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ABsTRACT. We show that there exists a separable reflexive Banach space into which every
separable uniformly convex Banach space isomorphically embeds. This solves a problem of
J. Bourgain. We also give intrinsic characterizations of separable reflexive Banach spaces
which embed into a reflexive space with a block g-Hilbertian and/or a block p-Besselian
finite dimensional decomposition.

1. INTRODUCTION

J. Bourgain [B] proved that if X is a separable Banach space which contains an isomorph
of every separable reflexive space then X contains an isomorph of CJ[0,1] and hence is
universal, i.e., X contains an isomorph of every separable Banach space. He asked if there
exists a separable reflexive space X which is universal for the class of all separable uniformly
convex (equivalently, all superreflexive [E], [Pi]) Banach spaces. Such an X could not
be superreflexive since ¢cg and [are finitely representable in any space which contains
isomorphs of all [gls for 1 <p < oo.

We shall answer Bourgain’s question in the a Crmhtive. S. Prus [P] gave a partial solution
by proving that there exists a reflexive Banach space X which is universal for all spaces
with a finite dimensional decomposition (FDD) which satisfy (p, q)-estimates for some 1 <
qQ=p<oo.

Definition 1.1. Let (Fn) be an FDD. (Xy) is a block sequence of (Fy) if there exist integers
0=kg <k <--- sothat for all n [N,

Xn LIHili rga,—y k) = SPaN{Fi t kn—1 <i=<kn}.
Definition 1.2. Let 1 =g <p < o and let C < co. An FDD (F,) satisfies C-(p, q)-
estimates if for all block sequences (xn) of (Fn),
1/q

(Y m@ups Y xafzcC (Y me)

We say that (Fn) satisfies (p, q)-estimates if it satisfies C-(p, g)-estimates for some C < oo,
A hasic sequence (Xp) is said to satisfy (p, q)-estimates if (E,) does where E, = span{Xn}
for n [N

Terminology. In some of the literature an FDD satisfying (p, 1)-estimates is called block
p-Besselian and one satisfying (oo, q)-estimates is called block g-Hilbertian.

We shall prove that if X is uniformly convex then there exists 1 < q < p < oo and a space
Z with an FDD satisfying (p, g)-estimates such that X embeds into Z. In combination with
Prus’ result we then obtain the solution to Bourgain’s problem.
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Theorem 1.3. There exists a separable reflexive Banach space X which contains an iso-
morph of every separable superreflexive Banach space.

To accomplish this we shall characterize when a reflexive space embeds into a reflexive
space with an FDD satisfying (p, q)-estimates. Before stating our results in this regard we
need some more definitions.

Definition 1.4. If E = (E,) is an FDD for a space X, by PF we denote the natural
projection of X onto E,. More generally if I is an interval or finite union of intervals in N,
P,E shall denote the natural projection on X given by P,E(Z en) = > nren (Wheree, [CH,
for all n). The projection constant of (Ep) is sup{[E\EIjl is an interval in N}. (Ep) is
bimonotone if its projection constant is 1. A blocking (Gn) of (Ep) is an FDD given by
Gn = [Eili rn,—, Ny for some sequence of integers 0 = Ng < Np <Nz < ---.

Henceforth all Banach spaces will be assumed to be separable. Sx denotes the unit
sphere of X and Bx denotes the unit ball of X.

Definition 1.5. @) Teo = {(N1,...,Nx) : K CN and n; < ny < -+ < ng are natural
numbers}. Too is ordered by (n1,...,n) = (My,..., M iCK< [And nj = m; for i = k.

b) A tree in a Banach space X is a family in X indexed by Te. A weakly null tree in
X is a tree (Xo)arma, [XI with the property that for all a = (ny,n,,...ny) CTh, {1}
(X(a,ny))n>n, Is weakly null. (yi)iZ, is a branch of (Xq)arra, if there exist ny <nz <--- so
that yx = X(n,,...n,) for all k [N

¢) If (Xa)arTa, is a tree and if TH [Tl is such that for each o [TV LI Hthere is an
infinite N [CNIso that (a,n) CTI%for all n [Ny we call (Xo)orrra full subtree. In this
case we can relabel (Xq)opinto (zo)arra,- Note that every branch of a full subtree is a
branch of the original tree.

