ASYMPTOTIC PROPERTIES OF
BANACH SPACES UNDER RENORMINGS

E. ObpELL AND TH. SCHLUMPRECHT

ABsTRACT. It is shown that a separable Banach space X can be given an equivalent norm || - ||
with the following properties: If (z5) C X is relatively weakly compact and limyy,—co limp—s o0
lzm + znll = 2limm—soo || zZm|| then (z) converges in norm. This yields a characterization of
reflexivity once proposed by V.D. Milman. In addition it is shown that some spreading model
of a sequence in (X, || - ||) is 1-equivalent to the unit vector basis of £1 (respectively, co) implies
that X contains an isomorph of £1 (respectively, co).

§1. INTRODUCTION

A classical problem in functional analysis has been to give a geometric characterization
of reflexivity for a Banach space. The first result of this type was D.P. Milman’s [Mil] and
B.J. Pettis’ [P] theorem that a uniformly convex space is reflexive. While perhaps considered
elementary today it illustrated how a geometric property can be responsible for a topolog-
ical property. Of course a Banach space can be reflexive without being uniformly convex,
even under renormings, as shown by M.M. Day [D2]. The problem considered for years by
functional analysts was does there exist a weaker property of a geometric nature which is
equivalent to reflexivity. In this paper we give an affirmative solution by demonstrating that
such a property exists. The property was suggested in 1971 by V.D. Milman [Mi] (see also
[DG2], problem IV, p.177). We prove that a separable Banach space X is reflexive (if and)

only if there exists an equivalent norm || - || on X so that
whenever a sequence (z,) C X satisfies
(%) limlim || z,, + 2 || = 21lim || 2, ||
n m n
then (z,) must converge in norm.
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The if part of the characterization follows easily from James’ famous characterization of

reflexivity in terms of the sup of linear functionals [J1]. Indeed given z X with ||z || =1
choose (z,) C X with z (z,) 1and |z,| =1 for all . Then lim,, lim, ||z, + | = 2
and so ,, z with ||z| = 1. Thus z (z) = 1 so x attains its norm. ence by [J1] X is
reflexive.

The investigation of spaces having property (x) (also called property (2 ) in [D1]) goes
back to the 19 ’s. In [ GJ, for example, the relation of (%) to other smoothness and rotundity

properties was studied. or a more complete survey of these notions we refer the reader to

DG .

More recently (over the past years) functional analysts have considered the question
as to what sort of nice infinite dimensional subspaces one can find in an arbitrary infinite
dimensional Banach space X. One can assume X has a basis and ask what kinds of block bases
it has Must one be unconditional Is some block subspace either reflexive or isomorphic to

or These problems are related. James [J | showed that if (2 ) is an unconditional basis
for X then either X is reflexive or some block basis is equivalent to the unit vector basis for

or . W.T. Gowers [G1] proved the following remarkable dichotomy theorem X contains
a subspace  which either has an unconditional basis or is .I. (hereditarily indecomposable
ie,if C and = then or  must be finite dimensional). Gowers and Maurey
[GM] proved that both alternatives are possible. Then Gowers [G2] proved that a space need

not contain , or a reflexive subspace.

The search for an answer to this last problem led to much research into both character-
izations of reflexivity and to the characterization as to when X contains isomorphs of
or (eg,[J1,2, ], [ 1,2, ], [BP], [M]). The proof of our characterization of reflexivity led
to additional characterizations as to when X contains or  in terms of the asymptotic

behavior of sequences in X.

There are two main notions of asymptotic structure in Banach spaces. The first is that
of a spreading model. If (x,) is bounded in X then by using amsey theory (cf. [B], [B |,

[O], [B ]) one can extract a subsequence ( ,) so that for all and ( ) C , we have the
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existence of the iterated limit

lim lim n ( )
If ( ,) does not converge in the norm topology (-) is a norm on , the linear space of
all finitely supported real valued sequences. et () be the unit vector basis of . If ( ,)
does not converge weakly to a nonzero element of X then ( ) is a basis for = [( )],
the completion of under (-). In this case we call ( ) or  the of

( ). If (z ) is weakly null then the spreading model ( ) is unconditional. In any event the
spreading model is subsymmetric ( = n if( )C and ee)
and ( ) is unconditional.

