THE LEBESGUE MEASURE AND THE LEBESGUE
INTEGRAL

(An elementary introduction )
We are developing an elementary approach to the theory of the Lebesgue
measure and the Lebesgue integral on the real line R.

When you do an exercise you may (and often should) use facts shown
prior to that exercise, but you are not allowed to use future facts.

1. INTRODUCTION AND MOTIVATION

Assume f : [a,b] — R is a strictly increasing and, to make things easier,
continuous function.

In order to compute f: f(x)dz we could partition the image (which is the
interval [f(a), f(b)]) of f into subintervals instead of subdividing the domain
[a, b].

Let Q@ = (Y0,Y1,---Yn), fla) =y < y1 < ...yn = f(b) a partition of
[f(a), f(b)]. The pre-image of the interval [y;_1,y;] is easy to compute since
f is strictly increasing;:

F i) ={z€la,b]:yi 1 < fl@) <wi} =" 1), f " (wi)]-
We now can define the upper and the lower sum with respect to the
partition a = f~'(yo) < f'(y1) < ... f~(yn) =D.

Define P = (z9,21,...2n) = (f (%), [ *(W1),---, f '(yn)) (pre-image
of Q).

n

Si(Paf):Zf(xz (T — zi1) Zyz 1( yz fﬁl(yi—l))'

=1

= Z f(.’I,‘z)(.’I,‘z — T 1 Z yz yz (yi—l))'
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Since f~!(y;) — f~'(y;_1) is the length of the pre-image of the interval of
[yi—1,yi] we can write ST (P, f) and ST(P, f) as

ST(P,f) = yiilength(f ' [yi_1, 1))

=1

SHP, f) = yilength(f~ [yi-1, i)
=1

Remark. Let us observe an interesting fact. By subdividing the image
instead of the domain we get a better, and more direct, error estimate.
Indeed, let us assume we want our error, namely the number S* (P, f) —
S (P, f) to be at most £ > 0. We simply choose the mesh of the partition
Q@ so that
h = g < _&
EE v A LR et

Then we conclude that

n

STP,f) =8P f) = (yi — i) (f Hwe) — f H(wicr))

=1

€

S ;f*(yi) i) = b —a) =e.

In particular, we showed that if we let the mesh of () converge to zero,
then the corresponding upper sums S*(P, f) and the lower sums S~ (P, f)
(P defined as above) converge to fab f(z)dz.

Unfortunately this approach (of starting by subdividing the image instead
of the domain) does not work that easily for more general functions, i.e.
functions which are not monotone.

Let f : [a,b] — R be any bounded function and let A = inf,¢[q ) f()
and B = sup,¢jqy f(z). We still could consider a partition of [A, B] say
Q = (Y0,Y1,---Yn)- But now the pre-image f~![y;_1,y;] might not be an
interval anymore.

For “nice” function, i.e. functions which change their direction only
finitely many times, the pre-image is a finite union of disjoint intervals.
But only think of the function f(z) = sin(1/z), for z > 0, and ask yourself
what the pre-image of [-1/2,1/2] is.

So we have to solve the problem: find the length (we will say measure) of
subsets which are more general than intervals and even more general than
finite unions of intervals.

Then we could define as before

ST(P,f) = yi—1length(F~ [yi-1, i),

=1
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n
ST(P, f) = yilength(f ' [yi 1,7:])
i=1
and define

b
/ f(z)dz = sup ST (P, f) = inf ST(P, f).
a Q:(y07y1;---yn)€P[A,B] Q:(yanly---yn)EP[A,B]

2. EXTENSION OF THE NOTION length TO MORE GENERAL SETS

First the measure of any interval, open, closed, or half open, is its length.

(1)  m([a,b]) =m((a,b]) = m([a,b)) =m((a,b)) =b—a for a <b.

Secondly we will consider finite unions of intervals. For the moment we
only consider finite unions of open intervals
We need a lemma.

Lemma 1. Let U C R be the union of (not necessarily disjoint) open inter-
vals I, Io, ... I.

Iy = (ag,by), for £=1,...n.

Then there are pairwise disjoint open and non empty intervals Ji, Jo, . .. Im,
m < n, so that U= ;- Jo-

Moreover, the Ji, Jo, ... Jym are unique in the following sense:

IfU =Ug, Jo, where Jy, Jo,. .. Js are disjoint open and non empty.

Then it follows that m = m and that there is a bijection b: {1,2,...m} —
{1,2,...m} so that J; = jb(i)-

Proof. By induction on n. O
Exercise 1. Proof Lemma 1.

Using Lemma 1, we can define the measure of a finite union of open
bounded intervals.

(2) Let U be the finite union of open, bounded intervals and let Ji, Jo

... Jm be the (unique) pairwise disjoint, non-empty, open

m
intervals so that U = U Jy.

=1
Then we put

m(©) =Y m(7)
=1

So we defined up to now the measure as a map
F = {U : U is finite union of open, bounded intervals} — [0, c0).

Before we go on to more general sets, we want to observe some easy facts:
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Proposition 2. The map m : F — [0,00) has the following properties.

a) m is monotone: If U,V € F and U C V, then m(U) < m(V).

b) m is additive on disjoint sets: If U,V € F, and UNV = () then
m(UUV)=m(U) +m(V).

¢c) If U,V e€F thenm(UUV)=m(U)+m(V)—m(UNYV).
In particular m is subadditive: m(U U V) < m(U) + m(V) for all
UvVvekF.

Proof. The first two claims, (a) and (b), are easy and are left as an exer-
cise (see below). In order to show (c) we first show the claim under the
assumption that V is an open interval. Thus let
n
V =(4,B) and U = | J(a;,b;), with ay <by <ap <by... <ap <by.
i=1
If (A, B)NU = 0 then our claim follows already from part (b). So we can
assume that (4, B) N U # 0. We define

my1 = min{i<n : (a;, b;)N(4, B)#0} and mgy = max{i<n: (a;, b;)N(A, B)#0}.

We distinguish between the following cases:
Case 1: ap, < A < B < by, and m; < mg. Then (draw a picture!)

mi1—1
m(UUV) Zb—az—l-bm2 m,y + Z b, — a;
t=ma+1
:Zbi—ai—Zbi—ai—{—me—aml
i=1 i=m1

n m2
:Zbi—ai+B—A—I—bm2—B+A—aml— Zbi—ai

=1 1=m1

= bi—ai+ B~ A+bn, — B~ (bm, — amy)

mao—1
+A—am, — (bn, — am,) — Z b; — a;
i=m1+1
n mo 1
=Y bi—a+B—A—(B—am,) — (b, —A) = > bi—a
= i=m1+1

=m{U)+m(V)—-mUnNYV)
For the last “=" note that

mo—1
UNV = (A,bm,) U(am,, B)U (] (g, by).
i=mi+1
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There are the following other 7 cases, all of which can be shown in a
similar way and are left as an exercise.

Case 2: ay,;, < A < B < by, and m; = ma.

Case 3: A < ap, < B < by, and m; < my.

Case 4: A < ap, < B < by, and m1 = mo.

Case 5: am;, < A < by, < B and m; < ma.

Case 6: apy, < A < by, < B and m; = my.

Case 7: A < am, < by, < B and m; < ma.

Case 8: A < app, < by, < B and m; = ma.

Now let V = Ui~ (ci,d;) with (¢;,d;) being pairwise disjoint for i =
1,...m.

We will show by induction for all m € N that m(UUV) = m(U)+m(V) -
m(UNV).