Definition 1.6. Let 1 =g <p < oo and C < co. A Banach space X satisfies C-(p, q)-tree
estimates if for all weakly null trees in Sx there exists branches (y;i) and (z;) satisfying

c™ (Z |ai|p) < Y aiyiChnd CY aizi[%C (Z |ai|q)1/q

for all (aj) X satisfies (p,q)-tree estimates if it satisfies C-(p, q)-tree estimates for
some C < oo,

Theorem 1.7. Let X be a reflexive Banach space and let 1 < q < p < oo. The following
are equivalent.

a) X satisfies (p, q)-tree estimates.

b) X is isomorphic to a subspace of a reflexive space Z having an FDD which satisfies
(p, q)-estimates.

¢) X is isomorphic to a quotient of a reflexive space Z having an FDD which satisfies
(p, q)-estimates.

Theorem 1.3 is a corollary of this (using Prus’ result [P]) since for every uniformly convex
space X there exists K < coand 1 < q < p < oo such that every normalized 2-basic sequence
in X admits K-(p, g)-estimates ([J], [GG]). Indeed it is trivial to extract a 2-basic branch
from a normalized weakly null tree. Theorem 1.7 also solves problem 1V.3 in [Jo].
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2. THE PROOF

The equivalence of a) and b) in Theorem 1.7 in the case 1 < q = p < oo was established
in [OS]. We shall be using some blocking arguments established there and in earlier seminal
papers of W.B. Johnson and M. Zippin ([Jo], [JZ1, JZ2]) which we shall recall as needed.
A key first step will of course be Zippin’s result [Z] that a reflexive space embeds into a
reflexive space with an FDD (in fact with a basis).

Before stating Theorem 2.1, which contains the central part of our main Theorem 1.7,
we set some more notation. If (Ep) is an FDD then by coo( LRZ} Enn) we mean the subspace
of all x = > en where e, [H, for all n and only finitely many en’s are nonzero. If Z has
an FDD, F = (Fp), and 1 < p < oo then Z,(F) denotes the Banach space obtained by

completing coo( 52} Fn) under IIII_;I given by: for y = > yn, yn CEk for all n,

1/p
[YT,] = sup <ZH|n » > 0=no<ng<-- ;.
j—1

Note that (Fp) is a bimonotone FDD for Z,(F) satisfying 1-(p, 1)-estimates.

Theorem 2.1. Let X be a reflexive Banach space and let 1 < p < oo. If X satisfies
(p, 1)-tree estimates then
a) X can be embedded into a reflexive space Z with an FDD satisfying (p, 1)-estimates.
More precisely, if X is a subspace of Z, a reflexive space with an FDD (Ep)
then there exists a blocking F = (Fn) of (En) so that X naturally embeds into the
reflexive space Z,(F).
b) X is the quotient of a reflexive space with an FDD satisfying (p, 1)-estimates.

The proof of @) is much like the proof in [OS]. The proof of b) requires some new ideas.
Before starting the proof we need some terminology and preliminary results.

Definition 2.2. Let E = (E;) be an FDD for Y and let 6 = (3;) with &; | 0. A sequence
(yi) Sy is called a d-skipped block w.r.t. (Ep) if there exist integers 1 = ko <k; <--- s0

that for all i [N,
[BY,_ Yi — Vi EE B

Definition 2.3. If A [S§, the set of all normalized sequences in X, and € > 0 we set
Ae = {(xn) CSK : there exists (yn) CA with X}, —yn [ & Zi“ for all n} .

A denotes the closure of Ag w.r.t. the product topology of the discrete topology on Sx.
The next result is Theorem 3.3 b) = d) in [OS].

Proposition 2.4. Let X be a Banach space with a separable dual. Then X is (isometrically)
a subspace of a Banach space Z having a shrinking FDD (E,) satisfying the following:
For A [SY. the following are equivalent.

a) For all € > 0 every weakly null tree in Sx has a branch in Ag.
b) For all € = 0 there exists a blocking (F;) of (Ej) and & = (i), d;i | 0, so that if
(xn) SX is a d-skipped block w.r.t. (F;) then (Xn) CAk.

