HOW TO PROOF SOMETHING FOR ALL fe L,

Goal: Assume we have a measure space (X, M, p) and we would like to
show that all f € Ly(u) or/and all f € L{ (non negative M measurable
functions on X) have a certain property (*).

As an example of such a result we would like to show the Theorems of
Tonelli and Fubini.

We will need the following notation.

Definition 1. Let X and Y be sets and f: X x Y — RU {+£oc} for z and
y we define the x-cut and the y-cut of f by

fo Y 5 RU{£ox}, y+— f(z,y)
fy: X = RU{£oo}, z+— f(z,y).

Theorem 2. Assume (X, M,u) and (Y,N,u) are two o-finite measure
spaces.

a) (Theorem of Tonelli) If f : X x Y — [0,00] is M @ N - measurable.
Then f, is N measurable, for all x € X, and f, is M measurable,
for all y € Y. Secondly

¢p: X >RU{ox}, z~— /fxdu, is M measurable, and

v:Y - RU{x}, yr /fydu, is N measurable
Moreover

[ oin= [ wav= [ s pituen),

Note that
/qﬁdu:/[/f(:r,y)du}du, and
/Wu = / [/f(:v,y)du} dv.

b) (Theorem of Fubini) If f € L1(n®v), then f, € L1(v) for p-almost
allz € X, and f, € L1(pn) for v-almost all y € Y. Secondly

[ fedv, if integral exists in R,

0 otherwise

¢: X - R, x»—>{

[ fydu, if integral exists in R,

0 otherwise

Y - R, y;—>{
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are in Ly(n), respectively L1(v). Moreover

[ odn = /wdu—/fxy (@),

In order to show Theorem 2 we need the following general, and very useful
observation.

Theorem 3. (Monotone Class Theorem for L{ and L)
Let (Z, R, p) be a measure space and let £ be a nonempty N-stable gener-
ator of M containing a sequence (E,) with E, /" X.

a) Let F™ C Lar have the following properties.
i) {xp:EFe&}CFT.
ii) IfA,BeR, AC B and xa, xB € F*, then xp —xa € FT.
iii) If f,g € F* and a,b >0 then af +bg € FT.
iv) If (f) CFT and f, / f, then f € FT.
Then F* =L§.
b) Let F' C Li(p) have the following properties
i) L (p):=LinLg(p) C F.
ll) f:gEFJr; f:gzoy thenf—gEF
Then F = L1 (p).

The proof of Theorem is a straight forward application of Dynkin’s theo-
rem and the fact that we can approximate non negative measurable functions
by measurable step functions.

Proof. (a) Define
D:={AeR:xpeFt}

By (i) £ € D. Since £ is non empty, by using a = b = 0 in (iii) we deduce
that ) € D. Since E,, € £, n € N, and E,, / X, we deduce from (iv) that
X € D. By (iii) D is closed under finite disjoint unions, and, thus, using
also (iv) D is closed under disjoint countable unions. We proved therefore
that D is a Dynkin system, containing a N-stable generator, which implies
by the Theorem of Dynkin that R = D.

(iii) implies now that all measurable, simple and non negative functions f
are in F', and since every non negative measurable function f is the limit
of an increasing sequence of measurable, simple and non negative functions,
we deduce from (iv) the claim.

(b) clear
O

Often it might not possible be to verify (ii), in particular if being in
F depends on the values certain integrals (like in Tonelli’s and Fubini’s
Theorem). Thus, it might involve the difference of two sets which both
might have measure co. In the o-finite case we can circumvent that problem.

Theorem 4. (Monotone Class Theorem for L(T and Ly, o-finite version)
Let (Z, R, p) be a o-finite measure space and let £ be a N-stable generator
of € containing a sequence (E,) with E, / X, and p(E,) < 0o, for n € N.
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Let F* C Lg have the following properties.
i) {xp:Fe€e&}CFT,
ii) IfA,B€R, AC B, with BC E,, for somen € N (thus u(B) < o)
and xa, xB € FT, then xp —xa € F¥,
iii) If f,g € F* and a,b >0 then af +bg € FT,
iv) if (fn) C F and fn, /' f, then f € FT.
Then F* = L§.