If m =1, thus V is an open interval, we already have shown our claim.
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Assume the claim to be true for m — 1. Then

m(UUV):m(LnJ (as, b UU ¢, d )
i=1

=m(U" U (cpm, dm))

n m—1
where we define U’ = U(ai,bi) U U (c,-,di)]
i=1 i=1
=m(U") + dm — ¢ — mU' N (¢, dm))

[ follows from case m = 1]

m—1
=m <U U U (C’Ladz)) +dm —cm — m(U n (Cm,dm))
i=1
[Note that U' N (¢, dm) = U N (cm, dm)]

=m(U)+m (O (Ciadi)) —-m <Uﬂ O (Ciadi))

+dpm — ¢ — m(U N (em,dm))

[Follows from induction hypothesis]

m—1
=m(U) +m (U (ci,dz-)) +d, —

=m(U) +m(V) - m(U V)

[Note that U N U ¢i,d;) and U N (¢, diy) are sets

=1
to which you can apply part (b)]
which finishes the proof of the induction step. O

Exercise 2. Show that F (we defined it to be the sets consisting of finite
unions of open intervals) is closed under taking finite intersections as well
as closed under taking finite unions.

Exercise 3. Prove part (a) and (b) of Proposition 2.

Exercise 4. Prove that for U € F and V = (4, B) it follows that
mUUV)=mU)+m((V)—mUnNYV),

for all the seven cases left in the proof of part (c) of Proposition 2.
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Exercise 5. Show (by induction for all n € N) that if Uy, Us,...U, are in

F, then
n n
m (U UZ-) < Zm(UZ)
i=1 i=1

In our next step we want to define the measure of arbitrary open sets.
First we will need the following theorem.

Theorem 3. For every open set U C R there is a finite or infinite sequence
(Ip) of pairwise disjoint, non-empty open intervals so that

n
U= U I; (if sequence has length n) or
=1

o
U= U I; (if sequence has infinite length).
=1

This representation is unique in the following sense:

Either U € F, then U cannot be the union of infinitely many disjoint non-
empty open intervals, and the representation as a finite union of disjoint non
empty open intervals is unique by Lemma 1.

OrU ¢ F, then U is the union of infinitely countably many disjoint non
empty open intervals, and if

U= GIZ and U = GI},
=1 =1

where (Iy) and Iy are both sequences of disjoint non empty open intervals,
then there is a bijection:

0 :N — N so that Inga(@, for £ e N.

Proof. Let U be an open set. Put D = U N Q. Since Q is countable, D is
countable and we can write it as a sequence D = {d,, : n € N}.

Consider d;. And define Z; to be the set of all open intervals I which
contain d; as an element and are subsets of U. Since U is open, Z; is not
empty. Then we define:

L=\ J{I:1en}.

First note that I; is an interval. Indeed, if £ < y are both in I, there
must be an I; € 7y and an I, € Z; so that € I; and y € I,,. Since I, and
I, have the point d; in common, it follows that I, U I, is an interval in 7;
containing z, y thus [z,y] C I, UI, C I;.

Secondly, I is the union of open intervals and must be therefore open.

Writing now I as I; = (a1,b1) we want to show that the endpoints a;
and by cannot be in U. Indeed, assume that for example a; € U. Then
for some € > 0 we have (a; — ¢,a1 + €) C U. Therefore it follows that
LU (a1 —€,a1 +¢) = (a1 —&,b1) is an open interval which contains d; and
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is contained in U. We conclude that I U (a1 —€,a1 +€) = (a1 —¢,b;1) is an
element of Z; which is a contradiction since I; was defined to be the union
of all elements of Z;.

Therefore we can write:

U =(a1,b)) U[U\ (a1,b1)] = (a1,01) U[U \ [a1,b1]] .

This means that Uy = U \ [a1,b1] is open. Either Us is empty, meaning
that U = (a1,b1), and we are finished. Or U; is not empty and since it
is open, the set Do = DN Uy = QN U, is dense in Us and we can define
ng = min{n € N:d, € Us}.

Now we repeat the procedure for d,, instead of d; and Uz instead of
U. Thus, find an open non-empty interval (az, be) so that d,, € (ag,bs) C
Uy C U so that ag,by ¢ Us. This implies that ag,bs ¢ U (otherwise we
would have, say ag € U and thus ag € (a1,b1), which would imply that
(ag, b2) N (ay,b1) # 0).

We can continue this way and find numbers 1 < ne < nz < ..., open sets
U D> U; D Us..., and open disjoint intervals (a1,b1) C U, (ag,by) C Us,
(a3, bs) C Us and positive integers n; = 1 < ny < n3 < ... so that:

(1) Either for some iy € N the set U;, is empty, then we stop the choice
of n;’s and (a, b;)’s and U;’s, otherwise put ig = oc.

(2) (ai,b;)ici, are pairwise disjoint,

( ) ai,b,- ¢ U, for ’L'.< 10,

(4) U1 =U\ [U;Zl(aj,bj)], and (a;,b;) CU; C U, for i < ig,

(5)

dm € (ai,bi), for 7 < ’io)

Either for some m € N we get that U, = () (meaning iy < 00). Then we
deduce that

U = (a1,b1) Ul
= (a1,b1) U (a2,b2) UU3

=... (al,bl) U ((1,2,[)2) .. (aml,bml).

Or the procedure continues forever (meaning ig = o) and we get an
infinite sequence (a b;);en. From the construction, it is clear that the (a;, b;)
are disjoint and that (J;2,(a;, b;) C U.

Let us prove that U C |J;2,(as,b;) and let therefore z € U. Since U is
open there is an € > 0 so that (x — e,z + ¢) C U and there must be an
n € N so that d, € (z,z + ¢). For this n there must be an i € N so that
ni—1 < n < n;. This means that d, must be in some interval (ag,by) with
£ <14 —1. Now since ag,by ¢ U , but [z,d,] C U, as well as (ay,d,] C U,
and [dy,bg) C U, ay and by cannot lie between = and dy which implies that
z € [z,dy] C (ag,by) (draw a picture).
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Now we show that the representation of U as countable union of pairwise
disjoint open and non-empty intervals is unique .

Assume
U(a’ia bz) = U (Cj’ d])7
il jeJ
where ((a;,b;))icr and ((cj,d;))jes are both countable (finite or infinite)
families of pairwise disjoint open intervals.

We have to find a bijection o : I — J so that (a;, b;) = (cs(i), ds(i))-

So let i € I, pick an arbitrary element = € (a;,b;), say the midpoint of
the interval. Since z € (J;¢;(c),d;) there must be a (unique) j € J so that
z € (¢j,dj). Define o(i) = j.

First we claim that a; = ¢,(;) and b; = dy;)-

Assume for example that a; < c,(;). Since € (c,(;), dy(;)) it follows that
a; < ¢y() < T < by, therefore c,(;) € (@i, b;), which means that

Co(i) € U(ag,bg) = U (Cm,dm).
el meJ

This means that there must be an m € J so that c,(;) € (c¢m,dm). Of course
m # o(i), and, thus there must be an & > 0 so that (co;) — €,¢5() +€) C
(¢m, d)- But this implies that ¢, ;) +€/2 € (¢m, dm) N (¢o(i), dy(i)), Which is
a contradiction since (¢m,dm) and (c,(;), dy(s)) were assumed to be disjoint.

With the same arguments we conclude that a; > ¢,(;) is impossible. Thus
we have shown that a; = c,(;)-

The proof that b; = d,(;) follows the same lines. It is left to show that
o : I — J is a bijection.