The following Proposition yields that in the reflexive case the equivalence (a) [C1I_(b)
in Proposition 2.4 holds for any embedding of X into a reflexive Banach space Z with an
FDD.
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Proposition 2.5. Let Z and Y be reflexive spaces with FDDs E = (E,) and F = (Fp),
respectively, both containing a space X, and let 8 = (3,) (0, 1), with d, L 0, as n 1 oo.

Let C be the maximum of the projection constants of (En) and (Fn). Then there is a
blocking G = (Gy) of (Fn), so that every normalized -skipped block of (Gp) in Sx is a
0-skipped block of (Ep).

5C’

Proof. By induction we will choose 0 = Mg <Mi <My <...and N; <Ny <...inNso
that for all k [N

. di 0i
(1) BACSk 00,2,k k+1} if P o) () et then [P, o0y (¥) = >

5i 5i
(2) GACSk MLAL2...kk+ 1} if By () L= =25 then By, 00X =

Once accomplished we choose Gy = Ei'v_ikﬂ,,k_lﬂFi. If (xn) is a 8/5C3-skipped block of (Gy)
in Sx, there exist 0 = kg < k; <k, < ... such that for all n
G F On
xh = P(kn—l,kn)(xn) L= Ixh — P(Mk 1:Mkn )(Xn) (I=S 5C3
Thus,
r= 20 and rz O
[Ell My ]( n) 5C2 an %k 1°°)(X”) 5C2°

We deduce from (2) and (1) that

On On
EEENk () [ 2 and [PIR,. oo (Xn) O 2

which yields that (xn) is a d-skipped block of (E;j).

Assume that we have chosen My—; for some k = 1. We need to find an Ny which satisfies
(1). If such an Ny did not exist, we could find sequences (Xj) [Sk and (ij) [{1,2... k+1}
so that for any j > Ng—1,

3, 5i
(B, ooy OG) o and [Ehoo)(xj)ljr a1 1)

Passing to a subsequence we may assume that i; =i forall j [Jland somei [{1,2...k+1},
where J is a subsequence of N. Since limj _, oo j DjEEfi‘:oo) c>P(F,v|k_1 oo)_P[}Eoo) = 0 we deduce
that

= < limsup [P ) (x;) = limsup (B oy © Py, | ooy (Xj) ]
J;»OO J*»OO

JnE jo
Oj
< Climsup [P}y, ooy (X)) Z 62,
joe

which is a contradiction, and finishes the proof of our claim.
Assume now that we have chosen Ny, but there is no M satisfying (2). We could choose
a sequence (xj) Sk and (i) [C{0,2...k + 1} so that for any j > Mg

F 0i; 0j;
(B} j;(xj) = tc? and B}y ,(Xj) (= >
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After passing to subsequences we can assume that i = i for some fixed i [{1,2,...k+ 1}
and j [J] a subsequence of N, and that (X;);j rmconverges weakly to some x [Blx. Then
it follows that

- - - F }
BI= lim (Bf] ;00 = jlim im, TPy ()

jLa
< limsup limsup [PJ; ;,(x;) (3 [P 51(xj) ]
Jo~— quE]ZI
) 20;
< (1+C)limsup B} j;(xj) = e
JﬁII
and that
j Lo
which is a contradiction. 1

From Corollary 4.4 in [OS] we have

Proposition 2.6. Let X be a Banach space which is a subspace of a reflexive space Z with
an FDD E = (E;) having projection constant K. Let §; | 0. Then there is a blocking
F = (Fi) of (Ej) given by Fn = [Eilin,_, N,y fOr some integers 0 = Ng < Np < ---
with the following property. For all x [“Sx there exists (xj) [X and integers (tj) with
ti C(Nj—1, N;] for all i such that

a) X = i Xi
b) For : either Xj[X d; or EE{E_l,ti)Xi —xi[(Z &1
C) EE{E_L“)X —x; (X §; for all i [N
d XjC& K+1fori [N
e) PEXCX §; for i [N
Moreover the above hold for any further blocking of (Fn) (which would redefine the Nj’s).

Parts d) and e) were not explicitly stated in [OS] but follow from the proof.