The second notion of asymptotic structure is due to Maurey, Milman and Tomczak-
Jaegermann (see [MT], [MMT]). et X have a basis (z ). or z X we write x
if maxsuppx minsupp where if z = x then suppx = = . x denotes
linear span of z and denotes the unit sphere of this span. et and

let ()™ be a normalized basis. Wesay ( ) X , if

so that ()™ is 1+ -equivalent to ( )™. This means that there exist with 1+
so that for all ( )™

ote that if ( ) is a spreading model of a normalized block basis of (z ) then ( )* X ,
for all
Both notions give a more regular structure in general than that possessed by the original
space X. They are a oining of the finite and infinite dimensional structures of the space.
Generally only finite dimensional information can be gleaned about X from knowledge of its
asymptotic structure.
or example, note that the chreier space ([ ], p.1) has a basis having a spreading model

isometric to  and yet is (all infinite dimensional subspaces of  contain ).
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Tsirelson’s space  (the dual of Tsirelson’s original space [T] as described in [ J] see also
[ ]) has a basis with the property that all spreading models are isomorphic to  and in
addition every infinite dimensional subspace contains a sequence whose spreading model is
isometric to [0 ]. et isreflexive. We do have the following result which requires a very

strong assumption on the class of spreading models.

T 0] (z) X ()
(z) X

In this paper we deduce information about the infinite dimensional structure about the
infinite dimensional structure of X from knowledge about its asymptotic structure under
equivalent norms.

We shall show that a separable space (X - ) can be given a special renorming | -|| so that
certain information about a given spreading model yields information about the infinite
dimensional structure of X. or example if || | =2 (respectively, || + || =1) for
some spreading model ( ) of a normalized (and respectively, weak null) sequence in X then
X contains  (respectively, ). wurthermore we show that a subspace  of X is reflexive i

satisfies (x).

Our main result is the following theorem.

M T X
I

lim lim ||z, +2,.] =2 lim ||z,
m n n

lim lim ||z, z,] =2 lim |z,
m n n

(zn)
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lim  lm ||z, + 2| = lim ||z,
m n n

(Tn)

This theorem is proved in §2.

As a corollary we deduce Milman’s suggested characterization of reflexivity. In addition we
obtain that X contains if under all equivalent norms, admits a normalized basic sequence
having a spreading model ( ) satisfying || | = 2. In particular if under all equivalent
norms X admits a spreading model () which is 1-equivalent to the unit vector basis of
then X contains an isomorph of . If under all equivalent norms X admits a weakly null
sequence having spreading model ( ) with || + | =1 (e.g., if ( ) is 1-equivalent to the
unit vector basis of ) then X contains an isomorph of . rom James’ proof that and

are not distortable [J2] one obtains that both implications can be reversed.

In § we present some corollaries discussed briefly in this introduction. Our notation is

standard as may be found in [ T].

§ . ROO O THE AIN THEOREM

We first recall the following results of Maurey and osenthal.

T M] [ 1] X
(a) X (rn) € X
z X + =1
m}im nlim r+ T,+ x, = W}im T+ T
(b) X
(zn) € X z X ||+ =1
"}im nlim T+ Tym+ Tn = "}im T+ Ty,
(c) X (z,) C X
z X =1
n}im nlim T+ T+ T, = n}im T+ T,
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The intuition behind these results and the techniques employed to prove them had their
origin in [ M] where were introduced (and further developed in [ M]). A type on
X is a function on X defined by a bounded sequence (z,) C X, (z) = lim,, T+xTy .
Types give information on the asymptotic behavior of a sequence acting on the whole space.
This contrasts with the notion of a spreading model which involves only the asymptotic behav-
ior of the sequence (z,,) itself. In this paper we characterize the three properties considered
in the theorem above in terms solely of the asymptotic behavior of the sequences themselves.
The price that must necessarily be paid is that we have to consider this behavior under all

equivalent norms on X.

