SMALL SUBSPACES OF L,
R. HAYDON, E. ODELL AND TH. SCHLUMPRECHT

ABSTRACT. We prove that if X is a subspace of L, (2 < p < o0), then either X embeds
isomorphically into £, ® €2 or X contains a subspace Y, which is isomorphic to £,(¢2). We
also give an intrinsic characterization of when X embeds into ¢, ©/¢2 in terms of weakly null
trees in X or, equivalently, in terms of the “infinite asymptotic game” played in X. This
solves problems concerning small subspaces of L, originating in the 1970’s. The techniques
used were developed over several decades, the most recent being that of weakly null trees
developed in the 2000’s.

1. INTRODUCTION

The study of “small subspaces” of L, (2 < p < 0o) was initiated by Kadets and Pelczynski
[KP] who proved that if X is an infinite dimensional subspace of L,, then either X is
isomorphic to ¢ and the Lo-norm is equivalent to the L,-norm on X, or for all e > 0 X
contains a subspace Y which is 1+ e-isomorphic to £,. In [JO1] it was shown that if X does
not contain an isomorph of ¢, then X embeds isomorphically into ¢, ([KW] showed that,
moreover, for all € > 0, X 1+ e-embeds into ¢,). W.B. Johnson [J] solved the analogous
problem for X C L, (for all 1 < p < 2) by proving that X embeds into ¢, if for some K < oo
every weakly null sequence in S, the unit sphere of X, admits a subsequence K-equivalent
to the unit vector basis of /.

Using the machinery of [OS1] (see also [OS2]) and the special nature of L,, these results
were unified in [AO] as: X C L, (1 < p < 00) embeds into ¢, if (and only if) every weakly
null tree in Sx admits a branch equivalent to the unit vector basis of £,.

After ¢, and /5 the next smallest natural subspace of L, (2 < p < 00) is £, @ ¢5. Indeed
if X C L, does not embed into either £, or /5, it contains an isomorph of ¢, ® f>. The next
small natural subspace after ¢, @ {5 is £, ({2) or, as it is sometimes denoted, (> ¢2),. In
[JO2] it was shown that if X C L, (2 < p < c0) and X is a quotient of a subspace of ¢, & {2
then X embeds into £, @ (5.

The motivating problem for this paper (and our main result) dates back to the 1970’s.
We prove that if X C L, (2 < p < 0o0) and X does not embed into £, @ fo then X contains
an isomorph of ¢, (¢3). To solve this we first give an intrinsic characterization of when X
embeds into £, ® f>. The terminology is explained in Section 3. We assume that our space

L, is defined over an atomless and separable probability space (€2, X,P). We write A KB

if A< KB and B < KA. X will always denote an infinite dimensional Banach space.

Theorem A. Let X be a subspace of L, (2 < p < 00). Then the following are equivalent.
a) X embeds into £, ® lo.
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b) Every weakly null tree in Sx admits a branch (x;) satisfying for some K and all
scalars (a;),

(1.1) HZaixi X <Z!ai|p)l/p\/HZaixi

(Il - |2 denotes the La-norm)
c) Every weakly null tree in Sx admits a branch (z;) satisfying, for some K, (w;) C
[0,1], and all scalars (a;)

(1.2) H Zaia:i K (Z ’ai’p)l/p \ (Z |ai|2wi2)

Under any of these conditions the embedding of X into £, @ ¢ is given by: producing a
blocking (H,,) of the Haar basis for L, and 1 < K < oo, so that, if X 32 =) xy,, x, € Hy,

then
el & ()" v (3 leald) " = (3 )™ e

Since (> Hy,)p is isomorphic to ¢, this suffices.

The next task is to show that if X violates these conditions then X contains a comple-
mented subspace isomorphic to £, (¢2). We will present two proofs of this. The first proof
will roughly show that X must contain “skinny” uniform copies of ¢5 and hence contain
uniform ¢5’s, (X )nen for which if z,, € Sx, then the z,,’s are almost disjointly supported
and hence behave like the unit vector basis of £,. Then an argument due to Schechtman will
prove that a subspace of X which is isomorphic to ¢,(¢2) contains an isomorphic copy of
¢, (¢2) which is complemented in L,,. The second proof will lead to more precise result using
the random measure machinery of D. Aldous [Ald] and the stability theory of L, [KM].
For easier reading we will, however, recall all relevant definitions and results concerning
random measures and stability theory. We will show that the complemented copy of ¢, (¢2)
is witnessed by stabilized €5 sequences living on almost disjoint supports, meaning that the
joint support of the elements of the X,,’s is almost disjoint, not only the support of the
elements of a given sequence (x,) with x,, € X,,, for n € N.

This yields the following: If X is a subspace of L,, and X is not contained in 5 &£, then
X must contain a complemented copy of ¢,(¢2). Moreover, it admits a projection onto a
subspace isomorphic to £,(f2), whose norm is arbitrarily close to that of the minimal norm
projection of L, onto any subspace isomorphic to /5.

2.

1/2

Theorem B. Let X C L, (2 < p < 00). If X does not embed into £, ® {5 then for all e > 0,
X contains a subspace Y, which is 1 + e-isomorphic to £, (2), and Y is complemented in
L, by a projection of norm not exceeding (1 + ¢)vy, where v, = ||z||p, « being a symmetric
Lo normalized Gaussian random variable.

Moreover, we can write Y as the complemented sum of Yy, ’s where Yy, is (1+¢)-isomorphic
to by and Y is (1 + €)-isomorphic to the l,-sum of the Y, ’s, and there exists a sequence
(Ap) of disjoint measurable sets so that ||y|a,llp > (1 —e27™)|ly|| for ally € Y,, and n € N.

The original proof of the [JO2] result about quotients of subspaces of £, & ¢, is quite
complicated, and a byproduct of our results will be to give a much easier proof (see Sec-
tion 7). In addition, we can characterize when X C L, (2 < p < 00) embeds into ¢, @ />
in terms of its asymptotic structure [MMT]. From the [KP] and [JO1] results we first note
that X C L, (2 < p < 00) embeds into ¢, if and only if it is asymptotic £,, and X embeds
into £ if and only if it is asymptotic £5.

Mar 5 2010 13:03:25 PST
Version 1 - Subnitted to Annals



SMALL SUBSPACES OF L, 3

Let us say X is asymptotic ¢, & {o if for some K and all (e {X}n, the n'? asymptotic

i)T €
structure of X, there exists (w;)} C [0,1] so that for all (a;)} C R

(1.3) Hzn:aiei g (Zn:!ai|z>)1/pv<zn:ai|2!wil2>1/2
1 1 1

We note that the space £, ®¢5 is itself asymptotic £, @ 2. Indeed, denote by (f;) and (g;) the
unit vector bases of £, and £2, respectively, viewed as elements of £, ®ls. For (z,y) € £, ® /s
we put ||(z,y)]| = ||z]|pVlyll2- Since (fi) and (g;) are 1-subsymmetric and £, & {5 is reflexive,
the elements of the n'® asymptotic structure of ¢, ® {5 are exactly the sequences (z;)!; in
¢, ® {o, for which there are 0=ko <ki <ka <. kn in N, and (a;), (b;) in R with

ki
=Y (afj+big),
J=ki—1+1
so that ||z|| = v; Vw; = 1, where

k; k;
: 1/p : 1/2
v; = ( Z \aj|p) y and w; = ( Z ’b]|2> .

j=ki—1 j=ki—1

For (&), C [—1,1] we therefore compute

HZ":&% _ (Zn:|§¢!pvf)l/p\/ <z":|£i|2wi2)1/2 - (z”:|§i|p>1 P <Z|§Z|2 2)1/2
i=1 i=1 i=1 =l

Assuming now that (otherwise (1.3) follows immediately)

(E”: |€i\pvf)1/p > (f: |§i|2w§> 1/2,
i=1 i=1

we deduce that

Hzn:gizi ’ = [ZM@’IJ’U + <Z|§z’2 2>p/ ] > QZ‘MP o vl Z‘mp
i=1

It follows therefore that (z;) satisfies (1.3) with K = 2 and we deduce that ¢, & {5 is
asymptotic £, @ ls.
For n € N let (egn-) 11, j < n) be the unit vector basis of £;(£3), i.e.

H Z aweu)H = ( (Z|az,]| )p/ ) P for all (i) C R.

1.77 1=

Note that (e; (n )) is, ordered lexicographically, isometrically in the (n?)* asymptotic struc-

ture of £,({2), for all n € N, but it is not hard to deduce from the aforementioned description

of the asymptotic structure of £, @ o, that (e (T;.)) is not (uniformly in n € N) in the (n?)!"

asymptotic structure of £, @ fs. Theorem B yields therefore the following

Corollary C. X C L, (2 < p < oo) embeds into €, ® U if and only if X is asymptotic
Ep @ ls.
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4 R. HAYDON, E. ODELL AND TH. SCHLUMPRECHT

Indeed, if X does not embed into ¢, ® ¢2, thenby Theorem B it contains an isomorph of
¢, (2), which is not asymptotic ¢, & lo.

Using Theorem A and Theorem B we will be able to deduce the following additional
surprising characterization of subspaces of L, which embed into ¢, ® ¢3. It is analogous
to the characterization of subspaces of L, which embed in ¢, via normalized weakly null
sequences (see the aforementioned result from [J]) and we thank W. B. Johnson for having
pointed it out to us.

Corollary D. X C L, (2 < p < 00) embeds into £, ® ls if and only if there exists a K > 1
so that every normalized weakly null sequence in Sx admits a subsequence (x;) satisfying

for all scalars (a;),
(1.4) || & (Sal) " v (S aiai) ™

A proof of Corollary D will be given at the end of Section 5. It is worth noting that (1.4)
is a reformulation of (1.1) in (b) of Theorem A. The difference here is that the constant K
is uniform and not dependent on the particular sequence. Without the uniformity assump-
tion, the Corollary would be false (see Theorem 2.4 below). In Section 2 we recall some
inequalities for unconditional basic sequences and martingales in L,. Section 3 contains the
proof of Theorem A, along with the necessary preliminaries on weakly null trees, and the
“infinite asymptotic game.” In Section 4 we introduce a dichotomy of Kadets—Pelczynski
type and apply the results of Section 2 to embed a class of subspaces of L, into ¢, ® {s.
Section 5 considers the subspaces of L, which do not embed in ¢, ® f2; we show that such
subspaces contain “thinly supported £5’s”. More precisely, for some K < oo, we find sub-
spaces Y, n € N, which are K-isomorphic to £2, but for which the natural equivalence of
| - |lp and || - ||2 on Y}, is bad. By this we mean that ||y||, > M,||ly||2, for all y € Y,,, for
some sequence (M,) C R, with M,, / oo, as n /" oco. This will enable us to argue that
we can choose the Y,’s so that vectors y, € Sy,, n € N, are almost disjointly supported
and hence the closed linear span of the Y;,’s is isomorphic to £,(f2). Section 6 refines the
result of Section 5, obtaining alomst disjointly supported ¢5’s, by applying techniques from
Aldous’s paper [Ald] on random measures. As well as the new proof of the result from
[JO2] mentioned above, Section 7 includes a construction of subspaces of L,, isomorphic
to ellz, which embed only with bad constants in spaces of the form ¢, ® (@Z’il ég)p. In
Section 8 we recall what is known and not known about small £,-spaces and raise a problem
about when X C L, embeds into £,(¢2). In light of the deep work of [BRS] in constructing
uncountably many separable £, spaces, it is likely that further study of their ordinal index
will be needed to make progress on classifying the next group of smaller £,-spaces.