Proof of Theorem 2.1 a). Let X be contained in a reflexive space Z with an FDD E = (E;)
having projection constant K. Assume that X satisfies C-(p, 1)-tree estimates. Let A =
{(xi) CS%: (i) is %—basic and for all scalars (a;), CCX aixiZ (3 |ai|’)*P}. Choose
€ > 0 so that if (x;) CA: then (x;) is 2-basic and satisfies for all (a;) [CR]

1/
2C @ aiXi (= <Z |ai|p) P .

By Propositions 2.4 and 2.5 there exists d = (9;), §; ! 0, and a blocking of (E;), which we
still denote by (E;), so that every 3-skipped block w.r.t. (E;) is in Ac. We then use 8 = (&;)
where 9; = §;/2K to form a new blocking Fn = [Eili qm,,_, N, Satisfying the conclusion of
Proposition 2.6. We assume, as we may, that >";, 8 < 1. Note that any subsequence of a
0-skipped block w.r.t. (F;j) is then a d-skipped block w.r.t. (Ej).

Our goal is to prove that X naturally embeds into Z,(F). To achieve this we prove that
if x Sl then, for some absolute constant A = A(K,C), (O [PFxPJP < A. Since the
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argument we will give would also work for any blocking of (F,) (see the “moreover” part of
Proposition 2.6) we obtain IXI;p < A which finishes the proof of the claim.

Let x Sk and write x = " x; with (x;) CXland t; C(INj—3, N;] as in Proposition 2.6.
Let yi = PG yXfori CN. Let B ={i =2: XJCE & and By . Xi —xi[¥

& BG Since (xi/ x4 Dilg is a 8-skipped block w.r.t. (Ei) we know it is in A¢ and so
2C O mXi T2 (O 1y B4 PYMP. Also for all i [N,

DAL (B ()X — Xi + PEx + X [ 25 + O ]
by ¢) and e) of Proposition 2.6. Thus [yj& K + 2 and
> mrE Z IEIIEHZ DA ) (28 + GO + DA P ) (35)°

i[B1 irB1
<Z3pm|ﬂ+(l<+2)p+1s3p(ZC)p§:xi|E+(K+2)p+1.
i[B1 i[(B1
Now
DY xiCE1+) EF1+X#Y §i<K+3.
i[B1 irBl i
Thus

> Pk (6C)P(K +3)P + (K +2)P + 1= A",
Let z; = P(,E\Ii_LNi]x =PFx =PF(yi + yi+1) for i CN. Thus [Z% K(OGF# ¥+ Dand

o)
1/
(3 ) <okt =
To complete the proof of part a) we have the following easy

Lemma 2.7. Let F = (F;) be a shrinking FDD for a Banach space Z. Then for 1 < p < oo,
Zy(F) is reflexive.

Proof. As noted earlier, (F;) is a bimonotone FDD for Z,(F) which satisfies 1-(p, 1)-estimates
and hence (F;) is boundedly complete. Let 1 + p =1 and set

_ (&) and (f;) is a (finite or
k= {Zaifi " infinite) blogci sequence of (F,}'in sz:} '
If the above sum ) a;fi is a finite one, say Z?=1 aifj, then ¥, can be supported on
Fihn @m) for some j. It is easy to check that F is a weak* compact 1-norming subset of
Zy(F)=" Thus X is isometrically a subspace of C(F), the space of continuous function on
F. Since every IZII;T)I-normalized block (zj) of (Fj) is pointwise null on F, hence weakly
null, it follows that (F;) is a shrinking FDD for Z,(F). 1

To prove part b) we need a blocking result due to Johnson and Zippin.

Proposition 2.8. [JZ1] Let T : Z - W be a bounded linear operator from a space Z with
a shrinking FDD (Gp) into a space W with an FDD (Hp). Let & | 0. Then there exist
blockings E = (En) of (Gn) and F = (Fy) of (Hn) so that: for all i = j and z [Sg,;, -

we have [P]f \Tz[ < & and [P, \Tz[ ¥ &j.
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Proof of Theorem 2.1 b). By Lemma 3.1 in [OS] we can, by renorming, regard X =[z1"}
where ZHs a reflexive space with a bimonotone FDD (E)such that coo( GZJED) n X Hs
dense in X = Thus we have a quotient map Q : Z — X. By part a) we may regard X [M,
a reflexive space with an FDD (F;) satisfying C-(p, 1)-estimates for some C. Let K be the
projection constant of (Fj).