If o(i) = o(i') then it follows from what we just proved, that

(ais bi) = (Coi), do(i)) = (Co(irys do(iry) = (air, bir),

which implies that i = i’, and, thus, that o(-) is injective.
In order to show that o(-) is surjective let jo € J. Assume there is no
i € I so that jo = o(7). But then we would have that

(@i ) = (o), doti)) (i dio) U (ot dogiy) € | (e ),
icl icl icl jeJ
which is a contradiction to our assumption and finishes the proof. O

Exercise 6. (filling the gaps of proof of Theorem 3).

Assume
U(a'iv bz) = U (cj7 dj)a
i€l =
where ((ai, b;))icr and ((cj,d;)) e are both countable (finite or infinite) fam-
ilies of pairwise disjoint open intervals.
Define o : I — J as defined in the proof of Theorem 8. Show that b; =

doiy-
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With the help of Theorem 3 we are in the position to define what we
mean by the measure of open sets.

Let U be open and {Jp: £=1,2...n} or {Jy: £ € N}
the (unique) finite or infinite set of pairwise disjoint, non-empty, open
intervals whose union is U.

Then we put
N

n o0
m(U) = Z m(Jg) or m(U) = Zm(Jg) = I&gnooZm(Jg), respectively.
=1 =1 (=1
Remark. Note that we could have m(U) = oo.
The facts observed in Proposition 2 still hold true.

Proposition 4. The map
m:{U CR:U open} — [0, ]

has the following properties.

a) m is monotone: If U,V C R open and U CV then, m(U) < m(V).
b) m is additive on disjoint sets: If U,V C R open and UNV = 0 then
m(UUV)=m(U) +m(V).
More generally, if Uy,Us,...U, are pairwise disjoint and open then

n n
m (U Ug) = Zm(Ug).
=1 =1
c) If U,V C R open and m(UNV) < oo (otherwise equation below not

welldefined)
mUUV)=m{U)+m(V)-mUNV)

In particular m is subadditive: m(U U V) < m(U) +m(V).
More generally, if Uy, Us,... U, are open then

n n
m (LJ U}) f;j{:Tn(LQ)
=1 =1
d) Assume that (U,) is a sequence of open sets with Uy C Uy C Us...
and let U = ;2 Up then
m(U) = lim m(Uy,).

n—0o0

Proof. We may assume that U and V are the countable infinite union of
open disjoint intervals (I;) and (J;) respectively,

U= GIg and V = GJg.
=1 =1



THE LEBESGUE MEASURE AND THE LEBESGUE INTEGRAL 11

Note that the finite case is included if we allow the I,’s and J;’s to be
empty.

For £ € N, let ay < by and ¢; < dg be such that I = (ag,b¢) and J;, =
(ce, dy).

In order to show (a), assume that U C V. Since m(U) = limy_, 0 211521 m(1y)
we have to show for an arbitrary N that m(UéV:1 I)) <m(V). We will use
a compactness trick to achieve that. R

Let € > 0 arbitrary. Then we can choose for £ < N two numbers ay, by in
(ag, bg) so that

ay —ap < £/2N and b, — by < €/2N.

Note that it follows that

N N N
U a’éabe U (],g,bg] C U aeabe)a
=1 (=1 (=1

and, thus,
N ) N
m (U(ae,be)) <m (U(ae,be))
=1 /=1
N
~Sh-a
=1
N N )
< €+Zbg—de =ec+m (U(&[,b@)) .
=1 /=1
Now we let K = Uévzl[&g, i)@], which is a compact set, and observe that
N [e's)
K c|Jlanb) cUcV =]
=1 =1

Since every open covering of a compact set has a finite subcover we can find

an M € N so that
N

M
U(&g,i)@) CKC U Jy.

(=1 =1
This implies by Proposition 2

N N
(V) >m (U Jg) >m (U a,g,bg > >m (U(ae,be)> — €.
=1

=1

Since € > 0 is arbitrary this implies that

N
m(V) > m (U(ae,be)) ,

=1
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since N € N is arbitrary,

N
m(V) 2 lim m (H(wﬁz)) =m(U).

In order to show (b), we assume that U and V are disjoint, then U U
V =UgZ LrUUp, Je. Since Iy N Jp, = 0 for all £,m € N and since the
representation of U U V as a union of a countable set of disjoint open, and
non-empty intervals is unique, we conclude that, the non-empty elements
of {I; : £ € N} U{Jy : £ € N} must be the unique set of pairwise disjoint,
open and non-empty intervals, whose union is U U V. Thus, by definition of
m(U UV),

mUUV) =Y mI)+ Y m(Je) =m() +m(V).
2EN £EN
It follows now easily by induction for all n € N that Uy, Us,...U, are
pairwise disjoint open sets it follows that

m (U Ug) = Zm(Ug).
=1 =1

We will show (d) now, which will follow from a similar compactness ar-
gument we used for (a). Let U = |J U, where U, is an increasing sequence
of open sets. Since U is also open we can write it as a countable union
U = |J I, where the I,’s are pairwise disjoint and open.

First, since U,, C U it follows from part (a) that m(U,) < m(U) for all
n € N and thus

lim m(U,) < m(U).

n—oo
To show the reversed inequality we have to distinguish between two cases.
Case 1: m(U) < oo. Let € > 0 arbitrary then there is an N € N so that

N
m (U Ig) >m(U) —¢/2.

£=1
As in above compactness argument we make the intervals I, a little bit
smaller, i.e. we choose open intervals I, C Iy so that

I, c I, ¢ I, and m(I,) > m(I,) — e/4N.

(ITg denotes the closure of Iy, i.e. the interval which includes the endpoints.)

Since
N o0
ULcvu=]Un
=1 =1

it follows from the compactness of the set

N J—
K:UL
=1
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that there is an M € N so that

N
UI@ C K CUypy.
=1

Thus, we have the following chain of inequalities:

Since € > 0 was arbitrary we deduce that lim,_,o m(U,) > m(U).
Case 2: m(U) = oo. In this case we need to show that lim,_, . m(U,) = oc.
Thus, given a number C > 0, we need to show that there is an N so that
m(Uyn) > C.
Since
M

M
0o =m(U) = lim 2 m(lg) = lim m (e—U1 Ie) ;

we can find an M € N so that
M
m(Uh>Z2G
=1

Again, we make the intervals Iy, £ < M a little bit smaller, i.e. we choose
open intervals Iy C I so that

I, c I, c I, and m(I,) > m(I,) — C/M.

It follows again from the compactness of the set
M J—
K=JIL
=1
that there is an N € N so that

M ~
UI@ C K CUy.
(=1

Now it follows that

m(Uy) > m (U je) = "m(ly) > —C+Y_m(I) = -C+m (U Ie) > C,
=1

=1 {=1 =1

which implies that lim,,_, ., m(U,) = oo, since C' > 0 was arbitrary.
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Finally we want to show (c). Let U and V' be the countable infinite union
of open disjoint intervals (I;) and (Jy) respectively. Applying part (d) (which
we have already shown) to W,, = |J;_; Ip U Jp we deduce that

mU UV) =m(JW,) = im m(W,).
n

Secondly we can apply Proposition 2 part (c), to U, = Uy, Ir and V;, =
U7, Jr and taking a limit we obtain

m(UUV) = lim m(W,)

n—oo

= nli)ngo m(Uy) + m(Vy,) — m(U, N'V,)
=m(U) +m(V) —mUnNV).

For the last “=" note that U, increases to U, V,, increases to V, and U, NV,
increases to U NV.
The part of (c) which starts by “more generally” is left as an exercise. [

Exercise 7. Prove the part which starts by “more generally” in Proposition
4 part (c).

In the next step we want to define the measure of compact sets. We will
now consider a bounded interval of the form [-N,N], N > 0, and only
consider subsets of [-N, N].

