A PROBLEM ON SPREADING MODELS

E. ODELL AND TH. SCHLUMPRECHT

ABsTRACT. It is proved that if a Banach space X has a basis (ep) satisfying every
spreading model of a normalized block basis of (en) is 1-equivalent to the unit vector
basis of ¢1 (respectively, co) then X contains £1 (respectively, co). Furthermore
Tsirelson’s space T is shown to have the property that every infinite dimensional
subspace contains a sequence having spreading model 1-equivalent to the unit vector
basis of £1. An equivalent norm is constructed on T so that ||s1 + s2|| < 2 whenever
(sn) is a spreading model of a normalized basic sequence in T.

§0. Introduction.

From the fact that ¢, (and ¢p) are not distortable [J] it follows that if a Banach
space X contains £; (or ¢g) then some basic sequence (e;) in X has the property
that every spreading model of a normalized block basis is 1-equivalent to the unit
vector basis of #; (or cp). In this paper we prove the converse statements. More

generally we show

Theorem A. Let (e;) be a basis for X

a) If ||s1+ s2|| = 2 whenever (s,) is any spreading model of a normalized block
basis of (e;), then X contains a subspace isomorphic to £;.
b) If ||s1+ s2|| = 1 whenever (sy,) is any spreading model of a normalized block

basis of (e;), then X contains a subspace isomorphic to cg.

The proof of a) will be achieved by showing that such an (e;) cannot be weakly
null, if normalized. The proof will depend heavily on the theory of the generalized
Schreier classes of subsets of N as introduced in [AA]. We make strong use of recent
results in [AMT] as well as a result from [AO].

From Theorem A we obtain the
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2 E. ODELL AND TH. SCHLUMPRECHT

Corollary. Let (e;) be a basis for X. If X contains no subspace isomorphic to £,
or co then there exists a normalized block basis of (e;) having spreading model (s;)
satisfying

1<||81+82||<2.

Theorem A a) is proved in §2 while part b) and the (easy) Corollary are proved
in §3.

In conjunction with Theorem A it is worth considering Tsirelson’s space T'. T is
reflexive with an unconditional basis (¢;) and yet all spreading models of normalized
block bases of (t;) are 2-equivalent to the unit vector basis of £;. Furthermore we

have

Theorem B. Let X be an infinite dimensional subspace of T. Then there exists

(z;) € X with spreading model 1-equivalent to the unit vector basis of £;.

We prove this theorem in §4. Furthermore we show that 7' can be renormed to

fail the conclusion of Theorem B.

We do not know if Theorem A can be extended to £, (1 < p < 00).

Problem. Let (e;) be a basis for X and 1 < p < oo. Suppose that every spreading
model of any normalized block basis of (e;) is 1-equivalent to the unit vector basis

of £,. Does X contain /,, either isomorphically or almost isometrically?
§1 Preliminaries.

Definition 1.1. Let (e;) be a normalized basic sequence. A basic sequence (s;) is
a spreading model of (e;) if for some sequence ¢, | 0 and all (a;)7 C [—1,1]" we

have

n n
‘HZaieki —HZaisi < &, whenever n < k1 < --- <k, .
1 1

It is well known that every normalized basic sequence has a subsequence with
a spreading model. Also (s;) is necessarily spreading (|| Y27 aisil|| = || D27 aisk,|| if

k1 < ko < --- < ky). If (e;) is weakly null then (s;) is suppression-1-unconditional
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(1> paisill < |27 aisi|| if F C {1,...,n}). These and other results on spreading
models can be found in [BL].

[N] denotes the set of all subsequences of N. If M € [N|, [M] is the set of all
subsequences of M. [M]<“ is the class of all finite subsets of M. If E, F € [N]<¥,
“E < F” means that max F < min F', “k < E” means {k} < E.