Choose & = (i), 6; | 0, so that if (y;j) is any d-skipped block of any blocking of (F;) and
(z;) satisfies [zj—y; [ 3KJ; for all i, then (z;) is 2-equivalent to (y;), is 2K-basic and (yi)
satisfies 2C-(p, 1)-estimates.

In addition we require that

- 1 .
(3) D 3(K + K3 < 7 fori [N, and 6/(1 —2K8;) <7
i=1
and we choose €j | 0 with 6g; < 6; for all i.
By Proposition 2.8, blocking and relabeling our FDD’s we may assume

(4) Foralli=jandz CSlg,, ., We have [Pl yQz[Z & and [P}, Qz[Z¢; .

Fori let E; be the quotient space of E; determined by Q. Thus if z [Hj, the norm
on Z (the equivalence class of z in E;j) is |Z]]| = [Qz [IWe may assume E; & {0} for all i.
More generally for Z = )" 7; [cdo( GZJE;) with Zi [H; for every i, we set

n
IZll = sup H > Qzi[= sup [QPE, ;2]
m=n i=m m=n

We let Z be the completlon of (coo( EﬂE ), ||| ). Note that if Z=>"7; [cdo( EﬂE )
then settlng Qz = ZQZ. >~ Qzj, we have IIJZIE IZll. Thus Q extends to a norm one
map from Z into X. Before continuing the proof of b) we need

Proposition 2.9.
a) (Ei) is a bimonotone shrinking FDD for Z.
b) Q is a quotient map from Z onto X. More precisely if x X and z A with
Qz =X, [ZI & XI,bnd z = ) z; with z; [H;, then Z = )_7; 2, |z = zLand
6? =X.
c) Let (Z;) be a block sequence of (E;) in B, and assume that (QZ;) is a basic sequence
with projection constant K and a = infj; [QZ; 3 0. Then for all scalars (aj) we

have
Oy @@ = 1Y et < LY a0z )

Proof. By definition E= (Igi) is a bimonotone FDD for Z. We will deduce later that it is
shrinking. To see b) let Qz = x with [ZI & [XI"dnd write z = > z; with z; [CH; for all i.
Then fori < j,

j m j
1> zd = sup EQ(ZZEEE sup ¥ zeh= 0y zch ]
=i isns=ms<j isn=msj 5, =i

Thus 3" Z; converges in Z to some Z with, [|Z]] = (zLand QZ = x.
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Next let (Zj) be as in the statement of c¢). Since [(jljc 1 we need only prove the right
hand inequality in c¢). Let (aj) [cdo and choose k < m so that

1D aizil = QPE O aizi) ]

For all i, PE .7 is Z; or 0 except possibly for 2 values of i, denoted by iy < i;. Thus

(k,m]

[QP e my (Y 2iZ1) L= i | 12 1+ L) 2iQ(Z) [ fa, | 123, < %K [} aiQ@)Cl

i [(1d,i1)
using that ((5(2})) has projection constant K and is bounded below in norm by a.

It remains only to prove that (Ei) is shrinking. Let (Z;) be a normalized block sequence
of (E;) in Z. Then (QZ;) is a bounded sequence in X. Moreover since coo( Z=JEH'n X =
is dense in XE,'((Sz”i) is pointwise null on X ~&nd hence weakly null in X. We pass to a
subsequence which we relabel as ((52‘) which is either norm null or satisfies infj; Iﬁzi =0
and is basic. In the latter case (Z;) is weakly null by part c¢). In the former case, given n
we can find a subsequence (Z;; )J_l with IZQIZ. = |f 1<j<n. Thenifz=1% Zj_l zj;,
forsome k =m and jo < J1

o B o 1~ ¢ . 1 ~. 1~ ¢ .~ 3
Izl = QP yZ L= HHQP[k’m]ZijO + Hﬁ Z QZ; || + HﬁQp[k,m]Zij1 < n
J J1
Thus in any case every normalized block sequenceN(ii) admits a convex block basis which
is norm null and hence (Z;) is weakly null and so (E;) is shrinking. 1