et (X - ) be a Banach space over . If z X we define the norm
X [ )by
=z + + =z for X
r X X 2

20+ z ) X

The only property not evident is that -  satisfies the triangle inequality. It is easy
to check that for fixed X the function + + is symmetric and convex
on and thus increasing on | ). ence for X

+ =z + +  + + r +

o + )+ + + =z + )

et X be a separable Banach space. It is well known that X admits an equivalent

norm - ,i.e., r = =1land z4+ = 2impliesthatx = . ix a countable dense
subset  in X which is closed under rational linear combinations. hoose ( ) C( )
so that 1+ ) for some (and thus for any) equivalent norm on X. If - s

an equivalent norm on X, define || -|| X [ )by | z| = z . By emma 2.1,
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Il -] is an equivalent norm on X. ince and since the sum of a strictly convex norm

and any other equivalent norm is also strictly convex, || - || is strictly convex.

We have assumed that X is a real Banach space. imilar results in the complex

case can be obtained using

= T +
Our goal is to show that || - || satisfies the main theorem if - is strictly convex.
-1 = ' (zn) € X
a) lim lim ||z, + 2./ =2 lim |z,
(@) (2n) X
lim lim + =z,+ z, =lm +( + )z,
m n m
b) lim lim ||z, 2, =2 lm | z,]
(@) (2n) X
I+l =
lim lm + 2,4+ =,
—hm e g Ly,
m I+ I+ 1
a) We may choose (z,,) C (z,,) so that for all , and [ )
the limits

lim lim 4+ =z,+ =
m n

n

exist. Indeed this is easily done for fixed parameters and then one applies a diagonal argument.

Our hypothesis is that

lim lim T, +x, =2lim x
m n m
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ince z,,+z, Ty + T, ,limgy, x,, exists,lim,  lim, T+, exists
and 2 (1+ ) for all we obtain since 1+ ) that for
all ,
lim lm =z,+z, =2 lm =z,
In particular taking = we obtain that
lim lim =z, +z, =2
m n
It follows that since z, =1,
(1) lim lim z,+ =z, = -+
for all [ ). imilarly we have for all and [ ) that
(2) lim lim Z,+ =z, =( + ) lim =z,
et , [ ) with  + etting = in (2) we obtain using

(1) that
() lim lim ( + =z,+ =z, + Z,, z, )

= lim ( + ) +z, + Z,,

=lim( +( + )z, + ( + )z, )

The triangle inequality yields
lim lim ( z,+ =z,
m n
lim z,, + lim —— z,,
m =+ n

= lim Z,, + T

= lim ( + )z,
Thus from ( ) we have

lim lim + =z,+ =z, =lm +( + )z,
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This proves a) for , [ ) and hence by a density argument we obtain a)
in general.

b) We may assume a) holds for (z,). The only remaining case we need consider is where

and . Actually we shall consider Ty, z, when . Arguing
as above using lim,, lim, ||z, z,| =2lim, | z.|, we may assume that (x,)
satisfies
lim lim T, Tn =( + ) lm =z,
for all . etting and = —— we obtain
() lim lim ( + 2z Tn + T+ Tp )
= + li +Zym + T
( ) i ¥ ¥
= lim ( +( + )zm + ( + )zm)
Again by the triangle inequality we have
() lim lim ( Zm Tp,)
lim Tm + Tm
ince
() lim + Tm + T
+ Ty + + =z
+ m + m
=dm ( (4 Jam + ( + JEm)
it follows from ( ) and ( ) that we have
lim lim +  z., r, = lim + z, + T
m. o n m + +

which completes the proof of b).
In the language of types ([ 1], [M]) a) may be restated as

if lim lim ||z, 42, =2 lim ||z, then
m n m

(zm) generates an  type on (X - ) (equivalently a double dual type).
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The first part of our next lemma is not new (see e.g., [M], [ 1]) but we include the proof
for the sake of completeness. The second part is a slight twist of Maurey’s result that a
symmetric  -type yields . In addition the second part of the next lemma establishes that