Definition 1.2. [AA] Generalized Schreier classes. The classes (Sy)a<w, Of

collections of finite subsets of N are inductively defined as follows

S():{{H}ZTLEN}
k
Sa+1 = {E:E:UEZ- for some k € N and
1

k§E1<---<EkWhereEiESaforigk}

If o is a limit ordinal, choose o, 1 o and set S, = {E : k < E € S,, for some
k € N}. We also consider the empty set § € S, for all @. The definition of S,
depends upon this particular choice of (ay,) but the results we use concerning the

S.’s are independent of that choice.

The Schreier classes have played a prominent role in a number of recent papers
(e.g., [AA], [AD], [AMT], [OTW], [AO)).

If M= (m;) €N and a < wy, So(M) = {(m;)icr : F € So}. It is easy to see
that Sy (M) C S,. We also recall that the classes S, (or S,(M)) are all regular.
By this we mean they are pointwise closed, hereditary (E C F € Sq = E € Sy)
and spreading ((n;)¥ € So and my < --- < my with m; > n; for i < k implies that
(my)% € S,).

Proposition 1.3 [AO]. Let N € [N|. There exists M € [N] such that for all
a<wy if F €8, and F C M then F\ min(F) € So(N).

We also need some definitions and a result from [AMT]. Let

Definition 1.4 [AMT]. If M = (m;) € [N] and (e;) is a normalized basic sequence

M M

we inductively define o) = a (e;) for any ordinal oo < wy and n € N as follows

M _
0, =em,-
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Assuming that (o) has been chosen we let

(a+1)M lea

and assuming that

(a+ 1)
has been chosen for i = 1,... ,n we let k, = min{k € N : my, > supp(a)M} and put
M 1 e M
(+1)py = . l; a;" .

If o = lim v, is a limit ordinal we set

! = ()} and for k> 1, apf = (o, )"

where My = {m € M : m > supp ai’_;} and ny = min M}, .

Proposition 1.5 [AMT].

1) For a < wy, (@M) = (aM(e;))2, is a convex block basis of (e;) and

U,, supp(aX) = M. Moreover supp o} € Sy for all n.
2) IfM € [N, o < wy and (n) € [N] then o}t = a}f " where M = U, supp(a}l).

If 2 =) aje; € (e;) and F' C N we define (z, F) = >, a;.

Definition 1.6 [AMT]. Let F be an hereditary collection of subsets of N. Let
M €|N], € > 0, @ < wy and let (e;) be a normalized basic sequence. F is (M, «,¢)
large if for all N € [M] and n € N for oY = o (e;),

sup (oY, F) > ¢ .
FeF

Theorem 1.7 [AMT, Proposition 2.3.2 and Theorem 2.2.6]. If F is (M, «,€) large
then there exists N € [M| with

F D Sa(N) .
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§2. /; spreading models.

In this section we prove

Theorem 2.1. Let (e;) be a normalized basis for X having the property that ||s1 +
s2|| = 2 whenever (sy,) is a spreading model of (x;) where x; = y;/||ysil| and (y;)
is any convex block subsequence of (e;) satisfying lim; ||y;|| > 0. Then (e;) is not
weakly null. Moreover for all € > 0 there erists M = (m;) € [N] and z* € S(X*)

with *(em,;) > 1 — ¢ for all i.

From Theorem 2.1 it follows that in a space X whose block bases have only £,
as spreading model no block basis is weakly null. But this implies that in such a
space no block basis can be weakly Cauchy. Thus in light of Rosenthal’s theorem
[R], Theorem A a) is a quick consequence of Theorem 2.1.

The hypothesis yields that for all n, || Zfﬂ si|| = 2™ from which it follows that
I Zlf s;|| = k for all k. We shall use this below in the following way. Given ¢ > 0
there exists a subsequence (z,, ) of (z;) so that for all k, %”xnk + Ty, + 0 F

Ty, 1| > 1 — € where rp = min(supp(zn,)), w.r-t. (e;).

Proof. Given € > 0 set
Fe ={F C N: there exists z* € S(X*) with 2*(e;) >1—¢ fori € F} .

We shall prove by induction on « that (P,) holds for all @ < w; where
For all M € [N] and € > 0 there exists
(Pa)
N € [M] with F. D S,(N) .