We shall produce A < eo and a blocking H = (Hp) of (E) with the following property.
Let x [CSik. Then there exists Z = > 7, [, with Zn IZEIn for aII n, so that if (Wn) is
any blocklng of (Zn) then (3 [WnlI?)Y/P < A. Moreover [Q7 —XIE . Thus if Zp = Zp(H)
then Q Zp - X remains an onto map. Moreover Zp is reflexive by Proposition 2.9 and

Lemma 2.7 and (Hn) is an FDD for Zp satisfying 1-(p, 1)-estimates. To accomplish this we
need

Lemma 2.10. Assume that (4) holds for our original map Q : Z - X. Then there
exist integers 0 = No < Ny < --- so that if we define blockings Cn = [Eil; i, N, @Nd
Dn = [Fili rn,,—, ,Nnn) We have the following. Set for n [N,

_  Np+Np
Rn:{lEN]:Nn2|>nfnl},

an{i:Nn_1<isW},

Chr =[Eilitrs, and Cn o = [Eilims -
Let x Sk, i < ]J, € > 0 and assume that [E}‘fi] Emoo)xIE: €. Then there exists z B
with z [0 r (@) CC,L] and [Qz — x [ K[2¢g + §;].
Proof. By [Jo] (see Lemma 4.3a [OS]) we can choose 0 = Ng < N; < --- so that if z (B
with z = )" z;, z; [H; for all j, then for n [N there exist r, [CR, and [l [, with
[z), % g4 and [z} €. Define C,, and Dy as in the statement of the lemma and let
x [Sk and i <j with B )X [ €. Let [ZI= 1 with Qz =x and Z = }7zj, zj LE
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for all j. Choose ri ['Rj and 1Ly with [Z), [ < & and [Z5C < €5. Let z = Zscmmzs-

Thus [ZI'£ 1 and z [CQ r (@ Dyrgigy LC L]
Now

) EEE,“)E@OO)QZIE &r; + €31 by (4).
Alsoifw=z—-z= Zsﬂ:ﬂ,@ zj then again by (4) and our choice of r; and [}
i) [Et‘-‘;iy@QWIE 'E{fi,@Q(qui Zs+Zr, + 21+ g iZs) L5 Kler, + & + €5 + el
From our hypothesis on X,
i) [P ) ey X 5 2Ke.
Combining i)-iii) we have, since Qw = x — Qz,
[Qz — X[ [P 1,) rrzreey (QZ — X) F EE{fi,@(Qz —x)d
<& + e +2Ke+ Kl + & + & + €3]
< K[2¢ + 6¢j] < K[2¢ + dj]
since by (3) 6gj < 9;. 1
We let (C,) and (D) be the blockings given by Lemma 2.10. Finally we block again using
Proposition 2.6 for (§;) and (Dn) to obtain Gn = [Dil; g, _, kn] for some 0 = ko <k <---.
We set for n [N, H, = [Ci]iECKh—l,kn]'

Let x CSk. Then by Proposition 2.6 there exists (xj) Xl with x = " x; and for all
i there exists t; [ (®j—1, kj] so that

a) either Xj[= &; or EEE?i_Lti)xi —x; (X &1
b) Xjl& K+ 1.

Llet B = {i [N : IZE@_l,ti)xi —xi[x §ixjHand y = > gXi- Then XI—y[x
YoimmXEZ )8 < 1/4 by (3). For i set Xj = xj/ XjLJFrom Lemma 2.10 there is a
block sequence (zi)i mz10f (En) in Bz with
(5) [Qz; — x; = K[26; + d;_,] < 3KJ; .

Indeed the lemma yields that

zi L@y, r L@ oOmm_, 1) [Ch L]
which ensures that the z;’s are a block sequence. From our choice of (3;) (right before (3))
and (5) we have that (QZ)ig1is 2K-basic, is 2-equivalent to (Xj)ire; and (X;)i g satisfies
2C-(p, 1)-estimates.
From Proposition 2.9 ¢) we have that
32K
(2K) |—_H-|Za QZ|

HZa QZ,H < H‘Za, Al < |nf IIJZJ
=7K| ;BjainH < 14K ;Bjan_(i

(We have used that infj rz[QZ; (= 1 — 2K51~from (5) and (1T6K51) < 7 from (3).)
Let Z=)"; z;y[Xi[Z). Then from (6), Z [CZ1 and moreover since y = ;.5 X1 [X],

Q7 —yrz Y 0z —x % 3 (K + 1)3K3; < % (by (3)) .
iB1 i[B1

(6)
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Thus E@Z— x[& 1/72.