Recall that a set V' C [-N, N] is open in [—N, N] if there is an open set
VCRsothat V=Vn [-N,N]. For example, the set [-N, N/2) is open
in [~ N, N]. By Theorem 3 we can write V as a (finite or infinite) countable
union of open intervals, say V = UfJ Letting now I; = fj N[—N,NJ, it
follows that I; is either of the form (aj, b;), of the form [—N, b;), of the form
(aj, N] or [-N,N]. It follows that V = (JI;, and that (I;) is an (infinite
or finite) sequence of disjoint open intervals in [N, N]. Therefore we can
define

oo

(3) m(V) = Zm(Ig) or m(V) = Zm([g), respectively.
=1 =1

Exercise 8. Prove that all the claims of Proposition 4 hold if one replaces
“open” by “open in [—N,N|” and show that for all sets U which are open
in [—=N, N] it follows that m(U) < 2N.

Hint: First observe that if U is open in [—N, N|, then you can make out of
U a set which is open in R by taking at most two points away.

If K C [-N, N] is closed, and therefore V = [-N, N]\ K is open in [N, N],
we define

(4) m(K) = 2N —m([-N, N]\ K)
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Exercise 9. We want to show that the definition of m(K) for K does not
depend on N.

Assume that N' > N and that K C [N, N] is compact. Then it follows
that

2N —m([-N,N]\ K) = 2N’ —m([-N',N']\ K).
Proposition 5.

a) If K = UL laibi], with —N < a; < by < ap < ...ay < by < N,
then
V4

m(K) = Zbi - a;.

b) m is monotone on the set of all compact subsets of [~N,N]: If
K C K C [-N, N] are compact, then m(K) < m(K).
c) If (K,) is a decreasing sequence of compact subsets then

m (ﬂ Kn) = lim m(Kp).
neN
d) If K C [N, N] is compact and U is open in [-N,N], and K C U
then m(K) < m(U).
Proof. (a),(b) and (c) are easy and left as an exercise. To proof (d) assume
that K C [-N, N] is compact, U C [-N, N]is open in [-N,N] and K C U.
by Theorem 3 we can write U as

U = | (ar be),
LeN
where the (ag,by)’s are disjoint (in case that ay = —N the interval (ay, by)

could be replaced by [ag, by) and in case that by = N (ay, bg) could be replaced
by (ag, N], but disregard this possibilities, noting that the arguments would
not change). By compactness of K we find an £ € N so that

l
K C U(ai, bz)
=1

This means that

[-N,N]\ K D [—-N,a1]U[bi,a2] U[bs,a3] U...U [bg, N],
and since [-N, N] \ K is open in [N, N] it follows that

[-N,N]\ K D [—N,a1) U (b1,a2) U (be,a3) U...U (bg, N],

Now we can use the monotonicity of m for open sets (by Proposition 4
and Exercises 7) and obtain that

m([—=N, N\K) > (a1—(—N))+(az—b1)+(ag—b2)+.. .4+ (ar—be—1)+(N—be).
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Therefore
m(K) =2N —m([-N,N]\ K)
< 2N —[(a1 — (=N)) + (az — by) + (a3 — bg)+
coot (ag — bp—1) + (N — by)]
=bi—ar+by—as+...+by—ay

l
=m (U(az,bz)> S m(U),

i=1
which finishes the proof (d).

Exercise 10. Prove part (a),(b) and (c) of Proposition 5

‘We are now coming to the crucial Definition.

Definition 6. We call a subset A C [N, N| measurable in [-N, N] if the
following holds:

(*)  Ve>03K C A, Kcompact AU D A,U open in [-N, N] so that:
m(U) —m(K) <e
If A is measurable in [—N, N| we define:

(5) m(A) = inf{m(U) : U open in [-N,N] and A C U}.

Before we can go, on we have to observe that we did not redefine the
measure of sets, we have already defined before, to be something different.
More precisely we need to show that for open or compact A 5 coincides with
the previous defintion of m(A)

Let us for the moment define

m(A) = inf{m(U) : U open in [-N, N] and A C U}.

We will have to show that open and compact sets in [— N, N] are measurable
and that for open sets U and compact sets K we have m(K) = m(K),
m(U) = m(U). Then we do not need the “~” anymore.

Proposition 7. Open sets and compact sets in [—N, N| are measurable and
if U is open and K is compact in [—N, N| then

m(K)=m(K) and m(U)=m(U).

Proof. We first need to show that open sets in [—N, N| are measurable.
Assume U is open. Then, by Theorem 3, we can write

U= U(aiabi) U [_Naa) U (ba N],



THE LEBESGUE MEASURE AND THE LEBESGUE INTEGRAL 17

Where either I =N or I = {1,2,...n} for some n € N, and where a = —N
if —-N ¢U,and b= N if N ¢ U and where the (a;, b;)’s are pairwise disjoint
subsets of (a,b). If I ={1,2,...n} is finite choose ny = n, otherwise choose
ng large enough so that (recall that m(U) is finite)

m no
m(U):n}i—ﬁnoo bi—ai<sz~—ai+e/2.

Then we choose for £ < ng numbers a; and 5@ so that ay < @y < Bg < by and

so that by — by < €/4ny and ay — ay < €/4ny. We define the compact set

K = U2, [ae, be] which, by Proposition 5 part (a), we have

no no
m(K) =Y by —de<e/2+» by —ar<e+m(U),
=1 =1
thus for the compact set K it follows that U lies between K and itself and
m(U) —m(K) < e.
Secondly, from the monotonicity of m(-) on open sets, it follows that,

m(U) = inf{m(V) : V open in [-N,N], U C V} = m(U).

Now let K be compact, and let ¢ > 0. Then [N, N]\ K is open in [-N, N]
and we just proved that this implies that [—-N, N]\ K is measurable. We
therefore find a compact set C C [-N, N]\ K so that m([-N,N]\ K) —
m(C) < e.

Therefore it follows that K C [-N, N]\C, [-N, N]\C is open in [-N, N]
and

m([-N,N]\ C) —m(K) =2N —m(C) — m(K)
[by definition of m(C), for C compact]
=2N —m(C) — (2N —m([-N,N]\ K)
[again, by definition of m(K), for K compact]
= m([=N,N]\ K) - m(C) <¢,

which implies that K is measurable in [N, N, since we ¢ > 0 is arbitrary.
From Proposition 5 it follows that

m(K) = inf{m(V) : V open in [-N, N] and K C V} > m(K).

On the other hand we found, for any € > 0, a set V', namely above defined
set V = [-N,N]\ C, which contains K, is open in [-N, N] with m(V) <
m(K) + e. Thus m(K) < m(K), which finishes our proof.

|

Secondly we want to show that the definition in 5 does not depend on the
choice of N. This means the following: Assume that A C [-N, N] and let
N' > N. The t follows of course that A is also subset of [-N, N]
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Proposition 8. Then A is measurable as subset of [N, N] if and only if
it is measurable as subset of [—-N', N'].
And in this case

m(A) = inf{m(U) : U open in [—N, N|} = inf{m(U’) : U’ open in [-N', N']}.
Exercise 11. Prove Proposition 8. First assume that A is open in [-N, N].