(Pp) is clear. If v is a limit ordinal and S, is defined via the sequence «;, T o we
proceed as follows. Given M and € > 0 we can choose, by the inductive hypothesis,
M D Ny D Ny D --- sothat . D Sy, (N,) for n € N. Let N, = (k)?2, and set
N = (k7)9%,. Then F, D S, (N).

Finally assume that (Pg) holds and let M € [N] and o = f+ 1. Let € > 0 and

choose ¢’ > 0 so that ¢’ < /2. We may assume that F.r DO Sg(M).

Claim. There exists N € [M] so that Fs. is (N, a,¢) large.
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Indeed for n € N define
A, = {L € [M]: sup {aZ, F) > 6} .
FeFs.
Then A, is a pointwise closed subset of [N] and so A=), Ay is Ramsey (see [E],
also [O]). Thus there exists N € [M] with either [N] C A or [N] C [N] \ A. By
passing to a subsequence of N we may assume by Proposition 1.3, that for v < w;
it F €Sy, FCN then F \ {min(F) € S,(M)}. Furthermore we may assume that
for all n, ||8%]|. < €' for all L € [N]. (Indeed this holds if n; = min N satisfies
ny' < ¢'.) It follows that for all n, since supp B \ min(supp BY) € Sp(M) C For,
that || ]| > 1—2¢’. ;From the hypothesis of our theorem applied to z,, = B /|| ||

we obtain a subsequence (82 )52, satisfying for all k:
LN N N /
(%) E“ e F By + o B, Il > 1 =3¢

where 7, = min(supp 81 ).
Let L = |, supp ﬂrjxe. Then by Proposition 1.5, 3F = ,]xc Hence from (%) and the
definition of aZ we have ||aZ|| > 1 — 3¢’ for all n.

Let n € N and z* € S(X*) with z*(ak) > 1 — 3¢’. Write aZ = Y ¥ a;e; and set
F ={i:2*(e;) > 1—-3e}. Then Y, pa; > ¢ (otherwise z*(aZ) < 3, pa;+1-3¢ <
1—2e <1—3¢"). Thus L € A and hence [N] C A, whence the claim follows. Thus
by Theorem 1.7, (P,) holds (we actually proved (P,) for 3¢ replacing ¢).

Since (P,) holds for all @ < w; we obtain the “moreover” statement of the
theorem. Indeed this follows easily from an argument of Bourgain [B]. Let T' be the
tree T = {(n;)¥ : n1 < --- < ny and there exists z* € S(X*) with z*(e,,) > 1—¢
for i < k}. T is a closed tree and thus if T were well founded (no infinite branches)
then the order of T is < wy. But since (P,) holds, the order of T' > w® for all «.
The latter holds since the order of S, (V) is w®, as is well known (see e.g., [AA] or
[OTW]). O

83. co spreading models.
In this section we prove Theorem A b) and the corollary. Note that the hypothesis
yields that || > 7 si]] = 1 for all n. Also the hypothesis is satisfied if all spreading
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models of normalized block bases of (e;) are l-equivalent to the unit vector basis
of c¢o but this is a stronger condition than the hypothesis as the following example

indicates.

Example 3.1. Let || Y 7] aie;|| = max;<j|a; — aj|. Then if X is the completion
of ({e;), || - ||), X satisfies the hypothesis of the theorem yet (e;), which is its own

spreading model, is not 1-equivalent to the unit vector basis of cgp.

Assume that X has a basis (e;) satisfying the hypothesis of b). We break the

proof into several steps. For a,b € (e;) we write “a < b” if supp(a) < supp(b).

Step 1. For all e > 0 and ¢ € N there exists m € N so that for all a > e,, with
la]| = 1 there exists by < -+ < by < e, ||bs]] = 1 for © < £, such that for all
1<g<p<fand d=0orl,

p
[[3h ] -1
q

<eg.