Finally we show that |||Z|||Zp < A where A = 70CK? and || - |||Zp denotes the norm of
Zy(H).

Write Z = ) W; where (W;) is any blocking of (IXj [Zl)i rey Say Wj = > ; 4 [Zjl where
I, <l <-.- is any partition of B. Then by (6) if y; = Zinﬂxi,

@) O I IP)MP < 14K (S~ i PP < 14K - 2C [T 35CK

since (X;) satisfies 2C-(p, 1)-estimates and [yT < 5/4. N
It remains~to show that if we write Z = >~ h, where h, [CH, for all n and @) is any
blocking of (hp) then

®) Q_I&IP)P < 70CK? = A .

As in the proof of a) there exists a blocking (W;) of (IXj [Z); rgywith §, = P(Ij{n_u.n](vvn +
Wn+1) for some 0 = jo <1 <--- and so [[Gnll = K(IWnll + [[Wn+1ll). Thus (8) follows.
This completes the proof of Theorem 2.1. 1

We need some last preliminary results before proving Theorem 1.7.

Lemma 2.11. Let X be a reflexive Banach space and let 1 < g < oo and % + al[]: 1. If X
satisfies (oo, q)-tree estimates then X Satisfies (g5 1)-tree estimates.

Proof. By [Z] we may assume that X [Z] a reflexive space with a bimonotone FDD (Ep).
Note that if (f,) [Skcis weakly null then there exists a subsequence (f,;) of (f,) and
a weakly null sequence (xj) [Sk with lim;f,,(xj) = 1. Indeed let (yn) [Six with
fn(yn) = 1 for all n. Choose a subsequence (yn;) which converges weakly to some y [X.
Then fn,(yn; —y) — 1. Since (Ep) is bimonotone, [y}, —y[} 1 and thus we may take
Xi = (Yn; —Y)/Lyh; —yL]

Now let (fg)ara, be a weakly null tree in Sx o Using the above observation by succes-
sively replacing the successors of a given node by a subsequence we obtain a full subtree
(9a)arma of (Fo)arra, and a weakly null tree (Xo)o g, in Sx so that for all a [Tl {1}
fa,i(Xai) - 1asi - oo,

Let g | 0. By again replacing each successor sequence of nodes by a subsequence we
obtain two full subtrees (f{)arra and (x5)arra satisfying: For all branches (0)2; of Teo
and for all 1,J CNIwith i & j,

T8 G < Empey aNd T2066) > 3
Let (in)fgl be a branch of (Xq)arra, satisfying C-(oo, q)-estimates. Let (bj);2; IZS]Qjand
choose (ai)i2; [Skywith 1 =372, aibi. Then [ ajxq, [% C and so

CHZbifEi = (O bfDO " aix5)
= fjaibifo% (Xq) — fj > e (%)l
i=1

i=1 j&i
>t —i[isi +) gl > e
2 = j>i 4

provided that the €;’s were taken su [ciehtly small. 1
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Proposition 2.12. Let F = (Fj) be a bimonotone FDD for a Banach space Z and let
l<g=p<ooand C < co. If (Fj) satisfies C-(oo,q)-estimates in Z then (F;) is a
bimonotone FDD for Z,(F) satisfying C-(p, q)-estimates in Z,(F).

Remark. Prus ([P, lemma 3.5] obtained this result with weaker estimates. As written this
result is stated with C = 1 in [JLPS]. The clever proof we present was shown to us by
W.B. Johnson and G. Schechtman.

Proof. Let z = ) z; Ccdo( GZIFi) with z; [H for all i. Letk CNand 0 = ng < n; <
<o < N < oo, For some choice of Cand 0 =mg < mj < --- < mpwe have

ISl = (2] 3 =)

i=mj_;+1
0.k mj 1/p
P
=[S Er (X )]
ji=1 s=1 i=mj_;+1
- k mj p/q7 1/p
sc[y (L X #)e
j=1 ‘s=1 i=mj_;+1
k O mj a/pq 1/q
F
sc|y (X X e |
s=1 ‘j=1 i=mj_;+1
by the “reverse triangle inequality” in [‘;}q
k O q/p11/q
— F F
—C[Z< [Elmj_l,mj](P(ns_l,ns]Z)@ }
s=1 ‘j=1
<

k 1/q
C(Z IEP:]S—lyns]xrg——p]> ’
s=1

L1

For the next lemma and the proof of Theorem 1.7 we adopt the convention that for
1 < p < oo, pUis defined by 1/p + 1/p = 1.