We are especially grateful to the referee for two incredibly detailed reports which greatly
improved our exposition.

2. SOME INEQUALITIES IN L,

We first recall the well known fact that an unconditional basic sequence in L,, is trapped
between ¢, and /5.

Proposition 2.1. (see e.g. [AO]) Let (z;) be a normalized A-unconditional basic sequence
in Ly, (2 <p<o0). Then for all (a;) CR

A (Z |az"p) v < H Zaiﬂ?i

<35 (i)
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In Proposition 2.1, B, is the Khintchin constant, || 3" a;r;|| < Bp(> |a:|?)'/?, where (r;)
is the Rademacher sequence.

H. Rosenthal proved that if the x;’s are independent and mean zero random variables in
L, then they span a subspace of £, @ {s.

Theorem 2.2. [R] Let 2 < p < co. There ezists K, < co so that if (x;) is a normalized
mean zero sequence of independent random variables in Ly, then for all (a;) C R

Hzaixi ~ (Z|ai|p>l/pv(Z\ai|2||$i||%)l/2

D. Burkholder extended this result to martingale difference sequences as follows.

p

Theorem 2.3. ([B], [BDG], [H]) Let 2 < p < oo. There exists Cp, < 0o so that if (z;) is a
martingale difference sequence in Ly, with respect to the sequence (Fy,) of o-algebras, then

[=], % (i) v | (Seetimea) ™,

where E(x|F) denotes the conditional expectation of an integrable random variable x with
respect to a sub-cg-algebra F.

From [KP], it follows that every normalized weakly null sequence in L, admits a subse-
quence (z;), which is either equivalent to the unit vector basis of ¢, or equivalent to the
unit vector basis of fo. The latter occurs if € = lim; ||z;||2 > 0 and the lower {s estimate is

(essentially)
2
i) < | S o]

Using Theorem 2.3, W.B. Johnson, B. Maurey, G. Schechtman, and L. Tzafriri obtained
a quantitative improvement.

1/2

Theorem 2.4. [JMST, Theorem 1.14] Let 2 < p < oo. There exists D, < oo with the
following property. Every normalized weakly null sequence in L, admits a subsequence (x;)
satisfying for some w € [0, 1], for all (a;) C R,

H Zaixi » i (Z ’ai‘p)l/p Vw (Z |ai|2>

Thus in particular [(z;)], the closed linear subspace generated by (x;) uniformly embeds
into £, © {a.

3. A CRITERION FOR EMBEDDABILITY IN £, @ />

In this section we prove Theorem A, and thus provide an intrinsic characterization of
subspaces of L, which isomorphically embed into £, ® £>. This characterization is based on
methods developed in [OS1] and [OS2].

We will need the following notation.

Let Z be a Banach space with a finite dimensional decomposition (FDD) E = (E,,). For
n € N, we denote the n-th coordinate projection by PF ie. PF: 7 — E, with PF(2) = z,,
for 2 =Y 2 € Z, with z; € Ej, for all i € N. For a finite A C N we put P¥ =
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6 R. HAYDON, E. ODELL AND TH. SCHLUMPRECHT

cop denotes the vector space of sequences in R which are eventually 0 with unit vector
basis (e;). More generally, if (F;) is a sequence of finite dimensional Banach spaces, we
define the vector space

coo (B2 Ey) = {(zl) i z; € By, for i € N, and {i € N: z; # 0} is finite}.

The linear space coo(®2,E;) is dense in each Banach space for which (E,) is an FDD.
If A C N is finite we denote by @;c4F; the linear subspace of coo(®F;) generated by the
elements of (F;);ca. A blocking of (E;) is a sequence (F;) of finite dimensional spaces for
which there is an increasing sequence (N;) in N so that (Ny = 0) F; = @ﬁNi,1+1Ej? for
any ¢ € N.

Let V be a Banach space with a normalized 1-unconditional basis (v;) and E = (E;) a
sequence of finite dimensional spaces. Then we define for T = (z;) € coo(B2, E;)

[e.e]
7oy = || D ol - v
=1

|- ll(z,v) is a norm on coo(®2, E;), and we denote the completion of coo(®52, E;), with
respect to || - [|(z,v), by (@52, Ei)V‘

For z € coo(DE;) we define the E-support of z by suppg(z) = {i €N : PP(2) #0}. A
non-zero sequence (zj) C coo(®E;) is called a block sequence of (E;) if maxsuppg(zn) <
minsuppg(zn+1), for all n € N, and it is called a skipped block sequence of (E;) if 1 <
minsuppg(z1) and maxsuppg(z,) < minsuppg(z,s1) — 1, for all n € N. Let § = (§,) C
(0,1]. If Z is a space with an FDD (E;), we call a sequence (z;) C Sz ={z€ Z : ||z|| =1}
a 6-skipped block sequence of (E), if there are 1 < ky < f1 < ko < fo < --- in N so that
|l zn — P(],”;m 0] (21)|| < On, for all n€N. Of course one could generalize the notion of §-skipped
block sequences to more general sequences, but we prefer to introduce this notion only for
normalized sequences. It is important to note that, in the definition of d-skipped block
sequences, ki > 1, and, thus, that the Fj-coordinate of z1 is small (depending on 7). Let

v

Teo = U {(nth,.-.,TLg)ZTLl < neg < ---ny are in N} .
leN

Two is naturally partially ordered by extension, i.e., (mi,ma,...mg) =< (n1,ng,...ny) if
k < ¢ and n; = m;, for i < k. We call £ the length of & = (n1,ne,...ny) and denote it by
||, with |@| = 0 In this paper trees in a Banach space X are families in X indexed by Tw.

For a tree (zq)acr, in X, and a = (n1,ng,...,ny) € Too U{(}, we call the sequences of
the form (z(q,))n>n, n0des of (Ta)aecT,,- The sequences (yn), With yi = Z(n, ny,..m;), for
i € N, for some strictly increasing sequence (n;) C N, are called branches of (zqa)acts,, -
Thus, branches of a tree (z4)acr,, are sequences of the form (z,, ) where (o) is a maximal
linearly ordered (with respect to extension) subset of Th.

If (za)aer,, is a tree in X and if 7" C T is closed under taking initial segments (if
(n1,n2,...,n¢) € T" and m < £ then (ni,n2,...,n,) € T') and has the property that for
each a€ T’ U {0} infinitely many direct successors of « are also in 7" then we call (24)acr”
a full subtree of (o)aer,, . Note that (z4)aer could then be relabeled to a family indexed
by To and note that the branches of (x4 )qe7 are branches of (x4 )qer,, and that the nodes
of (zq)aer are subsequences of certain nodes of (z4)aer,, -

We call a tree (zq)aer,, in X normalized if ||z,|| =1, for all & € T, and weakly null if
every node is a weakly null sequence. If X has an FDD (E;) we call (z4)aer,, a block tree

Mar 5 2010 13:03:25 PST
Version 1 - Subnitted to Annals



SMALL SUBSPACES OF L, 7

with respect to (E;) if every node and every branch (y,,) is a block sequence with respect
to (Ez)

Note that, if (E;) is an FDD for X and if (¢4)aer,, C (0,1), every normalized weakly
null tree (z4)aer,, C X has a full subtree (zq)aer,, Which is an (¢, )-perturbation of a block
tree (yo) with respect to (E;), i.e. [|za —¥al < €q, for any a € T,. Let us also mention
that the proof of the fact, that normalized weakly null sequences have basic subsequences
whose basis constants are arbitrarily close to 1, generalizes to trees. This means that for a
given € >0, and for any Banach space X, every normalized weakly null tree in X has a full
subtree, all of whose nodes and all of whose branches are basic, and their basis constant
does not exceed 1+-¢.

We now can state the main results of this section.

Theorem 3.1. Let X be a subspace of L,, 2 < p < oo, and assume that there is a C > 1
so that every normalized weakly null tree in X admits a branch (y;) for which

00 o 00 1/p ()
Hzaiyi ~ max <<Z|az’|p) aHZaiyi
i=1 P i=1 i=1
Then there is a blocking H = (H,,) of the Haar basis (hy) so that
TiX = ty@ Lo, T(a)= ((PH(@)nena) € (832, Hy), &Ly — 6, & Lo,

2) for all (a;) € coo.

s an isomorphic embedding.

Theorem 3.1 is a special case of the following result. By a 1-subsymmetric basis we mean
one that is 1-unconditional and 1-spreading.

Theorem 3.2. Let X and Y be separable Banach spaces, with X reflexive. Let V be a
Banach space with a 1-subsymmetric and normalized basis (v;), and let T : X — Y be
linear and bounded.

Assume that for some C > 1 every normalized weakly null tree of X admits a branch
(z5,) so that

[o¢] C o0
(3.1) HZan:ﬂn o~ HZanvn
i=1 i=1

Then there is a sequence of finite dimensional spaces (G;), so that X is isomorphic to a
subspace of (B2, Gi)v oY

More precisely, under the above assumptions, if Z is any reflexive space with an FDD
(E;), and if S : X — Z is an isomorphic embedding, then there is a blocking (G;) of (E;)
so that S is a bounded linear operator from X to (@?21 Gi)v and the operator

(S.7): X — (82, G, @Y, z— (S(x),T(x)),

y Vv HT(ianxn) HY for all (a;) € cop.

is an isomorphic embedding.

Remark. Theorem 3.1 can be obtained from Theorem 3.2 by letting V' = £,, Y = Lo,
Z = Ly, with the FDD (E;) given by the Haar basis, S is the inclusion map from X into
L, and T is the formal identity map from L, to Ls restricted to X.

As noted in [0S2, Corollary 2, Section 2] (see also [OS1] for similar versions) the tree

condition in Theorem 3.2 can be interpreted as follows in terms of the “infinite asymptotic
game”, (IAG) as it has been called by Rosendal [Ro].
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8 R. HAYDON, E. ODELL AND TH. SCHLUMPRECHT

Let C > 1 and let A©) be the set of all sequences (z,) in Sy which are C-basic and
satisfy condition (3.1). The (IAG) is played by two players: Player I chooses a subspace
X1 of X having finite co-dimension, and Player II chooses z; € Sx,, then, again Player
I chooses a subspace X» of X of finite codimension , and Player II chooses an z2 € Sk,.
These moves are repeated infinitely many times, and Player I is declared the winner of the
game if the resulting sequence () is in A©).

A©) is closed with respect to the infinite product of (Sx,d), where d denotes the discrete
topology on Sx. This implies that this game is determined [Mal, i.e., either Player I or
Player II has a winning strategy and as noticed in [0S2, Corollary 2, Section 2] for all € > 0
Player I has a winning strategy for A€*9) if and only if for all € > 0, every weakly null tree
in Sx has a branch, which lies in A1),

Proof of Theorem A using Theorem 3.1. The interpretation of our tree condition in terms
of the infinite asymptotic game, easily implies that the existence of a uniform C > 1, so
that all weakly null trees (z,) C Sx admit a branch in A(), is equivalent to the condition,
that every weakly null tree (z,) C Sx admits a branch in A©), for some C' > 1.