b) of the main theorem holds for || - || .
(xn) € X . C( 1

a) lim lim 24+ zp+ =z, = lim z4+( + )z, zr X

(n)
b) lim lim z+ z,+ x = lim || + z, + || +  zm
mn m I+ I
z X I+l =
(#n ) 1 () ¢
o (1) |
(zn )
a) Given we can choose (z, ) C (z ) satisfying the following. or all and
Ball z, ™ ,wehave + =z, + z, 1 wm) +( + )z, if [ 1]
Thusif ( ) C[ 1], =1 then
Ty = Ty + Tn +  z,
(1 ) Tn +( +  )Tn
(1 ) ) g +(  +  + )za
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a) follows if we choose the ’s to satisfy (r ) 1 for all . The in particular
assertion is immediate from Mazur’s theorem.

b) The argument here is similar but slightly more complicated than a) in as much as the

condition in b) is not as nice as the one in a). et satisfy 1T ) 1 for all
and using the assumption choose (z,, ) C (x ) to satisfy for all and Ball z,, ™ ,
|| ||
1+ zp o+ oz (1 ) —— 4 oz, + —— 4 oz
" " S " I "
if [ 11 with| |+] |=
We now show by induction on  that T (1 ) if and
| | = 1. The claim is trivial for = 1 (taking (1 ) 1). Assume validity
of the claim for and let | | =1. or simplicity of the exposition assume = for
+1 (the general case follows by a density argument). Thus letting = T
in (1),
Tn (1 ) _ L Tn + Tp
INE A
Lo o 4 @
IEE S
|
o ) @« ) INE N
INE A
T R
I+
= @@ )
Il =
X (zn) C X
lim lim ||z, + 2] =2 lm ||z,
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ince || - || is a strictly convex norm we need only show that (z,) has a convergent
subsequence. Indeed if then (x,) were not convergent it would have two subsequences con-
verging to z = respectively. But our hypothesis yields ||z + || = 2lim || z| = || z| +]| |
which is impossible.

By passing to a subsequence of (z,,) we may assume that z,, = z+ , where ( ,) is weakly

null and lim,, n exists. If ( ) were not norm null, we may also assume , =1 for
all . rom emma 2.2, passing to a further subsequence, we may assume that for all X,
lim lim +xm+x, = lim + 2z,
m n m
or X, letting = 2z we obtain
(1) lm lim 4+ ,,+ , = lim +2
m n m
ince in particular lim,, lim,, m+ n = 2 it follows from (1) and the definition of
| -1l that
lim lim || 4+ af =2 lm || ]
m n m

By emma 2.2 a) and emma 2. a) we conclude that ( ,) is not weakly null which is a

contradiction.

ummarizing our progress thus far we have shown that b) of the main theorem is satisfied

for || | = - and in addition a) holds if - is furthermore a strictly convex norm
on X.
-1 = ' (zn) € X
lim lim ||z + 2| = lm ||z,
m n m

(Tn)

et (zy,,) satisfy the hypothesis of the lemma for || - || = - . We may assume
() is basic, z, =1 forall , and that for all X and the following limits
exist

lim lim + Tmt+ oz,
m n
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ince (z,,) is weakly null for all X,
lim lim =z, +z, lim =z,
m n m
As in the proof of emma 2.2 since
lim lim Tm +2Tn, = lim Tm
m n m
we obtain for all and hence in X that
(1) lim lim =z,+z, = lm =z,
m n m

In particular, lim,,  lim, Ty + Zn, = 1. Thus by (1) for all X,

(2)  lim lim ( +zm+z. + + T+ Ty )= lim ( +zpy + + T )
m n m
ince
lim lim + zy + Ty, lim + Ty,
m n m

we have from (2) that for all X

Y

() lm lim 4z, +z, = lim + Ty
m n m
hoose with (1+ ) 2 and choose, using ( ), a subsequence (x,, ) of (z,) so
that for any integer , ,and C 1 then