Exercise 12. Show that the following sets are measurable in [—N, N| and
compute their measure:

a) 0

b) {0}

c) F C[-N,N], F finite.

d) (a,b] and [a,b) with —N <a <b< N.

e) [-N,N]NQ.
Hint for (e): For a given € > 0 you want to find an open set U in [—N, N]
which contains all rational numbers of [N, N] and has measure smaller
than € (sounds like being wrong, doesn’t it?).
Exercise 13. Prove for a set A C [-N, N]

a) A is measurable <= [—N,N]\ A is measurable
and in that case m([—N,N]\ A) = 2N — m(A).
b) If A is measurable then

m(A) = sup{m(K) : K is compact and K C A}.
For the next Theorem we put
Li_nn={A C[-N,N]: A is measurable }.
Theorem 9. The set L[y n) has the following properties:

a) @ S E[—N,N]
b) L n,n) s closed under taking complements:

Ac€ ‘C[—N,N] = [—N,N] \A € ‘C[—N,N]'
¢) Li_n,n) is closed under taking countable union: If U, € Li_y nj, for
n €N, then U,enUn € Li—n,n]-
Before we start with the proof of Theorem 9 we need two lemmas.

Lemma 10. For two compact and disjoint sets K1, Ko it follows that
m(K; UKs) = m(K1) + m(Ka).
Proof. Let K1 and K be disjoint compact subsets of [—-N, N] we first claim

that there are two disjoint open sets, V; and V, in [-N, N], with K; C V}
and Ko C V5. Indeed, for each x € K, there is an ¢; > 0 so that

[N, N|N(z—€z,x+€5) C [—N, N\ K> ([-N, N]\K> is open in[—N, N])
and for each z €€ Ky there is an £, > 0 so that
[N, N]N(z—¢,, z+¢€,) C [-N,N]\K1 ([-N,N]\K; is open in[—N, N])
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Choose now “one third the radius”, i.e.

Vi=[-N,NIn | (z —€s/3,2 +€4/3) and
reKq

Va=[-N,NIn | (z—e./3,2+¢./3).
2€EK»

We claim that V1 N V5 = (. Assume that some y € V; NV5. Then there is an
z€Kiandaze Kysothat y € (x —e,/3,z+¢,/3) N (2 —¢€,/3,2+¢,/3).
This implies that |z — 2| < |z —y| + |y — 2| < &,/3 + €,/3. Let €, be the
smaller of both number, ¢, and ¢, (otherwise argument will be similar).
This implies |z — z| < 2¢,/3 which means that (z — e;,2 + £;) cannot be
disjoint of K5, which is a contradiction.

Because of Proposition 7 the value m(K), with K C [-N, N] compact,
can be written as

m(K) = inf{m(U) : U C [-N, N]open, and K C U}.

For a given € > 0 we therefore can choose open sets Vi, Vs, V3 in [N, N]|
so that K1 C Vi, Ky C V,, and K7 U Ko C V3 UV, and so that m(K;) >
m(V1) —€/3, m(Ks3) > m(V2) — /3, and m(K; U K2) > m(V3) —¢/3.

By making V7 and V5 smaller if necessary, we just have proven, we can
assume that V7 and V5 are disjoint.

Now we deduce from Proposition 4 that

m(K1) + m(K2) <m(ViNnVs) +m(VanVs)
[since K1 C V1 NV3 and K2 C V2N V3 and Proposition 5(d)]
=m(VinVs) U (VanVa))
[By Proposition 4 (b)]
< m(V5)
[By Proposition 4 (a)]
<e/3+m(KiUKy)
[By Proposition 5 (d)]
<e/3+m(ViUVs)
=¢/3+m(V1) +m(Vs) < e+ m(K1) +m(K>)
Since € > 0 is arbitrary it follows that m(K;) + m(Ksy) = m(K; U Ky). O

From Lemma 10 we can easily deduce the following Corollary which is
left as an exercise.

Corollary 11. If U is open in [-N,N] and K is a compact subset of U
then it follows that m(U \ K) = m(U) — m(K).

Exercise 14. Prove Corollary 11.
Hint: Compute the measure of [-N,N]\ [U \ K] in two ways.
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Proof of Theorem 9. The claim (a) follows from the fact that @ is open,
and open sets are measurable by Proposition 7. The claim (b) was shown in
Exercise 13 (a). We are left to show part (c). Therefore let A4,, be measurable
in [-N,N] for all n € N,

We define A = J,,cy An, and let € > 0. We need to find a compact set K
and open set U so that K C A C U and so that m(U) — m(K) < e.

Using the definition of measurability for each set A,, with ¢-27"~!
of € we can find compact sets K, C A, and open sets U, with

instead

m(U, \ Kp) =m(Up) —m(K,) <e- 9—n—1

(m(U, \ Kp) = m(Uy) — m(K,,) follows from Corollary 11).

We put U = |J;°; Uy, which is open and contains A. Since U is measur-
able there must be a compact set K C U so that m(U)—m(K) = m(U\K) <
e/2.

Now K c U = Unen Un, therefore, using compactness, we find an ng € N
so that K C (J'%, U,.

Finally put K = |J°, K,, (the K, were chosen above). The K is a
compact set which is contained in A. We observe that

U\NK C[U\ |JUJUIl Un\ K]

=[U\ UUn]U[U Un \ UKn] C[U\K]U U(Un\Kn)

Since m is subadditive on open sets (Proposition 4 part (c)) we deduce that

m(U) —m(K) <m(U \ K) + im(Un \ K,) <e/2+ io: 27"l <g,
=1 i=1

which finishes the proof of part (c) of Theorem 9. O
Theorem 12. The map m : Li_n n] — [0,00), defined in Equation (5) in
has the following properties:

a) m is non-negative,

b) m(0) =0,

c) m is o-additive, this means that: If A, € Li_y N, for n €N, and if
the A, ’s are pairwise disjoint then

m (U An> = _m(4n).

neN neN

Proof. (a) and (b) are clearly satisfied. In order to show (c) let A, € Li_n n7,
n € N, be pairwise disjoint. Let A = |J .y An- By (c) of Theorem 9 we
already now that A is measurable.

neN
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For an arbitrary € > 0 we need to find a compact set K C Aanda U D A
which is open in [—N N] so that

—e+2m ) and m( )§e+Zm(An)
neN neN
the first inequality then shows (¢ > arbitrary) that
m(A) = sup{m(K) : K C A compact} > Em(An)
neN neN
while the second proves that
A) = inf{mT):U > A < Ap).
m(A) lerelN{m(U) U D Aopen } < %m( n)

We use the definition of measurability for each A4,, and find compact sets
K, C A, and in [- N, N] open sets U,, D A,, so that

m(Un \ Kp) = m(Uy,) — m(K,) <e-27""1.
By definition of m(A4,,), m(K,) < m(A,) < m(U,), and therefore
m(Ap) —m(K,) < e-27""" and m(Uy,) — m(A,) <e-27""L,

Since the K,,’s must be pairwise disjoint we can use Lemma 10 to observe
that

n n
> m(K;) = nli_g)loZm(Ki) = lim m (U KZ-> < 2N.
€N i=1 i=1

Thus, we can choose an ny € N so that

> m(K) > —e/2+ > m(K;)
i=1

1EN
—5/2+Z )—e-277 ) = 5—1—2
€N €N

Therefore K = [J;°; K; is a compact set contained in A with the wanted
properties.

Secondly, choose U = |J,,cy Un- By Proposition 4 (note that V,, = i, U;
increases to U)

m(0) = g, m (U U) = Jiz, > m(U)

=1 =1

1—3
<
<nlggo§ [m(A4;) +e2 '] <e+ Elm
2

which proves that U is an open set containing A with the wanted properties.
O

We are now arriving at our last extension of our measure.
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Definition 13. A set A C R is called measurable if for all N € N the set
AN[=N,N] is measurable in [—N, N].

We denote the set of all measurable subsets of R by L, they are also called
Lebesgue sets.

The Lebesgue measure is now defined

(6) m: L — [0, 00, m(A) = A}i_l)noom(Aﬂ [-N,N)).