Indeed, if such a uniform C' does not exist, Player II could choose a sequence (Cy,) in
R* which increases to oo and could play the following strategy: first he follows his winning
strategy for achieving a sequence (x,) outside of A and after finitely many steps, s1,
he must have chosen a sequence 1,2, ...,zs,, which is either not Cj-basic or does not
satisfy (3.1) for some a = (a;);1, € R®. Then Player II follows his strategy for getting
a sequence outside of A(C2) and continues that way using C3, Cy etc. It follows that the
infinite sequence (), which is obtained by Player II cannot be in any A(©). Therefore

Player II has a winning strategy for choosing a sequence outside of | Jq~ A©) which means
that there is a weakly null tree, (z,), none of whose branches are in J~, A©)

Using Theorem 3.1, we deduce therefore (b)=(a) of Theorem A. The implication (a)=-(c)
in Theorem A is easy, using arguments like those above establishing that £,&(5 is asymptotic
gp ® .

In order to show (c)= (b) let (z,) be a normalized weakly null tree in L,. After passing
to a full subtree, and perturbing, we can assume that (z,) is a block tree with respect to
the Haar basis. By (c) there is branch (z,), a sequence (w;) C [0,1] and C' > 1 so that

(3.2) H Zaizi < (Z ]ai]p) Vr v (Zw?a?) is for all (a;) € coo.

Since (z;) is an unconditional sequence and since || - ||2 < | - ||, on L, it follows from
Proposition 2.1 that for some constant ¢,

(3.3) HZaizi ) Zq,(Z’ai’p)l/pv Hzaizi

We claim that our branch (z,) satisfies (1.1) for some K < oco. Assuming this were not
true, then we could use (3.2), and choose a normalized block sequence (yy,) of (z,), say

p

2.

kn
UYn = Z a;z;, with a; R, fort e Nand 0 = kg < k1 < ...,
i:kn—l“l‘l
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SMALL SUBSPACES OF L, 9

so that for all n € N

kn
(3.4) Z w?a? =1, and
i=kp—1+1
i 1/p
(3.5) (> Jail) " Vilgalls <27
1=kp_1+1

For any (b;) € cgp it follows therefore from (3.2) that

| > by < (Zlbnlz)m,

thus (yy) is C-equivalent to the unit vector basis of ¢5. The result by Kadets and Pelczyriski
[KP] yields that || - ||, and || - |2 must be equivalent on Y. But lim, . ||yn||2 = 0 by (3.5),
so we have a contradiction. 0

For the proof of Theorem 3.2 we need to recall some results from [OS1] and [OS2]. The
following result restates Corollary 2.9 of [OS2], versions of which where already shown in

[0S1].

Theorem 3.3. [0S2, Corollary 2.9 (¢) <= (d), and “Moreover”-part|
Let X be a subspace of a reflexive space Z with an FDD (E;) and let

AC{(zp):x, € Sx formeN }.
Then the following are equivalent.
a) For any g = (g,) C (0,1) every weakly null tree in Sx admits a branch in Az, where

Agz{(x'n)CSXa(Zn)eA Hzn_an Sgn fOT‘nEN}a

and where Az denotes the closure in the product of the discrete topology on Sx.

b) For any € = (ey,) C (0,1) there is a blocking (F;) of (E;) so that every cg-skipped
block sequence (x,) C Sx of (F}) lies in Az. Here ¢ € (0,1) is a constant which only
depends on the projection constant of (E;) in Z.

We also need a blocking lemma which appears in various forms in [KOS], [OS1], [OS2]
[OSZ] and ultimately results from a blocking trick of W. B. Johnson [J]. In the statement
of Lemma 3.4 (and elsewhere) reference is made to the weak*-topology of Z, a space with
a boundedly complete FDD (FE;). By this we mean the weak*-topology on Z obtained by
regarding it as the dual space of the norm closure of the span of (E}) in Z*. This is then just
the topology of coordinatewise convergence in Z with respect to the coordinates of (E;).

Lemma 3.4. [OS2, Lemma 3, Section 3| Let X be a subspace of a space Z having a
boundedly complete FDD E = (E;) with projection constant K with Bx being a w*-closed
subset of Z. Let §; | 0. Then there exist 0 = Ny < N1 < --- in N with the following
properties. For all x € Sx there exists (z;)72, C X, and for all i € N, there exists
ti € (Ni—1, N;) satisfying (to =0 and t; > 1)

a) T = Z;.il Lj,

b) [|z;i]| < & or Hp(iq,ti
) Hp(i_hti).%' — mZH < 5i;
d) flo|| < K +1,
e) ||Pt]:3:c|| < 9;.

yZi = il| < il

o
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10 R. HAYDON, E. ODELL AND TH. SCHLUMPRECHT

Proof of Theorem 3.2. Assume X embeds in a reflexive space Z with an FDD E = (E;).
By Zippin’s theorem [Z] such a space Z always exists. After renorming we can assume that
the projection constant K = sup,,<,, [|PE ] || =1 and that X is (isometrically) a subspace
of Z. We also assume without loss of generality that ||T|| = 1.

For a sequence T = (z;) € Sx and a = ) a;e; € coo we define

[ S, =] So, v (S

‘Y'

Then || - ||z is a norm on cyy and we denote the completion of coy with respect to || - |z by
We.
Define

—_ . 3 . 3 .
I . T is 5-basic and §C-equivalent
A= {x = (#n) C Sx: to (e;) in W :

Observe that condition a) of Theorem 3.3 is satisfied for this set A. Indeed, given any
weakly null tree in Sx we may assume, as noted before the statement of Theorem 3.1 that,
by passing to a full subtree, the branches are basic with a constant close to 1, and, thus the
first requirement of the definition of A can be satisfied. The hypothesis from Theorem 3.2
then guarantees that Az contains the required branch.

We first choose a null sequence € = (g;) C (0,1), which decreases fast enough to 0 to
ensure that every sequence T = () in Az is 2-basic and 2C equivalent to (e;) in Wx.
By Theorem 3.3 applied to € we can find a blocking F' = (F;) of (E;) and a sequence, so
that every cz-skipped block sequence (z;) C Sx of (F;) (c is the constant in Theorem 3.3
(b)) is 2-basic and 2C-equivalent to (e;) in Wz. We put 6 = (J;) = cz. Then we apply
Lemma 3.4 to get a further blocking (G;), G; = EB;’V:iNi_l—H
0 = Np < N;y < Ny..., so that for every x € Sx there is a sequence (t;) C N, with
ti € (Nj—1, N;) for i € N, and ¢y = 0, and a sequence (z;) satisfying (a)-(e).

We also may assume that > -2, §; < 1/36C and will show that for every z € X

F}, for i € N and some sequence

(3.6) Jallx & (Hfjm%)uw

Vir@ly.

This implies that the map X — (®G;)y @Y, x +— ((PY(x)),T(x)), is an isomorphic
embedding.

Let € Sx and choose (t;) C N and (z;) C X as prescribed in Lemma 3.4. Letting
B={i>2: HP(};—htz‘)(xi) — x| < &;l|a;]|} it follows that (z;/||z;i||)iep is a 6-skipped block
sequence of (F;) and therefore

We want to estimate || 7%, szHvsz V||T(z)||. Since 1 € B (no matter how large ||z1]| is)
we will distinguish between the case that ||z1]| is essential and the case that ||z1|| is small
enough to be discarded.

o IS, % | St v ()
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SMALL SUBSPACES OF L, 11

If ||x1]] > 1/8C then we deduce that

1 oo
(38) 55 <l <| > i, v 7@l
o0
< (|| Xt
i€B
o
i€B

< 20| + 20” ix
iZB

ALzl + > 8) VIT @)y
i¢B

+2+ Zéi [by (3.7), (d) of Lemma 3.4] and since ||T|| = 1]

+24) 4

< 2C|[z|| + 2C||z1 | +2C D 6 +2+ > 6 < 9C.
If ||z1]] < 1/8C then

1= llel < | Yo aif| + 45
i€B
<20(| X el v [P (X =)
< Zuxuv VT Zm
1€EB i€EB
1

<20 (| S el v IT @) + 5+ o < 20(] Z i
i=1

and, thus,
(39) L 2|3 ol
' 8C ~ &y

§<,

)+ By @)

VTG ) + 5

V[,

Vvu@m)

—  [By (3.7)]

BES

551

1
< 20|z + 2C |21 || + 202@ + 46 <8C

(3.8) and (3.9) imply that
(3.10) IR Dy
i=1

For n € N define y,, = P(I;,l tn](x). From Lemma 3.4 (c) and (e) it follows that ||y, — x| <
H (t_1.tn) ( ) — x|l + || PE(z)|| < 26, and thus Y |lyn — 2| < 1/18C which implies by
(3.10) that

o0
18C
(3.11) LY il
=1

; Vv HT(x)H

V@],
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12 R. HAYDON, E. ODELL AND TH. SCHLUMPRECHT

Since for n € N we have (N1, Ny C (tn—1,tn+1) and and (t,—1,t,] C (Np—2, Ny,) (put
N_1 = Ng = 0 and P = 0) it follows from the assumed 1-subsymmetry of (v,) and the
assumed bimonotonicity of (F;) in Z that

1
2wl < 5] 3 (@I + 1B @ el
neN

neN
<> 1P () Mon|,
neN
F
S Z H'P(tnflytn+1)(x)”vn \
neN
<[22 Ulwnll + lgasall)on, < 2| D lgmllon|
neN neN
which implies with (3.11) that
36C
| Z IPE @], v 7@
and finishes the proof of our claim. O

4. EMBEDDING SMALL SUBSPACES IN ¢, @ {2

For a subspace X of L, (where p > 2, as everywhere in this paper) we shall say that a
function v in Ly, /5 is a limiting conditional variance associated with X if there is a weakly
null sequence (z,,) in X such that 22 converges to v in the weak topology of Ly 1t is
equivalent to say that, for all E € ¥ (recall that L, was defined over the atomless and
separable probability space (2, %, P))

as n — oo. The set of all such v will be denoted V(X). Note that, because p > 2, every
weakly null sequence (z,) in X does of course have a subsequence (zy,) such that 27
converges (to some v € V(X)) for the weak topology of the reflexive space L, 5.

Limiting conditional variances occur naturally in the context of the martingale inequal-
ities to be used in this section, and are closely related to the random measures of Section
6. It is therefore natural to express the basic dichotomy underlying our main Theorem B
in terms of V(X).

Proposition 4.1. Let X be a subspace of Ly, where p > 2. One of the following is true:
(A) there is a constant M > 0 such that ||v||,/2 < M|v||1 for all v € V(X);
(B) no such constant M exists, in which case there ezist disjoint sets A; € ¥ and elements
v; € V(X) (i € N), such that [|14,villp,2 — 1 and |[1g\ 4,villp2 — 0 as i — oo.

Proof. This is a consequence of the Kadets—Pelczynski dichotomy. Either there exists an
€ > 0 so that
V(X) C {u€ Lyz : Bllu| = ellullyyo] > ¢}
then
|lully > E[5Hu\|p/21[|u|2€||u||p/2ﬂ > 52||u|\p/2, for all u € V(X),

and (A) holds for M = e72. Otherwise, by the construction in Theorem 2 of [KP], we
obtain (B). O
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SMALL SUBSPACES OF L, 13

The rest of this section will be devoted to showing that if (A) holds then X embeds in
¢y © l2. By Theorem 3.1, it will be enough to prove the following proposition.