Tyn + Ty + T 1+ ) Tn + Tn
It follows by iterating this inequality that for all finite C |, Ty 1+ ) 2.
This implies that (z,, ) is equivalent to the unit vector basis of

The proof yields that for any by udiciously choosing the ’s and the original
strictly convex norm one can choose the norm || - || satisfying the conclusion of the main

theorem to satisfy for all x X,
z el O+ )2

We give one final corollary of emma 2. . ecall that the summing basis ( ,) for is

defined by forall by ,= "
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C -1 = : (zn) C X

lim lim lim lim ||z, %, +&, 2, |
n n n n

= lim lim |z, ]|
n n

a)  (wn) (zn)

b)  (wn) (zn)

emma 2. yields the following. There exists so that for all subsequences of

(x5,) there exists a further subsequence ( ,) so that for all finite C

(n n)

et
= () [ ] forallfinite C (T Zp )
ere | | denotes the set of all subsequences of . isa amsey set (see e.g., [O]) and thus
by our remark above there exists [ ]sothat [ ]C . Thus by passing to a subsequence
we may assume that if “e then (xn T )

a) By passing to a subsequence of x,, we may assume that (z,) is basic and moreover

(x z =z x = ) is seminormalized basic (see e.g. [Be, Theorem |or [ 2]). alling
this sequence ( ) we have that n n 2 + =z, for all finite , and so ( ,) is
equivalent to the unit vector basis of . ence (x,) is equivalent to the summing basis

n
Ty =

b) By lton’s theorem (see [O]) we have that either a subsequence of (z,,) is equivalent to
the unit vector basis of  or some subsequence ( ,) of (z,,) satisfies

lim (1 , = for all

rom our above remarks we have that a subsequence is the unit vector basis of
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1. We do not know if X can be given a norm || - || satisfying
if  lim lim ||z, x| = lim ||z,]
m n m

then some subsequence of (z,,) is equivalent to the unit vector basis of
We can show that this is the case for || -|| provided in addition one has lim,,,  lim,, T
T, = lim,, T -
owever the hypothesis of orollary 2. a) does require the assertion that (z,) not be
weakly convergent. Indeed if X contains  then there exists a normalized sequence ( ,) C X

which is asymptotically 1-equivalent to the unit vector basis of  and hence

1= lim Ilm n = lim lim lim lim n + n n
n n n n n n
Thus =, = + , satisfies the same condition for any =  but (z,) admits no basic
subsequence.

2. As we have noted parts b) and c) of the Main Theorem hold for any equivalent norm
on X where || -|| = - . rom the proof of emma 2. it follows that whenever

(z,) C X is relatively weakly compact and satisfies
lim lim ||z +2,| = lm ||z,
m n m

then (z,,) is relatively norm compact.

§ . OROLLARIE

We now give some corollaries. Part a) of orollary .1 yields a positive answer to Milman’s

problem mentioned above.

C X X
-1 X (zn) € X

a)  lim,, lim,, | Zr + 2n| = 2limy, || 2, ()

-1 a)
b)  (zn)

lim lim ||z, + 2| lm ||z,
m n m
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The main theorem (a), ¢)) yields such a norm if X is reflexive. onversely if a) holds
letzz X with |z || =1. hoose (z,) C X, | z,| =1withlim, =z (z,)=1. It follows
that lim,, lim, | zm + z,| =2 and so by a), (z,) converges to some z with || z|| =1

and z (z) = 1. Thus z achieves its norm. By James’ theorem [J1] X must be reflexive.
C X
I X X 2 b)
(zn) C

rom b) and c) of the main theorem we obtain
C X

1) X

2) -1 X X

X (n) I =2
I+ =1

In addition to the main theorem the proof requires James’ proof that and  are not
distortable ([J2] or [ T, p.97]). Indeed 1)  2) or ) is well known from James’ result. Our
discovery is the reverse implications.

Our work also yields the following corollaries.

C X
1) X
(2) -1 X -1 (z)
() -1 ()<l )
I I =
() -1 X I (z)
(GOR I D)

I+ =2
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