Lemma 2.13. [P] Let (E;) be an FDD for a reflexive space Z. Let 1 =g <p < oco. Then
(Ei) satisfies (p, q) estimates i C(E;-) satisfies (q5p" estimates.

Proof of Theorem 1.7.

a) [ Let X be reflexive and satisfy (p, q)-tree estimates. By Lemma 2.11 X Satisfies
(q51)-tree estimates. Thus by Theorem 2.1, X s a quotient of a reflexive space Z =With
an FDD FH= (F D satisfying 1-(q5 1)-estimates. Hence by Theorem 2.1 X embeds into
Zy(F) and, by Lemma 2.13 and Proposition 2.12, (Fn) satisfies (p, q)-estimates.

b) [c)1By Theorem 2.1, if X satisfies b) then X is a quotient of a reflexive space with
an FDD satisfying (p, 1)-estimates. Thus by Lemma 2.13 X ™s a subspace of a reflexive
space with an FDD satisfying (oo, pJ-estimates. By Lemma 2.11 X SSatisfies (q5'1)-tree
estimates and thus, by Theorem 2.1 and Proposition 2.12, X “¢mbeds into a reflexive space
Z Sith an FDD satisfying (q5 pJ-estimates. Hence X is a quotient of Z, a reflexive space
with an FDD satisfying (p, g)-estimates, again using Lemma 2.13.
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¢) [a)lWe assume that X is a quotient of a reflexive space Z having an FDD satisfying
(p, q)-estimates. Thus X~ [—A~Wwhich by Lemma 2.13 has an FDD satisfying (q5pY-
estimates. In particular X “%atisfies (q5pJ-tree estimates and so by Lemma 2.11, X has
(p, 1)-tree estimates.

Furthermore it is easy to see that if Q : Z — X denotes the quotient map then given a
weakly null sequence (Xj) Sk there exists a weakly null (z;) 2Bz and a subsequence
(xi;) of (Xi) with Qzj = x;; for all j. Thus a weakly null tree in Sx can be pruned to
obtain a full subtree (Xq)orta, and a semi normalized weakly null tree (zg)orma, [Zlwith
Qzq = Xq for all a. Since the FDD for Z satisfies (p, q)-estimates it follows that some
branch of (Xa)orra, admits an upper [glestimate with an absolute constant. 1

Remark 2.14. The following equivalences can be added to Theorem 1.7.

d) X is isomorphic to a subspace of a quotient of a reflexive space Z having an FDD
which satisfies (p, g)-estimates.

e) X Hatisfies (g5 p)-tree estimates.

f) X is isomorphic to a subspace of a reflexive space Z having an FDD which satisfies
1-(p, q)-estimates.

Indeed f) follows from the proof of a) [—h)lin Theorem 1.7 since Z has an FDD (Fj)
satisfying 1-(oo, q)-estimates and so by Lemma 2.13, Z,(F) satisfies 1-(p, q)-estimates. Thus
we obtain a solution to a question raised in [JLPS] after the statement of Proposition 2.11.
We refer the reader to [JLPS] for the relevant definitions.

Corollary 2.15. Let X be a reflexive Banach space and 1 < q < p < oco. The following are
equivalent

a) X embeds into a reflexive space Z having an FDD satisfying 1-(p, q)-estimates.

b) X can be renormed to be asymptotically uniformly smooth of power type g and X
can be renormed to be asymptotically uniformly convex of power type p.

¢) X can be renormed so as to be both asymptotically uniformly smooth of power type
g and asymptotically uniformly convex of power type p.

The following remains open.

Problem 2.16. Let X be a uniformly convex separable Banach space. Does there exist a
uniformly convex space Z with an FDD (or even a basis) so that X embeds into Z?
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