Proposition 4.2. Let X be a subspace of L,, where p > 2, and assume that (A) holds in
Proposition 4.1. Then there is a constant K such that every weakly null tree in Sx has a
branch (z;) satisfying

K71H Zcia:i

for all ¢; € R.

)

p

. < max{(Z M,p)l/p’

E CiTg

K|S

Proof. Our proof, using Burkholder’s martingale version of Rosenthal’s Inequality (Theorem
2.3), is closely modeled on Theorem 1.14 of [JMST]. Let (z4)acr,, be a weakly null tree
in Sx. Taking small perturbations, we may suppose that we are dealing with a block tree
of the Haar basis. So for each o € T, x, is a finite linear combination of Haar functions,
say To € [Pnlp<n(a), and for each successor (o, k) of a in Too, T(a k) € [n)n(a)<n<n(ak)-
We may then proceed to choose a full subtree 7" of Ty, having the properties (1) and (2),
below, as we now describe.

First, we consider the first level of the tree, that is to say the sequence of elements x )
with n € N. We may extract a subsequence for which x?n) converges weakly in Ly, /5 to some

vop € V(X) and then, by leaving out a finite number of terms, ensure that |E[$%n)]1/2 -

E[vo]Y/?| < %
We now continue by taking subsequences of the successors of each « in such a way that
the following hold (for n € N, H,, denotes the o-algebra generated by (h; : i<n)) :

(1) the elements x%a ) (with (a,n) € T) of L, /, converge weakly to some v, € V(X);
(2) for all (a,k) € T' we have |[E[z, ;) | Hue)]"? = Elva | Hp(a)]/?[lee < 27171,

To achieve the above, we use our earlier remark based on relexivity of L5, and the fact
that weak convergence implies norm convergence in the finite dimensional space [hy],<p(a)-

We now take any branch (x;) of the resulting subtree (xq)aer’. SO x; = 4, Where o;
is the initial segment (ni,n2,...,n;) of some branch (ny,ng,...) of 7. We consider the
o-algebras F; where Fy = {0, Q} and F; = Hn(a;) for i > 1 and write E; for the conditional
expectation relative to F;. Since we are dealing with a block tree the sequence (z;) is a block
basis of the Haar basis, and hence a martingale-difference sequence with respect to (F;).
We may therefore apply Theorem 2.3 to conclude that the L,-norm of a linear combination

> cixj is Cp-equivalent to
1/2 }
p/2)’

max { ( Z |Ci\p> l/p, Z FEi_1[z?]

We shall show that, provided we modify the constant of equivalence, we may replace the
second term in this expression by

bl

‘1/2
1

H Y GEife]]

which equals || Y ¢;xi|2-
Now, by construction, the conditional expectations E;_1[z?] are close to E;_1[v;_1], where,

for j > 1, v; denotes v,,;. More precisely, we may use (2) above and the triangle inequality
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14 R. HAYDON, E. ODELL AND TH. SCHLUMPRECHT
in Ly(¢2) to obtain

P

We similarly get

|l | Sttt St st

Using our assumption about V(X), the fact that all the v; are non-negative and the in-
equalities (4.1) and (4.2) we obtain

Do

1/2

(4.1) ‘ HZC E;_1[vi_1 H o <H( " 29%) 1/2H <max|a.

(4.2) 2

1/2 1/2
‘ <HZC Ei—1[vi—1 H/ + max | ¢

1/2
< (D Ui fvilllly)  + max]e
1/2

< (X lvicallz) -+ maxes

< V(Y fuicall,) " + max e

= VM| S ]| 4 e

< V|| Y B o]+ (14 VD) e

which yields the left most inequality in Proposition 4.2. The right hand inequality is easy
by Proposition 2.1 since || - ||, > || - |2 and (=;) is unconditional, being a block basis of the
Haar basis. 0

Corollary 4.3. Let X be a subspace of Ly, where p > 2, and assume that (A) holds in
Proposition 4.1. Then X embeds isomorphically into £, ® {s.

5. EMBEDDING /,,({2) IN X

Theorem 5.1. Let X be a subspace of L, (p > 2) and suppose that (B) of Proposition 4.1
holds. Then X contains a subspace isomorphic to £,({s).

The first step in the proof is to find fo-subspaces of X which have “thin support”. The
precise formulation of this notion that we shall use in the present section is given in the
following lemma.

Lemma 5.2. Suppose that (B) of Proposition 4.1 holds. Then, for every M > 0 there is
an infinite-dimensional subspace Y of X, on which the L, and Lo norms are equivalent, but
in such a way that ||ly|l, > M|yll2 for ally € Y.

Proof. By hypothesis, for every M’ > 0 there exists v € V(X) such that [|v|; = 1 and
[vllp2 > M 2. There is a weakly null sequence (z,,) in X such that z2 converges weakly
to v in L, ;. By taking small perturbations of the z,,’s (with respect to the L,-norm) and
by noting that the Cauchy-Schwarz inequality yields |22 — y?[|,2 < llz =yl - |z + yllp,
for z and y € Ly, we may suppose that (z,) is a block basis of the Haar basis. Since the

sequence x2 is positive and weakly convergent,

lz2lls = Elan] — Efv] = ol = 1.
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SMALL SUBSPACES OF L, 15

We can thus assume that ||x,||2 = 1 for all n. We may choose a natural number K such
that |[E[v | Hk]|l,;2 > M and by discarding the first few elements of (z,,) we have that
Zn € [hk|g>K, for all n. The z, are martingale differences with respect to a subsequence
Fn = Hy(ny of the Haar filtration (with k(0) = K). Taking a further subsequence, we may
suppose that

(5.1) |E[v | Fn1)V? —E[z? | -7:n—1]1/2H00 < 27", for all n.

Because (x,) is a martingale difference sequence, we can apply Theorem 2.3 to conclude
that

H chxn

If we use (5.1) and apply the triangle inequality in L,(f2) we obtain

2G| dmetima) | = e iz s nemlal,

| Yoz = G B 22 Foc] s 2 € W,

> Gy ([[I(eaBY 2ol Faea]) s 1€ N gy|], = (2™ 0 € M)y

= (|(Z aplma?] - (S ) = Ht ()™

On the other hand, in Lo, the x, are orthogonal, whence

| S e, = ()™

Provided M is chosen large enough, we have ||y||, > M||y||2 for all y € [x,] as required. [

The next step is to show that we can choose our fo-subspaces to have p-uniformly inte-
grable unit balls. Recall that a subset A of L, is said to be p-uniformly integrable if, for
every £ > 0 there exists K > 0 such that [|z1j,> x|l < € for all z € A. We shall need the
following standard martingale lemma.

Lemma 5.3. Let (z,,) be a martingale difference sequence that is p-uniformly integrable.
Then the set of linear combinations of the x,’s with fs-normalized coefficients is also p-
uniformly integrable.

Proof. We assume that ||z,||2 < 1 for all n and consider a vector y of the form ) c,z,
with Y, ¢2 = 1, noting that ||y||3 = > c2||x,||5 < 1. Given € > 0, we choose K > ™! such
that ||z;1g||2 < € for all j whenever P(E) < K~1. We consider the martingale (y,,) where
Yn = ngn cjxj (thus y = yoo) and introduce the stopping time

7=1inf{n € N: |y,| > K}.

By Doob’s inequality P[r < oo] < K~!||ly[l1 < K~!. We note that if 7 < oo, then |y,| <
K + |erz,| so that
’y‘ <K+ |y - yT| + ‘CT$T1[7<00]“

We shall estimate the L,-norms of the second two terms. For the first of these, we note
that (yx — yrar) is a martingale, so that (C only depends on p)
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16 R. HAYDON, E. ODELL AND TH. SCHLUMPRECHT

[by the square function inequality]

ly = vrllp < €| 3 Ea21ren
n

1

p/2
- 1/2

< C(Z Ty L ran) Hp/2> [by the triangle inequality in L, 5]

< Csup [[znlr<oqllp [since Zci <1]

< Ce [because P[r < oo] < K.

For the second term we use the fact that the sets [ = n] are disjoint, so that

1/p
lerotrenelp = || 3 entnliomn]| = (D leal?llzntpmnlly) ™ < s1p 2017 cogpllp < =
n
n n

p pu—
as before. Thus,

Y1y 1som)llp < KPYP[ly — yrl+lerzr 1 cag| > K|+ (C + 1) < 2(1+ C)e,
which implies our claim. U

Lemma 5.4. Let Y be a subspace of L, (p > 2), which is isomorphic to ly. There is an
infinite dimensional subspace Z of Y such that the unit ball By is p-uniformly integrable.

Proof. Let (y,) be a normalized sequence in Y equivalent to the unit vector basis of ¢5. By
the Subsequence Splitting Lemma (see, for instance Theorem 1V.2.8 of [G-D]), we can write
Yn = Tn + zn, where the sequence (z,,) is p-uniformly integrable, and the z, are disjointly
supported. So (z,) and (z,) are weakly null. Taking a subsequence, we may suppose
that the (z,) is a martingale difference sequence, so that the set of all £3-normalized linear
combinations ) ¢, &, is also p-uniformly integrable.

We now consider #s5-normalized blocks of the form

vh=Ne—Nes) V2 Y g =+ 4,
Np_1<n<Ny
where,

), = (N), — Nk71>_1/2 Z xp and 2z, = (Ng, — Nk71)_1/2 Z 2.
Np_1<n<Ng Ni_1<n<Nj

Because the z, are disjointly supported in L, we have ||z}|l, < (N — Np_1)"/P71/2, s0
we can choose the N, such that |z}|, < 27%. The sequence (}), being f» normalized
linear combinations of the z,, are p-uniformly integrable. Hence the y,, which are small
perturbations of the z}, are also p-uniformly integrable. Another application of Lemma 5.3
yields the result. U

We are now ready for the proof of Theorem 5.1.

Proof of Theorem 5.1. By Lemmas 5.2 and 5.4 there exists, for each M > 0, a subspace
Zyr of X, isomorphic to £ with p-uniformly integrable unit ball, such that

lyllp > Mlyll2

Mar 5 2010 13:03:25 PST

Version 1 - Subnitted to Annals



SMALL SUBSPACES OF L, 17

for all y € Zp;. For a specified € > 0, we shall choose inductively M7 < My < --- and
define Y,, = Z);,, such that

(5:2) [Ym| A lynlllp < e/n2",

whenever y,, € By, , y, € By, and m < n.
To achieve this, we start by taking an arbitrary value for My, say M_1. Recursively, if
My, ..., M, have been chosen, we use the p-uniform integrability of Umgn By,, to find K,

such that H|y| — |yl N Ky, H < e/(n+1)2"*2 whenever y € By, and m < n. We now choose
My 41 such that M2, > KL~ 2(n + 1)P2r(n+2)=p,

We need to check that (5.2) is satisfied, so let y,41 € By,,, and let y,, € By, with
m <n. We have

[Ym| A lyn+1| < Kn Alynsa| + ([Ym] — [ym| A Kn)
and have chosen K, in such a way as to ensure that

H’ym’ — Ym| A Kan <e/(n+ 1)2n+2.
For the first term, we note that
E[(Kn Alynii )] < EIKE i ] = K2 llynsall < KR72M 0,

which is smaller than e?(n + 1)"P27P("*2) by our choice of M, ;.
Now let y, € Sy, for all n € N. We shall show that the y,’s are small perturbations of
elements that are disjoint in L,. Indeed, let us set

y;z = sign (yn)(|yn| - |yn| A \/ |ym|)

m#n
Then the y,, are disjointly supported and from (5.2)
I =l = 1l A \/ ol | < Z llynl A lymlll, < (0= V)e/n2" + 3 2/m2™ < e/2
m#n m>n

Standard manipulation of inequahtles now shows us that the closure of the sum )Y, in
L, is almost an f,-sum. Indeed,

=20 (Sleal) " < (Sleatlonll) " (X learr) "
— S et p_g(z\cnv?)”p

< || 2 cntm|
<13 cun p+e(2|cn|”)l/p <+l

At this point in the proof, we have obtained subspaces Y,, of X, each isomorphic to £ such
that the closed linear span ) Y, is almost isometric to (D Ys),. By stability ([KM] or
[AO]) we can take, for each n, a subspace X,, of Y, which is (1 + ¢)-isomorphic to f3. In
this way we obtain a subspace of X which is almost isometric to £,(¢2). O

IN

The last part of the claim of Theorem B, namely that we can pass to a further subspace of
X which is still (1+6)-isomorphic to £,(¢2) and, moreover, complemented in L,, follows from
our results in the next section. G. Schechtman [S2] showed us that if one is not concerned
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18 R. HAYDON, E. ODELL AND TH. SCHLUMPRECHT

with minimizing the norm of the projection, then there is a short argument that gives a
complemented copy of £,(¢2). We thank him for allowing us to present it here.