Proof. We first fix n € N and consider
D,={AcR:ACE,and xya € F"}

Note that &, = {E, N A: A€ &} is a subset of £ (since £ is N-stable) and
generates R, = {E, N A: A€ R,} which is a o algebra on E,.

Following the same arguments as in the proof of Theorem 3 it follows that
D,, is a Dynkin system, and thus, by Dynkin’s Theorem, D,, = R,. Since
for any A € R, it follows that AN E,, " A, it follows from (iv) that x4 € F
for all A € R.

Then we can again follow the same arguments as before: (iii) implies that
all measurable, simple and non negative functions are in F*. Since every f
is the limit of a sequence of measurable, simple and non negative functions,

we deduce the claim.
O

Using Theorem 4 we can prove Theorem 2

Proof of Theorem 2. We first make the following easy observations:
Let f,g,9n, n € N, be functions on X xY, ab € R, x € X and y € Y, then
(af +b9)s = afy + bgs, (af +bg)y = afy + bgy, and if g is the point wise
limit of the g,,’s then g, and g, are the point wise limits of (g,), and (gn)y,
respectively.

(a) We let F to be all the functions f € L{, with the following properties:

(1) fz is N measurable, for all x € X,
(1) fy is M measurable, for all y € Y,

(2) ¢f: X - RU{c0}, x— /fx(y)dy is M-mble function
(27) Py Y - RU{oo}, y— /fy(x)d,u is N-mble function

@ [ fendpen = [o@di= [

We let £ = {AxB: Ae M,B e N} which is a N-stable generating system,
and since p and v are o-finite, £, for n € N let E, = EX x EY, where

EX / X and EYX € M, with u((EX) < oo, and EY /Y and EY € N,
with u(EY) < oo (thus B, / XxY and (u®v)(E,) < oo, n € N). Also for
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f=xaxp, withAe Mand BeN,ze X andyeY

= ($) ) XxB if x € A,
T XAXE TN irp g A,

_ _Jxa ifyeB,
Jy =xBH)xa = {0 ity B

More over
¢f =v(B)xa and ¢y = pu(A)xs-
Thus, condition (i) of Theorem 4 follows.

We note that all conditions are closed under taking finite positive linear
combinations. It is also closed under taking limits of monotone increasing
sequences (such a limit satisfies limit (1) and (1’) by the remarks at the
beginning of the proof and (2), (2’) and (3) by the Monotone Convergence
Theorem). We therefore conclude that (iii) and (iv) of Theorem 4 are sat-
isfied.

Finally, in order to verify (ii), assume that C C D C E,, xc,xp € F.
Put f = x¢ and g = xp. This implies that 0 < f, < g, < (XEn)m = XEY
for all z € X, and thus

/fmdl/ < /gmdu < I/(EZ) < 00,
and similarly
/fydy < WEX) < oo, forallyeY.

We deduce that (xp\¢)z = gz — fo € L1(v), for all # € X, and thus

b4-1(0) = [ gut ~ [ fuidv = 0(@) ~ 65(0),

is well defined for all x € X, and a M-mble and non negative function.
Similarly we show that

%fwz/%w—/@mz%m—ww,

is well defined for all y € Y, and a N-mble and non negative function.
Moreover

p@v(D\C)=pev(D)—pev(C)
— [ou— [osau= [ o, siu

:/%@—/W@:/%#W

This finishes the verification of (ii) in Theorem 4 and thus the proof of part

().
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(b) Let f € Li(u® v), and thus, f, f~ satisfy the conclusion of part (a).

Thus
/¢f+:“: / [/(f*)x(y)dl/}duz /f(:v,y)d(u@w) < 0.

It therefore follows that
AT ={z e X :¢pr =00}
is a measurable p null set. Similarly
A" ={re X : ¢y =00}
is a measurable pg-null set. Thus we define
b = {¢f+ —0p = [ aly) = £ )y ifag AT UAT,
0 ifre ATUA™.
Similarly, we can put
Bt ={yeY ¢y =00} and B~ ={y €Y : ¢pp+ =00}
and define
. {¢f+ — vy = [ | JUW@) — fy @av| ity ¢ BrUB,
0 ifye BTUB™.
We deduce from part (a) that ¢; is M-mble , and 9y is N-mble, and that

/f(x,y)d(u®V) = /qﬁfdu: /¢fdu.