Note that for N < N' it follows that m(AN[—-N,N]) < m(AN[-N',N'])
(since AN[—N', N'] is the disjoint union of AN[—N, N] and AN([-N',—N)U
(N,N'). Therefore above limit ezists in [0,00] and the value oo could be
achieved.

Theorem 14. The set L of subsets of R has the following properties:
a) el
b) L is closed under taking complements:

Ae L= A€c L.

c) L is closed under taking countable union: If A, € L, forn € N, then
Unen 4n € L.
The map m : L — [0,00), defined in (6) has the following properties:
a) m is non-negative,
b) m(0) =0,
c) m is o-additive, this means that: If A, € L, for n € N, and if the
A, ’s are pairwise disjoint then

m (U An> =) m(4p).
neN neN

The proof follows easily from the corresponding properties of £y nj and
the properties of m defined on L[_y nJ-

Exercise 15. Prove Theorem 14.

Exercise 16. Show that the following sets are measurable and compute their
measure.

Q
R\ Q,
U2 i [n,n+27"]

Zozl[na” + %]

Definition 15. A subset A C R is called null set if there is a set B € L, so
that A C B and m(B) = 0.

Exercise 17. Show that every nullset is measurable (i.e. element of L).

Exercise 18. (m is translation invariant).
Letz € R and A€ L.
Then z+ A={z+a:a€ A} is also in L and m(z + A) = m(A).
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3. GENERAL MEASURES ON 0-ALGEBRAS

The following definition generalizes measurable sets on the real line and
the Lebesgue measure defined for them.

Definition 16. Let X be a non-empty set.
A set of subsets M of X, i.e.

MCPX)={A:ACX},
is called a o-algebra on X if the following three conditions are satisfied:
a) P e M,
b)) Ae M= A=X\AeM,
c) If Ap € M for alln € N = |J, oy An € M.
In the case that M is a o-algebra on X we call (X, M) a measur-
able space.
For ezample (R, L) is a measurable space.

If M is a o-algebra we call a map
p: M —[0,00] (the value oo is allowed)

a measure if

a) p(0) =0,
b) If A, € M for all n € N and if the A, ’s are pairwise disjoint, then

7 (U An> =) u(An).

neN neN
Exercise 19. Let M be a o-algebra on a set X. Show that

a) X € M.
b) M is closed under taking countable intersections.
c) ABeM = A\BeM.
d) A BeM = AAB=(A\B)U(B\A) e M.
( AAB is called symmetric difference).

Lemma 17. (Continuity from below). For any measure v on (X, M) and
an increasing sequence of sets (A,)5, it follows that

o0
nli)r{)lo v(4,) = Z/(U Ap).
n=1
Proof. Write By = Ay, and for n > 2 define B, = A, \ A,_1. Then (By)
is a pairwise disjoint sequence of measurable sets, and it follows that A, =
Ui, B; and U2, An = U,2 | Bn. Therefore:
N

n(U 4n) = u(U Bn) =D u(Bn) = lim > pu(Ba) = lim p(Ay).
n=1 n=1 n=1 n=1

O
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Exercise 20. Let M be a o-algebra on a set X and let p: M — [0, 00] be
a measure.

a) For A,B € M we have u(AU B) = u(A) + u(B) — p(AN B).
b) (Continuity from above) If A, is sequence in M which decreases to
0, and u(A,) < oo, for n € N | then

nlg{)lo u(Ayn) = 0.

Exercise 21. We want to show that in (c¢) of Ezxercise 20 the assumption

114

u(A,) < oo, for n € N” is necessary.
Show that there is a sequence (Ay) of Lebesgue measurable subsets of R,
with m(Ay) = oo for all n € N, so that A, is decreasing to (.

Exercise 22. (The counting measure) Let X be a set and let M = P(X),
the set of all subsets (note, without writing down the proof, P(X) is a o-
algebra).
For A C X define
(4) = number of elements of A if A finite
a | if A infinite
Show that p is a measure.

Exercise 23. (The restriction of a measure) Assume (X, M) is a measur-
able space and u is a measure on M. Fix A € M. Define

pla: M —[0,0], B pu(ANB).

Show that also u|a is measure on M.

4. MEASURABLE FUNCTIONS

Definition 18. Let (X, M) be a measurable space and let f : X — [—o00, 0]
be a function (we allow the values —oco and o).
We say that f is M-measurable if

Va,b € R,a <b, f7'((a,b)) € M.
In the case X = R and M = L we mean by f : R — R is measurable
that f is L-measurable.
Proposition 19. Let (X, M) be a measurable space and let f : X — R be
a function. The following are equivalent.

a) f is M-measurable,

)
c¢) VF CR closed f1(F) € M.
d) Va<binR, f~(a,b]) € M.
e) Va € R f1((a,00)) € M.

f) VbeR f1((—o0,b)) € M.
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Proof. We will show that (a) <= (b)) <= (e) and leave the other
equivalences to the reader. (a) = (b) Let U C R be open. By Theorem 3
we can write U as a countable union of disjoint intervals, U = U2, (a;, b;)
(actually here we only need the represenattion of U as a countable union of
open intervals, but not of disjoint ones). By assumpiton f~!(a;,b;) € M
and thus

o

FHO) = F Yaibi) eM

i=1
(b) = (e) clear since (a, o0) open.
(e) = (a) Assume a < b. then

(a,b) = (—00,b) \ (—00,a] = (—00,b)\ [ (—00,9),
9€Q,q>a
and thus

f_l(aa b) = f_l(_ooa b) \ n f_l(_ooaQ) € M.

7€Q,¢>a

Exercise 24. Prove the other equivalences.
Proposition 20. If f : R — R is continuous then f is measurable.

Exercise 25. Show that every piecewise continuous function f : R — R is
measurable.

Proposition 21. Let (X, M) is a measurable space. For A C X, define

1 ifzeA,

0 ifz¢gA.

Then 14 is M-measurable if and only if A € M.

Proof. =: If 14 is M-measurable then in particular 1;'(1/2,3/2) € M.
But 1;'(1/2,3/2) = A.

< Assume A € M, and let a < b, then

0 if0,1¢ (a,b)

A if0<a<l<d

A¢ ifa<0<b<1

X ifa<0<1<b

Since §, X = ()¢, A and A€ are in M it follows that 14 is M-measurable. [

Proposition 22. Let (X, M) be a measurable space the set of all M-
measurable maps on X, we denote it by,

Lo(X,M) ={f: X = R: fis M-measurable },

18 a vector space.
Moreover, if f and g are measurable maps on X, then

14: X - R .’EI—){

121(0’3 b) =
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a) f-g is measurable,
b) max(f,g), and min(f,g) are measurable.

Proof. Let f and g be M-measurable functions on X to show that f + g is
M-measurable. Let a € R. By Proposition 19 we need to show that

(f +9) L(a,00) = {z € X : f(z) + g(z) > a} € M.
(f +9) ' (a,00) = {z € X : f(z) +g(z) >a} €M

:U{xEX:f(m)>qandg(m)>a—q}
qeQ

D: if for some ¢ € Q: f(z) > g and g(z) >a —q

then f(z) + g(z) > a

C: assume f(z)+g(z) > a
then 3e >0 f(z)+g(z) >a+¢e > a.
Pick g € Q so that f(z) >q¢> f(z) —¢
then g(z) >a+¢ec— f(z) >a+e—(g+¢) >a—q.