Proposition 5.5. Let X C L, be isomorphically equivalent to £,(¢3). Then there is a
subspace Y of X which is isomorphic to £y(€2) and complemented in L.

Proof. Let {z(m,n) : m,n € N} C X be a normalized basis of X equivalent to the usual
unconditional basis of ¢,(¢2), i.e. there is a constant C' > 1 so that

Z a(m,n)z(m,n) £ Z Z:a(m,n)2 Py for all (a(m,n)) € coo(N?).
eN eN N

ne

In [PR] it was shown that for any C' > 1 there is a g,(C) < oo so that every subspace
E of L,, which is C' isomorphic to ¢3, is g,(C) complemented in L,. For m € N let
Py, : L, — [(z(m,n) : n € N] be a projection of norm at most g,(C). We can write

P (x) = Z z*(m,n)(z)x(m,n) for x € Ly,
neN
where (z*(m,n) : n € N) is a weakly null sequence in L, % + é = 1, and biorthogonal to
x(m,n) : n € N). By passing to subsequences, using a diagonal argument, and perturbing
we may assume that there is a blocking (H(m,n) : m,n € N) of the Haar basis of L,,
in some order, so that z(m,n) € H(m,n) and z*(m,n) € H*(m,n), for m,n € N, where
(H*(m,n)) denotes the blocking of the Haar basis in L, which corresponds to (H(m,n))
We will show that the operator

P:L,— L, =~ Z x*(m,n)(x)x(m,n),
m,neN

is bounded and, thus, it is a bounded projection onto [x(m,n) : m,n € N].
Fory =3  cny(m,n), with y(m,n) € H(m,n), if m,n € N, we deduce that

1PWI = || 32 D2 @ tmym) wm, m)a(m, )|

meNneN

<o( 3 (6 mmm,m?)")

meN  neN

< (S IPawal?) " < g (X )"

meN meN
where Yy, = >, cyy(m,n) for m € N.
The Haar basis is unconditional in L, and if we denote the unconditional constant in L,
by U, we deduce from Proposition 2.1 that [jy|| > U, (3,,cn | ||P)Y/P, which implies our
claim. O

Remark. G. Schechtman [S2] has also proved, by a more complicated argument, that if
X C Ly, 1 < p < 2,is an isomorph of ¢,(¢3) then X contains a copy of ¢,(¢2) which is
complemented in L,,.

Let us now deduce the statement of Corollary D.

Proof of Corollary D. First assume that X embeds into £, ®/¢3. Note that every weakly null
sequence (x,) can be turned into a weakly null tree (z,), whose branches are exactly the
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SMALL SUBSPACES OF L, 19

subsequences of (z,) (PUt T(n, ny,.n,) = Tn, for (n1,m2,...1n¢) € Two). This fact, together
with the remarks at the beginning of the proof of Theorem A (about the existence of K),
show that condition (b) of Theorem A for a subspace X of L, implies, that there exists a
K > 1, so that every weakly null sequence in Sx admits a subsequence (x;) satisfying for
all scalars (a;) condition (1.1) in (b) of Theorem A.

Conversely, assume that X does not embed into ¢, © f2. Then Propositions 4.1 and 4.2
together with Theorem A imply that condition (B) of Proposition 4.1 is satisfied. Using
now Lemma 5.2, we can find for every M < oo a subspace Y of X which is isomorphic to
Uy, so that || - ||, > M|| - ||2 on Y. This implies that there cannot be a K > 1, so that every
weakly null sequence in Sx admits a subsequence (z;) satisfying (1.4). O

6. IMPROVING THE EMBEDDING VIA RANDOM MEASURES

We shall give a quick review of what we need from the theory of stable spaces and random
measures. We shall then obtain the optimally complemented embeddings of £,(¢2).

We start this section by recalling some facts about random measures and their relation to
types on L,. The introductory part is valid for 1 < p < co. Later we will restrict ourselves
again to the case p > 2. As far as possible, we shall follow the notation and terminology
of [Ald]; for the theory of types and stability we refer the reader to [KM] (or [AO]). The
lecture notes of Garling [G] is one of the few works where the connection between random
measures and types on function spaces is explicitly considered.

We shall denote by P the set of probability measures on R which is a Polish space for
its usual topology. This topology, often called the “narrow topology”, can be thought of as
the topology induced by the weak™ topology o(Cy(R)*,Cy(R)).

A random measure on (Q, %, P) is a mapping £ : w — &,; — P which is measurable
from 3 to the Borel g-algebra of P. The set of all such random measures is denoted by M
and is a Polish space when equipped with what Aldous calls the wm-topology. Sequential
convergence for this topology can be characterized by saying that £ 5 ¢ if and only if

E [1F /R f(t)dg(”)(t)} —E |:1F /R f(t)df(t)},

for all F € ¥ and all f € C°(R). In interpreting the expectation operator in the above
formula (and in similar expressions involving “implicit” w’s) the reader should bear in mind
that ¢ is random. If we translate the expectation into integral notation,

E[lp /R f(t)dg(t)] becomes /F /R F(£) A (t) dP(w).

It is sometimes useful to use the notation £¢, when F' is a non-null set in ¥ for the probability
measure given by

/ £() A (t) = P(F) 'Ly / FHAED)] (f € Co(R)).
R R

The usual convolution operation on P may be extended to an operation on M by defining
¢ xm to be the random measure with (£ * n), = &, * n,. Garling (Proposition 8 of [G])
observes that this operation is separately continuous for the wm topology. This result is
also implicit in Lemma 3.14 of [Ald]. We may also introduce a “scalar multiplication”:
when £ € M and « is a random variable, we define the random measure a.£ by setting

/f(t)d(af)(t) Z/Rf(at) dé(t)  (f € CP(R)).

Mar 5 2010 13:03:25 PST
Version 1 - Subnitted to Annals



20 R. HAYDON, E. ODELL AND TH. SCHLUMPRECHT

Every random variable z on (£,3,P) defines a random (Dirac) measure w — Jy,).
Aldous [Ald, after Lemma 2.14] has remarked that (provided the probability space (€2, X, P)
is atomless) these d, form a wm-dense subset of M. While we do not need this fact
here, it may be helpful to note that the definition given above of a.£ is so chosen that
S, —% .& whenever 0, —> & The L,-norms extend to wm-lower semicontinuous
[0, oo]-valued functions | - |, on M, defined by

el =E[ [ 1 aseo)] "

We shall write M,, for the set of all £ for which ||, is finite.

As a special case of the characterization of wm-compactness by the condition of “tight-
ness” we note that a subset of M, which is bounded for |- |, is wm-relatively compact. In
particular, if (z,) is a sequence that is bounded in L, then there is a subsequence (xy, )
such that 4, T2 ¢ for some & € M,. If (z,,) is, moreover, p-uniformly integrable, an
easy truncation argument shows that

Tim (|l :nllngoE</|t|pd5xn(t)> :E</|t|pd§(t)).

For a subspace X of L, we write M,(X) for the set of all { that arise as wm-limits of
sequences (0z,) with (x,) an L,-bounded sequence in X. It is an easy consequence of
separate continuity that M,(X) is closed under the convolution operation * (c.f. the proof
of [Ald, Proposition 3.9]).

We recall that a function 7 : X — R on a (separable) Banach space X is called a type if
there is a sequence (x,) in X such that, for all y € X,

lzn +yll — 7(y) asn — oo.

The set of all types on X is denoted 7x and is a locally compact Polish space for the weak
topology; this topology may be characterized by saying that 7, — 7 if 7,,(y) — 7(y) for
all y € X. If we introduce, for each z € X, the degenerate type 1, defined by

m(y) = =z +yl,
then 7Tx is the w-closure of the set of all 7,,. We introduce a “scalar multiplication” of types,
defining a.7, for « € R and 7 € Tx by setting
o7 = w-lim7,,, when 7 =w-lim7,,.
A Banach space X is stable if, for z,, and y, in X, we have

lim lm ||z, + ys| = lim lim |z, + s,
m—00 N—00 n—o0 Nn—0o0

whenever the relevant limits exist. All L,-spaces (1 < p < 0o) are stable [KM].
Stability of a Banach space X permits the introduction of a (commutative) binary oper-
ation x on 7y, defined by
Txv(z) = lim lim |z 4+ yn + 2|
m—0o0 N—oo
when 7 = w-lim 7., and v = w-lim 7,
A type 7 € Ty is said to be an {,-type if

() = (B.1) = (Jal? +[5]9)"1.7

for all real o, 5. The big theorem of [KM] shows first that on every stable space there are
L4-types for some value(s) of ¢, and secondly that the existence of an ¢, type implies that
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SMALL SUBSPACES OF L, 21

the space has subspaces almost isometric to ¢;. In fact the proof of Théoréme IIL.1 in [KM]
proves something slightly more than the existence of such a subspace. We now record the
statement we shall need.

Proposition 6.1. Let X be a stable Banach space, let 1 < g < oo and let (z,,) be a sequence
in X such that 1., converges to an {y-type T on X. Then there is a subsequence (xy,) such
that 1., converges to T for every {y-normalized block subsequence (zp,) of (zp,).

The results of [KM] extended, and gave an alternative approach to the theorem of [Ald],
which obtained /;’s in subspaces of L; using random measures. We shall need elements
from both approaches. The link is provided by the following lemma, for which we refer the
reader to the final paragraphs of [G]. We shall write 7, for 77, and, when X is a subspace
of L,, we shall write 7,(X) for the weak closure in 7, of the set of all 7, with z € X.

Lemma 6.2. Let (x,) be a bounded sequence in L, and suppose that 0, —> & in M.
Suppose further that ||zy|, — a as n — co. Then, for ally € Ly,

w4 lg =8 | [ ly+1p asto] + 2,
where the non-negative constant B is given by
o = [|E][5 + 7.
The sequence (xy,) s p-uniformly integrable if and only if 5 = 0.

We thus have the following formula showing how the type 7 = lim7,,, € 7, is related to
the random measure { = wm-1imd,,, € M, and the index of p-uniform integrability j3.

(6.1) rwp = | [ ln+ivag(o)] + .

