asn,,
additional assumption that f* € W[(Agnj,

In particular, the norm of n;! S0 e in W[(Asn,, m; )iz is at most m’.

We now are able to combine the basic inequality with Proposition 4.12 to obtain the following

lemma which will be used extensively in proving our main result.

Lemma 4.13. Let 7 = (1), be a skipped block C-RIS with jo > 1. Then 2(jo, ) = 2z =
% Z:J(’l xy has the following four properties.
0
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(1) di(2) < X0 < € foralleeT
70 J0
(2) =l <2¢ _
(3) For all v € T'\ T with weight mih such that h # jo we have

-1 i h .
o) < 43Cm U<,
2Cm;5, if h > jo.

(4) For all v € T we have that |2(7)| < Cm}!

Proof. Let ¢ € T. We have that () is a block sequence and hence df(}- ax) = df(xy,) for
some 1 < m < n;. The inequality in (1) is given by |d§(% Sl )| = |d*%$m)| <
0 0
%11 T 3Cm;
gl T lewll < ==
To obtain the inequality in (2) we choose v € T’ then apply the basic inequality to efy(z) to
obtain
njo
lex(2)] < 2myyn;,'C + Cmyyg*(n)! Z ex)
i=1
< 2mj0nj_010 +C <20 by Proposition 4.12

Thus we have that [|z|| = sup, . [e}(2)] < 2C.
To obtain the inequality in (3) we apply the basic inequality to v € T with weight mgl such
that i # jo. This gives g* € W{[(Asy,, m;l)jeN] with g* = 0 or weight(g*) = m; ' such that
o
3 (2)] < Qmjonj’olC’ + ijog*(nj;1 Z er)
i=1

We now apply Proposition 4.12 to ¢g* to obtain

o 1 -1 - .
_ 2m;, m_ - if h < jp;
* .1 < h 70 05
g (g, Z_l k) < my ! if b > jo.

Combining the above two inequalities gives (3) as 2mj,n; ' < m ' by (26).
For our final inequality (4) we apply Lemma 4.10 to v € I' to obtain g* € W[(A,,, m;")]
such that

njo
[e3(2)] < Cmyog (! Y ex)
i=1
We now apply Proposition 4.12 to g* to obtain
njo

g (n;)! Zek) < 2my'm;)! as 1 < jo
i=1
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Combining the above two inequalities gives (4) as 2m;' < 1. O
Proposition 4.14. The FDD (F;) of Z is shrinking and hence Z* is isomorphic to {;.

Proof. The Banach space Z is a separable L., Banach space, and thus the dual of Z is isomorphic
to ¢, if and only if ¢; does not embed into Z [LS]. Thus if (F;) is shrinking then Z* is
isomorphic to ;. We assume to the contrary that there exists a normalized block basis (by)
which is not weakly null. Hence there exists f € Z* such that |f(by)| 4 0. By Proposition
2.8 there also exists some skipped block C-RIS (zy) such that |f(zx)| /4 0. After passing to
a subsequence we may assume that |f(xy)] > 0 for all k¥ € N and some 6 > 0. In particular
we have that |f(ny,' >.,%) 2x)| > 0 for all j € N. However, by Lemma 4.13 (2) we have that

Ing! > on @]l < 2Cmy;. This is a contradiction if j € N is chosen to be sufficiently large. [

We are now prepared to prove our main result.

Proof of 3.5. By Theorem 2.12 we just need to prove that if (z,,) is a C-RIS then lim,, ., dist(T(z

X) = 0. We assume to the contrary that there is some C' > 1 and a C-RIS (z,) with
1T (xn)||z/x 2] = 8+ 8. As (x,) is a block sequence of a shrinking FDD, we may pass
to a subsequence of (x,,) and a compact perturbation of 7" so that there exists integers 0 = py <
p<pr+1<p <py+1<ps -+ with ran(x,),ran(T(z,)) C (pn_1 + 1,p,) for all n € N.
Following the proof of Lemma 4.6 we may choose for each n € N a function b} € Ezpn_l 1]
such that |0} (z,)| < €, and b (T (x,)) > 1. We recall from Lemma 4.13 that we denote

(. (2) = 223 .