=J{zex:f@>gn{reX gx)>a—q}
qeQ

Now {z € X : f(z) > q} and {z € X : g(z) > a — ¢} are elements of M,
therefore {z € X : f(z) > q}N{z € X : g(x) > a—q} € M for each ¢ (since
o-algebras are closed under countable intersections). Since Q) is countable,
and, since o-algebras are closed under countable unions it follows that

U{wEX:f(x) >qgtnN{z e X :g(x) >a—q} e M.
qeQ
Secondly, we need to show that if f is a M-measurable function on X and if
¢ € R, then cf is measurable. We can assume that ¢ # 0 (the null-function
is measurable).
For a € R note that

[ef]7!(a,00) = {{w €X:f(®)>afc} ifc>0

{reX: f(z)<alc} ifc<O,

which implies that in both cases [cf](a, ) is in M, and thus cf is mea-
surable.

The fact, that f - g is measurable whenever f and g are M-measurable
maps on X, is left as an exercise. O

Exercise 26. Show that that f-g, min(f, g) and max(f, g) are M-measurable
whenever f and g are M-measurable maps on X.

Proposition 23. Let (f,) be a sequence of M-measurable maps on X.
Define for x € X

g(x) = hnn_l)logffn(x) and h(z) = limsup fy,(z).

n—oo
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(note that liminf,, _, fn(z) and limsup,_, . fn(z) always ezists if we allow
the values —oo and o).
Then g and h are measurable.

Proof. . We will prove the measurability of g and leave the measurability of
h as an exercise.
Let a € R, for z € X it follows:

z € g (a,00) <= liminf f,(z) > a
n—oo

inf >
i i) >

dneN liI>lf fe(z) > a
dneNVE>n  fi(z) >a

z € U ﬂ £ Ha, 00),

neENk>n

r1ret

which means that the set g~!(a, 00) is a countable union of countable inter-
sections of elements of M, and, thus, in M. The second part of the claim
is proven in a similar way and is left as an exercise. O

Exercise 27. Let (fy,) be a sequence of M-measurable maps on X. Prove
that h = limsup,,_,, fn s measurable.

5. INTEGRAL OF MEASURABLE FUNCTION WITH RESPECT TO A MEASURE

Assume that (X, M) is a measurable space and y is a measure on M.
For a M-measurable map f : X — [—00, 0] we want to define (if possible)
the integral of f with respect to p and denote it by

[ t@)duto).

In the case that M is the o-algebra of Lebesgue measurable subsets of R,
p is the measure M, and f : [a,b] — R is Riemann integrable, we will show
that the trivial extension

v ) fle) ifz€la,b]
f(@) = {o if ¢ [a,b].

is measurable and | f(z)dm(z) coincides with the Riemann integral fab f(x)dz.

Definition 24. A function f : X — R is called simple function if it is of
the form

n
fl@) =" aila(z),
=1
where A1, Ag, ... A, are elements of M and ay,a9,...a, € R.

Proposition 25. A function f : X — [—o00,00] is simple if and only if
(1) f is M-measurable,
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(2) the range of f has only finitely many values.

Let z1,20,...2, be the values of f. For i = 1,2...n we define A; =
f7Y({z}). Note that the A;’s are pairwise disjoint, that |JI_; A; = X, and
that we can write f as

n
f= Z zila,.
=1

We call this the standard representation of f.

It is easy now to define the integral of a non-negative simple function with
respect to the measure p:

Assume that f: X — [0,00] is simple and that 21, z2,... 2, € [0,00] are
the possible values of f.

We let A; = f~1({#}) for i = 1,2...,n. By the proof of Proposition 25
we can write f as

n
f = Z Z’i]-Aia
=1

where (A;)!"_; is a partition of X into measurable sets.
And we define the integral of f with respect to p the (possible infinite
value)

(7) / F@)du(e) = Y zp(As),
=1

with the convention that we put z;u(A;) =0 if z; = 0 and u(A4;) = co.

Example 26. Let X = R, and M be the o-algebra of Lebesgue sets and let
uw=m. If

n
f=Yailg,
i=1

where the 1;’s are disjoint intervals, then

/ f(z)dm(z) = a;m(I;) = Riemann — / f(z)dz.

Proposition 27. Let f and g be simple non-negative functions on X.

a) If ¢ 2 0, [cf(z)dp(z) = c [ f(z)du(z).

b) [ f(@) + g(z)dp(z) = [ f(z)du(z) + [ g(x)du(z).
0) T f < g then [ f(x)dji(x) < [ o()dju(z)

d) The map

M = [0, 0], A—>/1Af(ac)du(:z),

1S a measure.
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Proof. Let
m n
f: E ailAi andg: E biqu;,
i=1 i=1

be the standard representation of f and g.
(a) For ¢ > 0 we note that

m
Cf = E CailAi,
i=1

is the standard representation of c¢f, and therefore

[ et@uta) = 3 com(d) =Y anld) = ¢ [ £(o)dntz)
=1 =1

(b) Since the A;’s as well as the B;’s are partitions of X we deduce that

||
s

A; (AinBj) fori=1,...m and

<.
Il
—

Cs

BJ: (Bjn4;)forj=1,...n

~.
Il
—

Therefore we deduce from the additivity of measures that:

/f(:v)du + /g(w)du = ain(A) + Y bju(B))
i=1 j=1
= Z Zaiu(Ai NB;)+ > Y bju(AiNBy)

_ZZ a; + bj)u(A; N B))
- / £ (@) + g()dp(z)

(for the last equality, first cancel all A; N B;’s which are empty and note
that for the other choices of 7 and j the value a; 4 b; is in the range of f +g,
then combine all A; N B;’s for which the values a; + b; are the same, note
that you arrived to the standard representation of f + g).

(c) We write again f and g using the sets A; N B; :

f= ZazlA —ZzazlA nB; and

11]1

n
9= ijlBj = ZzblemBj = ZzbleiﬂBj'
7j=1

j=1i=1 i=1 j=1
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If we assume that f(z) < g(z) for all x € R and note that the family
(4; N By)™Y j—1 is a partition of X we deduce that for all choices of i €
{1,...m} and all j € {1,...n} for which B; N A; is not empty it follows that
a; < bj. Therefore

/f Ydp(z ZZGZ,U, A; N B <ZZb]u A; N Bj) /g(a:)d,u(a:).
i=1 j=1 1=1 j=1
(d) First fix an element A € M and consider the map:
pla: M 3B u(BnA).

It is easy to note that u|4 is also a measure on M: Indeed u|a(0) = (0N
B) =0, and if (B,,) is a pairwise disjoint sequence in M. Then also (B, NA)
is a pairwise disjoint sequence, and we deduce that

M|A(U B;) = M(U ANB;) = ZM(AﬂBi) = ZMA(BZ

Secondly we note that if f =" a;14, and B € M, then

/1Af ZGMA

Therefore our claim follows from the fact that positive linear combinations
of measures are still measures. O

Now we are ready to define the integral for any non-negative measurable
function on X:

Definition 28. Let f : X — [0,00] be non-negative and measurable. We
put

(8) /f(:v)du(w) = sup{/qﬁd,u : ¢ is simple and 0 < ¢ < f}

Theorem 29. (The Monotone Convergence Theorem for non negative func-
tions) If (fn) is an increasing sequence of non-negative measurable functions

on X (i.e. fn(z) < foy1(z) for all z € X and all n € N), and we let
f(z) = nll)nolofn(-r) = sup fn(z).

n—oo

[ 1@t = lim [ fu(@ydu(o)

Proof. First note that the integral for non-negative measurable functions is
also monotone (because if f < g the value [ fdu is the supremum over a
smaller set of integrals).

Then
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If (fn) is increasing and f = limy, o0 frn = SUP,,_,o [, it follows from the
monotonicity that ([ frdu) is an increasing sequence of numbers and that
[ fadp < [ fdu and therefore

tiw [ fudu< [ fan

n—o0
To establish the reverse inequality, fix a € (0, 1), let ¢ be a simple functions
with 0 < ¢ < f. Define for n € N the set:

En={a € X : fu(z) > ad(x)}.