If ¢ < p then a sequence (z,) as above in L, can be thought of as a sequence in L,. If we
wish to distinguish the type determined on L, from the type on L,, we use superscripts.
Of course,

“o = [ [+ arago)

with no “8” term, because an Lj,-bounded sequence is g-uniformly integrable.
The * operations on 7, and on M, are related by the following lemma, also to be found
in [G].

Lemma 6.3. Let 7 and 12 be types on L, represented as
=& | [ i+ iPaa] + 8 oty | [ v+ o] + 3.
R R
Then

(ry %) (y)? = E [ [ v+ tpdter» @)(t)} O+ B

It has been noted already in the literature (e.g. [G]) that the representation given in
(6.1) is not in general unique. However, for most values of p, it is, as we now show.
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22 R. HAYDON, E. ODELL AND TH. SCHLUMPRECHT

Proposition 6.4. Let 1 < p < oo and assume that p is not an even integer. In the
representation of a type T on Ly by the formula (6.1) the random measure & and the constant
B are uniquely determined by 7. If (xy) is any sequence in L, with 7, — 7 we have
5In M f and infM limnﬂoo ”xnl[\anM]Hp = ﬁ

Proof. Suppose that &, 8 and £, 3 yield the same type 7. For any non-null £ € ¥ and any
real number u, we consider 7(y) where y = ulp € L, to obtain

E [ [+ ulEV’da(t)] . [ [+ ulE\pde(t)] L,
R R
or, equivalently,
/ 1t 4 ulPdep(t) = / £+ ufPdels(t) + a?,
R R
where
B(E)a? = §% — ° + E [m / HPAE (1) — 1o\ / rt|pd»s<t>} |

By the Equimeasurability Theorem (cf.[KK, page 903]), & = 0 and the measures { and &},
are equal. Since this is true for all £, £ = ¢£'.

Now let (z,) be any sequence with 7, —~, 7. By the uniqueness that we have just
proved, the only cluster point of the sequence ¢,, in M is . Since (by Li-boundedness)
{6,, : n € N} is relatively wm-compact in M, it must be that J,, — &. O

We have already noted that M, (X) is closed under * when X is a subspace of L,. The
next proposition, which is closely related to that of [Ald, Proposition 3.9], shows that under
appropriate conditions M,(X) is wm-closed.

Proposition 6.5. Let 1 < p < oo and let X be a subspace of L, with no subspace isomorphic
to £,. Then My(X) is wm-closed in M.

Proof. The hypothesis implies that the L,-norm is equivalent to the Li-norm on X, so that
we may regard X as a (reflexive) subspace of L. Aldous [Ald, Lemma 3.12] shows (by a
straightforward uniform integrability argument) that £ — |£]; is wm-continuous and finite
on D, where D is the wm-closure of {0, : € X}. Thus every £ in D is in the wm-closure
of an L;-bounded subset of X, and hence, by equivalence of norms, in M, (X). O

To finish this round-up of types and random measures, we need to mention the connection
between lo-types and the normal distribution (a special case of the connection between /¢4-
types and symmetric stable laws). We write 7 for the probability measure (or law) of
a standard A(0,1) random variable. If o is a non-negative random variable then o.y is
a random measure (a normal distribution with random variance). Provided o € L, this
random measure defines a type on L, by

rr =& | [y + 2 doa))] 2| [ 1y+ ot o]

Now it is a property of the normal distribution that (a.y) * (8.7) = (a? + 32)'/2.4 for real
o, 3. By Lemma 6.3, this allows us to see that 7 is an fa-type on L,,.
We are finally ready to return to the main subject matter of this paper.

Lemma 6.6. Let X be a subspace of Ly, with p > 2, and let v be a non-zero element of
L, /5. The following are equivalent:
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(1) v e V(X);
(2) there exists & € Mp(X) such that [ tdé =0 and [ t2 d¢ = v almost surely;
(3) Vor € My(X).

Proof. We start by assuming (1). Let (x,,) be a weakly null sequence in X such that (z2)
converges weakly to v in L,/5. Replacing (z,) with a subsequence, we may suppose that

Oz, —5 ¢ for some € € M,(X). Since the sequence () is Ly-bounded, it is 2-uniformly
integrable and so

(6.2) E [1,; /R tdg(t)] =limE [1gz,] =0 and

(6.3) E [1E/Rt2d§(t)] =lmE [1gz}] =E[1gv],

for all E € ¥. This yields (2).

We now assume (2). Let (x,) be an L,-bounded sequence in X such that J,, is wm-
convergent to . Since [, d€(t) = 0 a.s. it follows that (z,) is weakly null and since & # dy,
|xn|l2 does not tend to zero. By [KP], it follows that Xy, the closed linear span of a
subsequence of (x;), is isomorphic to 3. The assumption about ¢ is that, for almost all w,
the probability measure &, is the law of a random variable with mean 0 and variance v(w).

By the Central Limit Theorem

n—1/2‘ (gw * gw koewe ok fu})

n terms

tends to /v(w).vy for all such w. So in M we have
n_1/2.(£*£*---*f) = V.

Since M,,(Xp) is closed under convolution and is closed in the wm-topology (by Proposi-
tion 6.5), we see that \/v.y € Mp(Xo) € M,(X).

Finally, if we assume (3) we may take (z,) to be an L,-bounded sequence in X such
that 6., — \/v.y. Calculations like those used in the proof of (1) = (2), justified by
2-uniform integrability, show that (x,) is weakly null and that x2 tends weakly to v. [

We shall say that a sequence (y,,) in L, is a stabilized {2 sequence with limiting conditional
variance v if, for every ¢, normalized block subsequence (z,) of (y,), the following are true:

(6.4) 5., B vy as n — oo;
(6.5) 12nllp = Yllv/[lp as n — oo.

(Recall that v, = ||z||,, where x is a symmetric Ly normalized Gaussian random variable).
For p not an even integer, it is not hard to establish the existence of such sequences using
Proposition 6.1 and Proposition 6.4. The proof of the next proposition avoids the irritating
problem posed by non-unique representations, by switching briefly to the Li-norm.

Proposition 6.7. Let X be a closed subspace of L, (p>2) and let v be a non-zero element of
V(X). Then there exists a stabilized {2 sequence in X with limiting conditional variance v.

Proof. By Lemma 6.6 the random measure /v.7y is in M,(X). Let (z,) be a bounded
sequence in X with d,, % v.7y. For the moment, think of the z,, as elements of L; and
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24 R. HAYDON, E. ODELL AND TH. SCHLUMPRECHT

1

consider the types T;Cn) defined on L;. By Ly-boundedness, the sequence (z,) is uniformly

(1)

integrable, so the sequence (73,) converges weakly to the fo-type 7(1), where

Wy =E U ly + ﬁtldv(t)] :
(1)

By Proposition 6.1 we may replace (x,) by a subsequence in such a way that Tzi =, 7@
for every fo-normalized block subsequence (z,). By Proposition 6.4 we have ., > /v.y
for all such (z).

We now return to the L,-norm, for which we can assume, after passing to a subsequence,
if necessary, that (z,) is equivalent to the unit vector basis of 5. By stability of L, there
is an ¢3-normalized block subsequence (y,,) such that 7'351:) % 7@ for some fo-type 7 on

L,. Moreover, by Proposition 6.1 we can arrange that T,Z(f) 2, 7® for every further such

¢y-normalized block subsequence (z,). By (6.1) we have
oy = | [ v+ atpa] + 2.
R

for some non-negative constant 3. Now 7(®) is an fo-type, so 7P « 7() = /2.7() That is
to say

(0 P =5 | [ o+ vauraro| + (v2sp.

On the other hand, by Lemma 6.3,

() s« 7P (y)P = E UR ly + Vot[Pd(y * 'y)(t)] +23P =K /R ly + V2ut[Pdy(t) | + 267

Since p # 2, we are forced to conclude that 5 = 0.
To sum up, for every fo-normalized block subsequence (z,) of (y,) we have, first of all,

5., % /vy, since the z, are normalized blocks of (z,,). But also

1/p
lzlly — 7P(0) = E [ / Iﬁt\pdv] — IVl
]

Theorem 6.8. Let X be a subspace of L, (p > 2) and assume that (B) of Proposition 4.1
holds. Then, for every 8 > 0, there is a subspace Y of X which is (1 + 0)-isomorphic to
ly(l2) and a projection P from Ly, onto Y with ||P| < (1 + 6)~,.

Remark. The fact that Theorem 6.8 is the optimal result concerning the norm of a pro-
jection onto a copy of £,(f2) follows from [GLR, Theorem 5.12], where it was show that L,
contains subspaces isometric to ¢ which are 7, complemented.

Proof. Let € € (0,1) be fixed and, for m € N, let v, € V(X), together with disjoint sets
A, €%, Ay, C supp(vy,), be chosen so that Hv,ln/QlAmHP =1 and ||v,1n/2||§ < 14 ep2=(m+2)p,

Using Proposition 6.7 choose for each m a stabilized f2-sequence (a:%m))neN in X with
limiting conditional variance v,,. By (6.4) we have

p_
liminf E[|y,[P14,,] > 15 and lim inf E[y2v2, 11Am] >1
n—~oo n—oo
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and, by (6.5),
Jim B[y, [*] = 75\\\/17717{2!\5 <AP(1 4 P2 (m+ 2y

for all o-normalized block subsequences (y,,) of (x (m)) By relabeling the sequence (x%m)),
starting at a suitably large value of n, we may suppose that the following hold for all

(m),

f5-normalized linear combinations y of the z,

(6.6) lyLa,|B > (1 — 27 (mT2p)yp
(6.7) E [y%;%‘lu ] >1 gl
(6.8) lyllp < (1 + 27 (m+2r)qp,

Of course, (6.6) and (6.8) imply that the closed linear span Y, = [xﬁlm)]neN is almost
isometric to £9; indeed, by homogeneity, they yield

(1 9 (m+2)p 1/p Zc 1/2 < Hpr ( +e2™ (m+2)p 1/p ZC 1/2

when y = chxn m) ¢ Y.
Moreover, from the same inequalities we obtain

(6.9) 1y = yla,llp < e27™[lyllp for all y € V..

If, for each m € N, y,,, is an element of Sy, then y/, = y,1a,, are disjointly supported
and are small perturbations of the ¥,,. As in the proof of Theorem 5.1, we see that, by
an appropriate choice of €, we can arrange for the closure of ) Y, in X to be (1 +

6)-isomorphic to £,(f2). We are now ready to show that the subspace Y = ) Y, is
complemented in L,. We shall do this by combining the disjoint perturbation procedure
used above with a standard “change-of-density” argument.