J k=1

We now fix some 49 € N. The proof will proceed by constructing a block sequence (u;);-1 Pl of

(z;) with each u; being of the form z(j, z°) for some j € N and subsequence 7* is a subsequence
of (x,). First we choose j; such that my;,_o > nZZO_l and k; € N so that 4j; — 2 < pg,. We
then set u; = 2(4j; — 2, (z;)i>k,). By Lemma 4.4 we may choose v, € T’ with rank(y,) >
max supp(ug, T'(uy)) such that the analysis of 7; is (prgb:,ér)klgr§k1+n4jl_2_1 for some &, €
©,,. A simple calculation shows that eX (T'(u1)) > 1 and [e (u1)] < &1. We now inductively
construct u, and -, for 2 < r < ng;—1. We first set j, = o(y,.—1) and choose k, € N such
that 4j, < pg,. We then set u, = z(4j,,(2:)72;, ). Again by Lemma 4.4 we may choose
v, € T of weight # with rank(y,) > max supp(u,, T(u,)) such that eX (T'(u,)) > 1 and
lex (ur)| < &r. This completes the construction of (u,),- 22071 We now set u = 2(2ip — 1, (u,.)).
Note that we have chosen (7,).-9"" and (j,).-9"" to satlsfy the conditions of Lemma 4.5, and
thus there exists v € I’ with analysm (pr, +1,€2 ;e ) for some & € ©,, 11 with weight o
A simple calculation shows that e(T'(u)) > 1 and X (u) < e. We will prove that actually
Jul] < 9Cmy; ;. Thus by choosing iy to be sufficiently large we reach a contradiction with
|T|| being bounded.
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The norm of u is given by |ul| = max_ . [u(v)|. By part (5) of Lemma 4.13, we have that
lu(y)| < Cmy,. _, for all v € T. We will prove that |u(y)| < 9Cmy, _; for all v € T\ T through
the moreover part of Proposition 4.11. We first note that parts (2) and (3) of Lemma 4.13
imply that the sequence (u,) is a 3C-RIS. Assuming we are able to satisfy the moreover part
of Proposition 4.11, we would have that

Nn2ig—1

2491 N2ig-1 =]

n27,0 1
<o 2ot 3Cq* (% Z €r> for some g* € W[(Asn,» m; ") 22i0-1]

Mo — 3C
<6021 4
N2i9—1 Mojg—1
6C 3C
< + .
mMaiy—1 moiy—1

Thus all that remains to be verified is the moreover part of Proposition 4.11. Given a subinterval
J of [1,n24,1] and an element 7" € T\ T of weight my;)_; we need to prove that [eZ, (3, o, u,)| <
3C. Without loss of generality we may assume that the age of 4’ is the maximal value ng;, ;.
We denote the analysis of 7' by (q;, €2/, €7 )r<n,,, , and the analysis of v by (g, €3, € )r<nai 1-
We thus have the following evaluation analysis for 7/,

By the definition of ©,,, it must be that wt(7}), wt(v,) < nyo_, for all 1 < r < ng;—y. This
important fact will be used repeatedly in the remainder of the proof Because (u;) is a block
sequence, there exists 1 < j < ng;, 1 such that di (3., u;) = df (u;). By applying this fact
with part (1) of Lemma 4.13 we obtain the following inequality.

(37) |dg, Zul = |df (u;)] < Cwi(y;) < Cng_y forall 1 <7 < ngip_1.
icJ

By Proposition 4.3 there exists 1 < £ < ng;, ;1 such that £ = &, for all 7 < £ and wt(v;) # wt(v,)
for all j and all ¢ < r < ng;,—;. In particular 7). = v, and ¢. = ¢, for all r < ¢. Thus we have
that

(38) ez, (O w)l = les, O w)| = e, (u)| <, forallr <.
i€ ieJ
Part (2) of Lemma 4.13 implies the following.

(39) €3, (u)| < llu;ll <2Cif wi(vg) = wi(y;).
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We use part (3) of Lemma 4.13 with the fact that wt(7]), wt(7y,) < ny_ for all 1 <7 < nggy—y
to achieve

(40) e, ()] < 3Cmy2_, i wi(al) # wi(y;).

We will apply Inequality (40) for all » > ¢ and for the case r = ¢ with wt(y;) # wt(y;). The

sequence (€2, )1<r<n,,, ; 15 a block sequence of (F}") and (u;)1<i<n,, , is a block sequence of
1 )1<r< <i<

(F;). This implies the following simple combinatorial result.

1

(41) 8H{(r,5)les, (ug) # 0} < 2ngi,-1.
Combining all the inequalities (37),(38),(39),(40), and (41) gives our desired estimate.
N2i5—1 N2ig—1
Qi = D Ay w)+maiy D €3 u)
ieJ r=1 ieJ r=1 ieJ
N2i5—1
(3 et (D e Yo ) ) (S
r=1 r<t r>0 ieJ
< Cn;iéfl + mgi}),ls + m2_i$7120 + m;i3)712n22-0_130n2_£71
< C.
Thus the moreover part of Proposition 4.11 has been verified, and the proof is complete.  [J
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