Since for all z the lim,_, frn(z) = f(z) > ¢(z) > ad(z) (the last inequality
being strict whenever ¢(x) > 0), we deduce that E, is an increasing sequence
in M whose union is all of X.

From the monotonicity of [ it follows that

[ > [ 1> o [ 1,04
Since by Proposition 27 (d), the map

M9A|—>/1A¢d,u

is a measure, it follows from the continuity from below (Lemma 17) that

/(/)d,u: lim /1EN¢dM-
n—oQ

Therefore we deduce that

a/(ﬁd,u:a lim /1En¢d,u < lim /fnd,u.

n—o0 n—oo
Now we note that since ¢ was an arbitrary simple function for which 0 <
¢ < f, it follows that

a/fdu:a sup /gbfdug lim /fndu.
¢ simple0 << f n—eo
Secondly, since o < 1 was arbitrary we deduce that (let o 1) that

[ s < i [
n—oQ
which finishes the proof of the theorem. O

Proposition 30. If f : X — [0,00] is measurable, then there exists an
increasing sequence of simple non-negative functions (¢y), so that for all

reX:

f(J;) = lim ¢n = sup ¢n(.’L‘),
n—oo neN

and therefore by Theorem 29,

[ 1@auto) = tim [ fudtz) = sup [ falo)du(o)

neN
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Proof. Let f : X — [0, 00] be measurable. For n € N we define the following
function fp:

n2"

fn(SC) = nlf—l(n’oo] + Z(k - ].) . 27n1f—1((k;_1).2—n’k.2—n}.
k=1

Note that
(n41)2n+1
Jas1(@) = (0 + D 1p-1(341,00) + (k—1)- 27" M por(oo1)g-n1 pg—n-1]
k=1
n2n+1
> nlf—l(n,oo] + Z (k—1)- 2_n_1].f—l((k_l).Q—n—l,k.z—n—l]
k=1
n2™
=y +)_(20=2)- 27" M egy w1 eeen )
=1
n2"
+ Z((% —1)- 27" M o1 gp1).2-n-1 20271
=1
n2"
> nlpo1ineo) + O (0= 1)+ 27 po1(g_1)0-n p2-n] = fn(2),
=1

which means that (f,) is an increasing sequence. Secondly it follows for an
z € X for which f(z) < n that 0 < f(z) — fo(z) < 27" Thus it follows
that lim,_, o fn(z) = f(z) for all z € X. O

Corollary 31. Let f and g be measurable non-negative functions on X and
let ¢ > 0. Then it follows that

a) [ £() +g(2)du(e) = [ f(2)du(e) + [ g(x)du(a), and
b) [ cf (x)du(z) = ¢ [ f(a)du(z).

Definition 32. Let f and g be two measurable functions on X we say that
f is p-almost everywhere equal to g if

{r e X: f(z) #9(z)} € M and u({x € X : f(z) # g(x)}) = 0.

In that case we write:
f=9 p-ae

Proposition 33. If f is a measurable and non-negative function then
/fdu =0 << f=0u-a.e.

Proof. “<” For every non-negative simple function ¢, say

n
o= Z a;14; with (A4;) partition of X
=1
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with 0 < ¢ < f it follows that
Vi € {1,...n} Either a; = 0 or u(4;) =0.
Thus [ fdu =0.
“=”: For n € N define E,, = {z € X : f(z) > 1/n}. Since
1
—1g, < f.
n
It follows that
1 1
0 S/—lEnu= —p(En) < /fdu-
n n

Thus p(E,) = 0. Since (E,) is an increasing sequence of sets whose union
is {z € X : f(z) # 0}. Finally it follows from Lemma 17, that:

p({z € X : f(z)not =0}) = nlgrolou(En) =0.
O

Corollary 34. Assume that (f,) is a p-a.e. increasing sequence of measur-
able functions, i.e.

p({z € X : IneNfr(z) > fai1(z)}) =0.
Then it follows for f(z) = sup,, fn(x), that

ti, [ fudu(o) = [ faut

n—o0

Theorem 35. (Fatou’s Lemma) Let (f,) be a sequence of non-negative
measurable functions on X. Then

/lim inf fp,dy < lim inf/fndu.
n—oo

n—oo

Proof. For each k € N and each j > k we have inf;> f; < f;, which implies
by the monotonicity of integrals that [ inf;>y fidu < [ f;jdp and thus

inf f;dy < inf idy.
/;rzlkfz /z_]l_gk/fg 7
Taking on both sides now the limit for & — oo implies our claim. O

Definition 36. (Integral for measurable functions)
Now let f : X — R be any measurable function. We define

f¥(z) = max(f(),0) and f~ = —min(f(z),0).
Note that f™ and f~ are both non-negative measurable functions on X, that

f=ft—f andthat|fl=f"+f .
We call f p-integrable if

[rran<smd [fdi<o (e [ifldu<o),
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and put in this case

(9) [ in= [ rrau— [ 1au

We define
Li(p) = {f : X > R, f is M-measurable and /|f|d,u < oo}.

Proposition 37. £,(u) is a vector space and the integral is a linear and
monotone map on L1(u).

Proof. The claim that £4(u) is vector space follows from the fact that for
f?g € El(:u’) and aMB € Ra

laf(z) + Bg(x)| < |ef - |f(z) + (8] - l9()]-
It is also easy to check that

a/fd,u:/afdu.

The problem with showing the additivity of [ is that we do not necessarily
have (f +g)t =ft+gT or (f+9) = f +g . So we argue as follows:

Let h= f+g. Thenht—h™ =h=ft—f~+g"—g~ = ft+gt—f—g".
Thus h* + f~+¢g~ =h™ + fT + ¢+, which implies by the additivity of the
integral on non-negative functions that

/h+du+/f_du+/g_du=/h_du+/f+du+/g+dﬂa

thus
/hdu = /hJ’du—/hdu
=/f+du—/f‘du+/g+du+/g_du
:/fdu+/gdu-

Thsu we showed that [ -dy is linear. In order to show monotonicity assume
that

f=fr—f"<gt-g =g
The f*+ g~ < g¢g"f~ and from the monotonicity and linearity of [ -du for
non negative funciton it follows that

/f++gduz/f+du+/gdu2/g+du+/fduz/g++fd/z,

which implie that

/fdu=/f+du—/f‘duS/gdu=/g+du—/g_du
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Exercise 28. Prove the Monoton Convergence Theorem for general funci-
tons, i.e. let (fn) C L1(p) be a p-a.e. increasing sequence. And let

f@) = Tim fo(a),
wherever this limit exists, then
lim [ fpdp = lim /fd,u.
n—00 n—00

Theorem 38. (The Dominated Convergence Theorem) Assume that (fy) is
a sequence in L1(u) such that

a) f(x) =limy o0 frn(x) erists p-a.e.
b) There is a g € L1(p) so that |fn| < |g| p-a.e..

Then
/fd,u: lim /fndp.
n—r0oQ

Proof. After redefining the f!s f and g on a null set, it follows that |f| < g,
and thus that f € Lu).

Since g + f, > 0 and g — f, > 0 p-a.e. it follows from Fatou’s lemma
(Theorem 35) that

/gdu—i—/fdu < liminf/g—i—fndu = /gdu—l—liminf/fndu,
n—oo n—oo

/gdu—/fd,u < liminf/g—fndu = /gd,u—limsup/fndu.
n—00 n—00

Thus,
lim inf / fo> / fdp > limsup / fu
n—00 n—00

which implies the claim. [l