For each m let ¢, = vp/21,4m; thus ||¢m|[1 = 1. Let @, : L, — Ly(ép,) be defined by

q)m(f) - 1A7n¢’;11/pf7
which is well defined since A, C supp(vy,), and observe that

1L () Lp(6m) = I1f LA [lp-
Let Jp, : Lp(ém) — L2(¢m) be the standard inclusion and let I, : Y, — L, be the natural

embedding. We note that for y € Y;,,
2/p 2, 51 M2 =2, 112
T @i Imyll7 (6,0 = Bl 0n Pémla,] = Ely?vh 1a,] > (1—e277)%, % |lyl7,
by (6.7), (6.8) and homogeneity. So if W, is the image
Wm == Jm(I)mIm[Ym]
then W, is closed in La(¢,,) and the inverse mapping
R = (Jn®pnln) L i W, — Yy

satisfies || Ry || < (1 —e27™) 71y,
We now introduce the orthogonal projections

Pm . L2(¢m) — Wm
and consider Q,, : L, — Y, defined to be Q,, = Ry P Jm®p,. For f € L, we have

D NQuflE < D IRl - 1P f 17, 5y < (L =) P> I fLanllh < (1—e) PRI,
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the last inequality following by disjointness of the sets A,,. Since we already know that
Y = )Y, is naturally isomorphic to (D Y,)p, we see that the series ) Qy, f converges to
an element Qf of Y. Moreover, the operator ) thus defined satisfies || Q|| < 7,/(1 — ¢).
To finish, we investigate ||Q(y) — yllp, when y = >y with y, € Yj. If, as before, we
write y. = yrla, we may note that Q(yr) = Qx(y,.) and Qm(y,.) = 0 for m # k. Thus

QW) =yl = || > (Zme’“_yk)Hp
ko m
- meka [since Qryr = yi]

k m#k

= | Qum -],
k m
=e(Xu ),
<NQIY vk = villy < w1 =&)Y 2 ellyellp,
k

using our estimate for [|Q[| and (6.9) at the last stage. We can now see that for suitable
chosen ¢, Q may be modified to give a projection @ : L, — Y with [|Q|| < (1 4 0)~,. O

7. QUOTIENTS AND EMBEDDINGS

7.1. Subspaces of L, that are quotients of ¢, @ (5. It was shown in [JO2] that a
subspace of L, (p > 2) that is isomorphic to a quotient of a subspace of £, @ ¢ is in fact
isomorphic to a subspace of ¢, ® f. We can give an alternative proof of this result by
applying the main theorem of this paper. Clearly all that is needed is to show that £,(¢2)
is not a quotient of a subspace of ¢, © /3.

We shall prove something more general, namely that £,(¢,) is not a quotient of a subspace
of £, ® {4 when p,q > 1 and p # ¢. By duality it will be enough to consider the case p > q.
For elements w = (w1, ws) of £, & £, we shall write ||w||, = [|wi|lp, [|[w|lq = ||w2]l; and
loll = el v eoll.

Lemma 7.1. Let 1 < ¢ < p < oo and let W be a subspace of £, ® €y. Let X = {g, let
Q: W — X be a quotient mapping and let X be a constant with 0 < X\ < ||Q||~t. For every
M > 0 there is a finite-codimensional subspace Y of X such that, for w € W we have

lwl| < M, Q(w) €Y, [Q(w)| =1 = [Jw]ly > A.

Proof. Suppose otherwise. We can find a normalized block basis (z,) in X and elements w,,
of W with ||w,| < M, Q(wy,) =z, and ||wy,||q < A. Taking a subsequence and perturbing
slightly, we may suppose that w,, = w+wj,, where (wy,) is a block basis in £, & ¢, satisfying
lwt | < M, ol < A

Since Q(w) = w-lim Q(wy,) = 0, we see that Q(w],) = z,. We may now estimate as
follows using the fact that the w], are disjointly supported:

al al 1/p ol 1/q
| Sl = (3 thwnlin) ™ v (3 Iwnlig) ™ < N2ar v NYax,
n=1 n=1 n=1

Mar 5 2010 13:03:25 PST
Version 1 - Subnitted to Annals



SMALL SUBSPACES OF L, 27

Since the z,, are normalized blocks in X = ¢, we have

N N
NY =[S | < QU D wh | < MIQINYZ v Al QN
n=1 n=1
Since A||Q|| < 1, this is impossible once N is large enough. O

Proposition 7.2. If1 < ¢ < p < oo then {,({,) is not a quotient of a subspace of £, & {4.

Proof. Suppose, if possible that there exists a quotient operator

Lot 27 L x=(Px.)

neN P

where X,, = ¢, for all n. Let K be a constant such that Q[KBz| D Bx, let A be fixed with

0 < X< ||Q|!, choose a natural number m with m!'/4=1/7 > KX\~! and set M = 2Km!/?.
Applying the lemma, we find, for each n, a finite-codimensional subspace Y;, of X, such

that

(7.1) z€ MBz, Q(z) € Ya, [Q(2)| =1 = [lz]lg > A

For each n, let (el(-n)) be a sequence in Y,,, 1-equivalent to the unit vector basis of ¢,. For

each m-tuple i = (i1,42,...,4m) € N let z(i) € Z be chosen with

(m)

im

Qiz(i) =V e 4 te

i1 i2 ’

and [|z(,,,%)|| < Km!/?,
Taking subsequences in each co-ordinate, we may suppose that the following weak limits
exist in Z

Z(il,ig, PPN imfl) = W_limimHOO Z(’il,ig, e ,’im)
Z(il,ig, ceey ij) = W—limij+1_>oo Z(il,’ig, e ,ij+1)

Z(il) = W—limi2_>ooz(i1, ig).
Notice that, for all j and all 41,42, ...,1;, the following hold:
Q(in, ... ij) = el + -+ e
(i1, .., i;)|| < Km!/?
2(i1, -y ij) — 2(i1, ... ijo1)|| < 2Km'/P = M.
Since Q(z(i1,...,%;) — 2(i1,...,%j-1)) = eg) € Sy, it must be that
(7.2) lz(i1, ... 45) — 2(i1, ..., ij-1) ]l > A, [by (7.1)].
We shall now choose recursively some special i; in such a way that ||z(i1,...,4;)[lq >

M\jl/4 for all j. Start with i; = 1; since ||z(i1)|| < M and Q(z(i1)) = ez(-ll) we certainly
have ||z(i1)|lq > A by 7.1. Since z(i1, k) — z(i1) — 0 weakly we can choose is such that
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z(i1,12) — z(41) is essentially disjoint from z(i1). More precisely, because of 7.2, we can
ensure that

I2(i1yi2) g = I2(i1) + (2(i1, d2) = 2(i1)) g > AT+ A9V = x2/9.
Continuing in this way, we can indeed choose i3, ..., %, in such a way that
2Cirs - ig)llg = A9,
However, for j = m this yields Am/? < Km!/P, contradicting our initial choice of m. O

Remark. The proof we have just given actually establishes the following quantitative result:
if Y is a quotient of a subspace of £, © ¢, then the Banach-Mazur distance d(Y, (@Tzl Zq)p)

is at least mll/a=1/¢l,

7.2. Uniform bounds for isomorphic embeddings. As we remarked in the introduc-
tion, the Kalton-Werner refinement [KW] of the result of [JO1] gives an almost isometric
embedding of X into ¢, when X is a subspace of L, (p > 2), not containing ¢,. By contrast,
the main result of the present paper does not have an almost isometric version, and indeed
it is easy to see that there is no constant K (let alone K = 1+ ¢) such that every subspace
of L, not containing ¢,(f2) K-embeds in £, @ 5. It is enough to consider spaces X of the

form X = (@;”:1 £2> . A straightforward argument, or an application of the more general
p

result mentioned in the remark above, shows that the Banach—Mazur distance from X to a
subspace of £}, @ {5 is at least mi/2=1/p,

If we are looking for a “uniform” version of our Main Theorem, it is perhaps not un-
reasonable to conjecture the existence of a constant K such that every subspace of L, not
containing ¢, (¢2) K-embeds in some space of the form ¢, ®, (@;”:1 ﬁg)p. However, no such
constant M exists, as is shown by the following proposition. The structure of the space X
considered below suggests that if there is some uniform version of our main result then it
will involve independent sums (see [Als]), rather than, or as well as, £, sums. The proof of
the next result follows a construction due to Alspach and could be compiled from arguments
in [Als, Chapter 2]. The following is a self contained proof.

Proposition 7.3. Let p > 2. For every K > 0 there is a subspace X of Ly, isomorphic to
la, such that for all m € N, X is not K-isomorphic to a subspace of £, ©, ( i Eg)p.

Proof. Fix a constant M > 1. Let {v;, zj : 4, j, k € N} be a family of independent random
variables in Ly[0, 1] with distributions defined as follows: for i,j € N, z; ; is A/(0, 1), while
v; is {0, M }-valued with Plv; = M] = 1 — Plv; = 0] = M~P/2. We set x; ; = z; j\/Vi, noting
that

2 2
i 118 = E[o?? |z 1|7) = E[o?*E]|z5|P] = 42

We now define X; = [z;;]jen and X = [z;;];i jen. We start by calculating the norm of a
general element of X.
Let z = Zw ¢i ;% By independence, and properties of the normal distribution, the

distribution of z, conditional on vi,vq,vs, ... is N(0,w), where w = Z” c”vz So

(7.3) el = B[ | v vz, 1] = BEIQC (3o )u”] = I D aimill})s.
( J
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where a; = c? ;» for i € N. Let us first note that (7.3) implies that (z;;) is equivalent to
the unit vector ba51s of /5. Indeed, Jensen’s inequality yields

IS ool > B2 ) = (adri 72 = (s (52,
i,

On the other hands, letting ¥; = v; — E(v;) = v; — M'"P/2 the triangle inequality in Ly
and the fact that for some C' < oo (depending on M and p) the sequence (7;), as sequence
in L, /9, is C-equivalent to the unit vector basis in fg, implies

IS vl < MY | Y il
<MY a1 c(Ya 2)1/2 < <ML Y q

H Za”}l |p Ml —p/2 +0) 1/2 ZC 1/2

7‘7
which finishes the proof of our claim that (z; ;) is equivalent to the unit basis of ¢s.
We note two special cases of (7.3). First, if v = x; € X; for some ¢ (thus ¢y ; = 0 for all

i’ # i and all j), we have
zillp = Wp(z )2

In particular, ||z;]|, = 1 if and only if (3 ; c”)l/2 =7, . Secondly, if z = n 2,

where the z; are normalized elements of X,

Jolly = n~ 2 B[O Zc” w2 = R[S 0 = | -12 villy)s-
=1 j

i=1

and, thus,

Now, by the weak law of large numbers, n~! >, v; converges in probability to the
constant E[v;] = M'"P/2, Because these averages are uniformly bounded (by M), the
convergence holds also for the L, 5-norm. So as n — oo we have

n
[ v
i=1

Summarizing, we can say that if x; are Ly-normalized elements of X; then

O 1o > R 1 o0
=1

Let T = (T)"y: X =Y = £, ®, (@421 la),, with Ty : X — £, and Tj : X — £, for
¢=1,2...,m, be an isomorphic embedding. We assume that ||T'(z)|| > ||z| for all x and
shall show that ||T|| > MP=2)/4,

We note that, for each i, the sequence (Tg(xi,j)));i
by taking vectors of the form

— MP2,
p/2

1/2

p/2

— M@ P/ a5 s 0.

| is a weakly null sequence in £,. So

k

/ —17.—1/2

T =" kY @i
r=1

with jr_1(k—1) < ji(k) < ja(k) < --- < jr(k), we construct an L,-normalized, weakly null
sequence ()72, in X; with | To(x) )|, — 0 as k — oo.
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Passing to a subsequence, we may assume that for all ¢ € N and all £ = 1,2...m the
sequence Ty(z;;)) tends to a limit ;¢ as k — oo. Since ||T'(z7 ;)| > 1 and ||To(z; ;) [, — 0,
it must be that |||, > 1, where p; = (pie)j2,. Passing to a subsequence in 4, we may
assume that f; converges to some g € R™, as ¢ — oo, with |||/, > 1.

For £ =1,2...m and n € N we observe that

n
lim lim T T @l )

k1—00 ko—o0

i=1
. . . -1/2 — / 2 2 1/2
:kkggéfaf”kifgmn (WQ(ngMQ‘ +M“>
1=
n 1/2
= _nm(ZM?x) = Hnyt
i=1

Since fi, — p, as n — 0o, where fi, = (fine)j-,, we deduce

by = i [inlly = llp > 1

n—o0 k1 —o00 kg—00 kn—o00

n

(7.5) lim lim lim ... lim ||n" 27> af,)
i=1

On the other hand, as we have already noted above (7.4),

23
l,ki
=1

Comparing this with (7.5), we conclude that | T|| > M®=2/4 as claimed. O

n
= 07D llp = M s oo,
=1

8. CONCLUDING REMARKS

A natural question remains, namely to characterize when a subspace X C L, (2 < p < c0)
embeds into £,,(f2). We do not know the answer. In light of the [JO2] £, ® {5 quotient result
(see paragraph 7.1 above) we ask the following.

Problem 8.1. Let X C L, (2<p<o0). If X is a quotient of ¢,(¢2) does X embed into
0, (£2)?

Extensive study has been made of the £, spaces, i.e., the complemented subspaces of L,
which are not isomorphic to ¢5 (see e.g., [LP] and [LR]). In particular there are uncountably
many such spaces [BRS] and even infinitely many which embed into ¢, (¢2) [S1]. Thus it
seems that a deeper study of the index in [BRS] will be needed for further progress. However
some things, which we now recall, are known.

Theorem 8.2. [P] IfY is complemented in ¢, then Y is isomorphic to £,.
Theorem 8.3. [JZ] If Y is a L, subspace of £, then Y is isomorphic to ¢,.

Theorem 8.4. [EW] If Y is complemented in £, & o then Y is isomorphic to £y, Ly or
fp (&) 62.

Theorem 8.5. [O] IfY is complemented in £,({2) then Y is isomorphic to £y, Lo, £y, & o
or t, (€2).
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We recall that X, is the £, discovered by H. Rosenthal [R]. For p > 2, X, may be defined
to be the subspace of £, & {2 spanned by (e; + w; f;), where (e;) and (f;) are the unit vector

bases of £, and /3, respectively, and where w; — 0 with Zw?p/p_2 = 00. Since £, © {o
embeds into X, the subspaces of X, and of ¢, & {5 are (up to isomorphism) the same. For
1 < p < 2 the space X, is defined to be the dual of X, where 1/p+ 1/p’ = 1. When
restricted to L,-spaces, the results of this paper lead to a dichotomy valid for 1 < p < oo.

Proposition 8.6. Let Y be a Ly-space (1 < p < 00). Either Y is isomorphic to a comple-
mented subspace of X, or'Y has a complemented subspace isomorphic to €,({2).

Proof. For p > 2 it is shown in [JO2| that a L£,-space which embeds in ¢, & ¢, embeds
complementedly in X,. Combining this with the main theorem of the present paper gives
what we want for p > 2. When 1 < p < 2, the space X, is defined to be the dual of X,
and so a simple duality argument extends the result to the full range 1 < p < . O

It remains a challenging problem to understand more deeply the structure of the £,-
subspaces of X, and ¢, © /s.

Theorem 8.7. [JO2| If Y is a L, subspace of £, & Ly (or X)), 2 < p < 00, and Y has an
unconditional basis then Y is isomorphic to £y, €, © la or X,.

It is known [JRZ] that every L, space has a basis but it remains open if it has an
unconditional basis.

Theorem 8.8. [JO2] IfY is a L, subspace of £y, & ly (1 < p < 2) with an unconditional
basis then Y is isomorphic to £, or £, & {s.

So the main open problem for small £, spaces is to overcome the unconditional basis
requirement of 8.7 and 8.8.

Problem 8.9. (a) Let X be a £, subspace of £, & {3 (2 < p < 00). Is X isomorphic to ¢,
£, ®ly or X,)7
(b) Let X be a L, subspace of ¢, & {3 (1 < p < 2). Is X isomorphic to ¢, or £, & {57

REFERENCES

[Ald]  D. Aldous, Subspaces of L', via random measures, Trans. Amer. Math. Soc. 267 (2) (1981), 445-463.

[Als] D. Alspach, Tensor products and independent sums of Lp-spaces, 1 < p < oo, Mem. Amer. Math.
Soc. 660 (1999).

[AO] D. Alspach and E. Odell, L, spaces, Handbook of Geometry of Banach Spaces, Vol. 1, W.B. Johnson
and J. Lindenstrauss, eds., Elsevier, Amsterdam (2001), 123-159.

[BRS] J. Bourgain, H.P. Rosenthal, and G. Schechtman, An ordinal LP-index for Banach spaces, with
application to complemented subspaces of LP, Ann. of Math. 114 (2) (1981), 193-228.

[B] D.L. Burkholder, Distribution function inequalities for martingales, Ann. Prob. 1 (1973), 19-42.

[BDG] D.L. Burkholder, B.J. Davis, and R.F. Gundy, Integral inequalities for convez functions of operators
on martingales, Proc. of the 6-th Berkeley Symp. on Math. Stat. and Probl. Vol. 2 (1972), 223-240.

[EW] LS. Edelstein and P. Wojtaszczyk, On projections and unconditional bases in direct sums of Banach
spaces, Studia Math. 56 (1976), no. 3, 263-276.

[G] D.J.H. Garling, Stable Banach spaces, random measures and Orlicz spaces, Probability Measures
on Groups, Lecture Notes in Mathematics 928, H. Heyer ed., Springer-Verlag 1982.

[GLR] Y. Gordon, D.R. Lewis and J.R. Retherford, Banach ideals of operators with applications. J. Func-
tional Analysis 14 (1973), 85-129.

[G-D] S. Guerre-Delabrite, Classical Sequences in Banach Spaces, Marcel Dekker, 1992.

[H] P. Hitczenko, Best possible constants in martingale version of Rosenthal’s inequality, Annals of
Prob. 18 (1990), 1656-1668.

Mar 5 2010 13:03:25 PST
Version 1 - Subnitted to Annals



32 R. HAYDON, E. ODELL AND TH. SCHLUMPRECHT

[J] W.B. Johnson, On quotients of L, which are quotients of £,, Compositio Math. 34 (1) (1977),
69-89.

[JMST] W.B. Johnson, B. Maurey, G. Schechtman and L. Tzafriri, Symmetric structures in Banach spaces,
Mem. Amer. Math. Soc. 19 (217) (1979), v+298.

[JO1] W.B. Johnson and E. Odell, Subspaces of L, which embed into £,, Compositio Math. 28 (1974),
37-49.

[JO2] W.B. Johnson and E. Odell, Subspaces and quotients of £, ® f2 and X,, Acta Math. 147 (1-2)
(1981), 117-147.

[JL] W.B. Johnson and J. Lindenstrauss, Basic concepts in the geometry of Banach spaces, Handbook of
Geometry of Banach Spaces, Vol. 1, W.B. Johnson and J. Lindenstrauss, eds., Elsevier, Amsterdam
(2001), 123-159.

[JRZ] W.B. Johnson, H.P. Rosenthal, and M. Zippin, On bases, finite dimensional decompositions and
weaker structures in Banach spaces, Israel J. Math. 9 (1971), 488-506.

[JZ] W.B. Johnson and M. Zippin, On subspaces of quotients of (3° Gn)e, and (3 Gn)eg, Israel J. Math.
13 (1972), 311-316.

[KP] M.I. Kadets and A. Pelczyniski, Bases lacunary sequences and complemented subspaces in the spaces
Ly, Studia Math. 21 (1961/1962), 161-176.

[KW] N.J. Kalton and D. Werner, Property (M), M-ideals, and almost isometric structure of Banach
spaces, J. Reine Angew. Math. 461 (1995), 137-178.

[KOS] H. Knaust, E. Odell, and Th. Schlumprecht, On asymptotic structure, the Szlenk index and UKK
properties in Banach spaces, Positivity 3 (1999), 173-199.

[KK] A. Koldobsky and H. Konig, Aspects of the isometric theory of Banach spaces, Handbook of Ge-
ometry of Banach Spaces, Vol. 1, W.B. Johnson and J. Lindenstrauss, eds., Elsevier, Amsterdam
(2001), 899-939.

[KM]  J.L. Krivine and B. Maurey, Espaces de Banach stables, Israel J. Math. 39 (4) (1981), 273-295.

[LP] J. Lindenstrauss and A. Pelczynski, Absolutely summing operators in L, spaces and their applica-
tions, Studia Math. 29 (1968), 275-321.

[LR] J. Lindenstrauss and H.P. Rosenthal, The £, spaces, Israel J. Math. 7 (1969), 325-349.

[Ma] D.A. Martin, Borel determinacy, Annals of Math. 102 (1975), 363-371.

[MMT] B. Maurey, V.D. Milman, and N. Tomzczak-Jaegermann, Asymptotic infinite dimensional theory of
Banach spaces, Oper. Theory: Adv. Appl. 77 (1994), 149-175.

[O] E. Odell, On complemented subspaces of (3_ £2)e,, Israel J. Math. 23 (3-4) (1976), 353-367.

[OS1] E. Odell and Th. Schlumprecht, Trees and branches in Banach spaces, Trans. Amer. Math. Soc.
354, no.10 (2002), 4085-4108.

[0S2] E. Odell and Th. Schlumprecht, Embedding into Banach spaces with finite dimensional decomposi-
tions, Rev. R. Acad. Cien. Serie A. Math., vol. 100 (1-2) (2006), 295-323.

[0SZ] E. Odell, Th. Schlumprecht, and M. Zsak, On the structure of asymptotic £, spaces, On the structure
of asymptotic I, spaces. Q. J. Math. 59 (2008), no. 1, 85-122.

[P] A. Pelczyriski, Projections in certain Banach spaces, Studia Math. 19 (1960), 209-228.

[PR] A. Pelczynski and H. P. Rosenthal, Localization techniques in L, spaces, Studia Mathematica 52
(1975), 263 —289.

[Ro] C. Rosendal, Infinite asymptotic games, Ann. Inst. Fourier (Grenoble) 59 (2009), no. 4, 1359-1384.

[R] H.P. Rosenthal, On the subspaces of LP (p > 2) spanned by sequences of independent random
variables, Israel J. Math. 8 (1970), 273-303.

[S1] G. Schechtman, Ezamples of L, spaces (1 < p # 2 < c0), Israel J. Math. 22 (1975), 138-147.

[S2] G. Schechtman, personal communication.

[Z] M. Zippin, Banach spaces with separable duals, Trans. Amer. Math. Soc. 310, Nr. 1 (1988), 371-379.

BRASENOSE COLLEGE, OXFORD OX1 4AJ, U.K.
E-mail address: richard.haydon@brasenose.oxford.ac.uk

DEPARTMENT OF MATHEMATICS, THE UNIVERSITY OF TEXAS AT AUSTIN, AUSTIN, TX 78712-0257
FE-mail address: odell@math.utexas.edu

DEPARTMENT OF MATHEMATICS, TEXAS A&M UNIVERSITY, COLLEGE STATION, TX 77843-3368
E-mail address: schlump@math.tamu.edu

Mar 5 2010 13:03:25 PST
Version 1 - Subnitted to Annals