Proof. If not then there exists ¢ > 0 and £ € N such that for all m € N there exists
m > €m, ||am|| = 1 so that for all by < -+ < by < ey, ||bi]| = 1 there exists

1 < ¢m < pm < £ with for some d,, =0 or 1,

Pm
85t o] 1.
qm

Choose a subsequence (@, ) of (a.,) having a spreading model (s;). Since || Zﬁ“ si|| =
¢
1 = || 37 sill, we may assume that ||| Zg Wy + O, || — 1] <eforallg<p<Y
and 6 = 0 or 1 and that a,,, < em,,,. This contradicts our choice of a,,, .
Let &; L 0 with >>{°e; < 1. Applying Step 1 to £ = €1 and £ = 2 we obtain m;

so that for all a > e, ||a]| =1 there exist 1 < y1 < ey, ||21]] = ||ly1]] = 1 and

|||x1+y1+a||—1‘ <e; and |||y1+a||—1‘ <ep.

Step 2. There exist 1 = mp < m; < mg < --- such that for all ¥ and a > e,,,

la]| = 1, there exists 1 < y1 < €y < T2 < Y2 < €my < - < T < Y < €y
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satisfying | [|lzi|| — 1| < e, ||lvill = 1| < & for i < k and for all F C {1,2,...,k}
k k
[ Y] <143 e
F 1 1

Proof. We proceed by induction on k. The case k = 1 was presented above. Assume

my < -+ < mg_1 have been chosen. Let ¢ > 0 satisfy 5=+ (2k —2)e < e;. We can,

l1—e

by a compactness argument, find £ so that if the induction hypothesis for £ — 1 is
applied to each of £ different a’s > e, _,, say (an)§, then if (z2)¥~1 (y2)5~1 satisfy
Step 2 for a,,, for some n # m < £ we have ||z —zI*||, ||y —y"|| < € for i < k — 1.
Choose my by Step 1 applied for this £ and ¢ to (ei)ggmk_lﬂ. Let a > e, with

|la|| = 1. Choose ey, _, < b1 <+ < bp < ey, < a to satisfy

[[3b ] -1

By Step 2 (for k — 1) there exists for 1 < ¢ < /4, 2] < yf <ep, <---<2z}_, <

<egfor1<qg<p<t, 6=0,1.

Yi_1 < em,_, so that |[lzf|| — 1|,|[lyfll = 1| < &; for ¢ < k — 1 and so that for
Fc{1,...,k—1},

k—1 L _ L k—1
Hzx§+Zy3+HZbi+aH 1(Zbi+a)H <1+ e
F 1 q q 1

Thus

ko1 ¢ h-1
HZ.Z‘?‘FZQ?‘FZZ)Z'-I-GH <1+ e+ lig .
F 1 q 1

Choose ¢’ < ¢ so that ||z] — acg’||, lyd — yf’|| <efori <k—1. Let 7y = Zg,_lbi
and yx = Zzbi. We have | [|zx|| — 1|, | lyxll — 1| <& and for F C {1,... ,k—1}

k—1 k—1
€
1) HZx?—l—Zy?+yk+aH<1+Zsi+1_€,
F 1 1
Cok—1 k—1 .
2) HXF;a:g—l-;yg+xk+yk+aH<1+21:6i+1_€.
It follows that if we set z; = =, y; =yl for i <k — 1 then for F C {1,... ,k}

(2

k k—1
€
3) H;xi—{—;yi—}—aH§1+i_zlsi+1_€—l-(2k—2)z—:.
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Thus Step 2 follows by our choice of €.
Applying Step 2 to an arbitrary ax > e, ||ag|| = 1 we obtain that for all &
there exists z§ < y¥ € (e;)m* ., with |1l = 1|, | llyF]l = 1] < &; for i < k and

also for FF C {1,...,k},

k
Hzxf+2yf+aku <2.
F 1

It follows that || Y z¥| < 4.

Choose (kj) € [N] so that for all 4, lim;_,, :vfj = x; exists. We have for all
F € [N]<v,
<4 and ||zl -1 <1+e;.

|2
F

Thus (z;) is equivalent to the unit vector basis of ¢g. [

We end this section by presenting the

Proof of corollary to Theorem A.
If the corollary is false then all such s;’s satisfy ||s;1 + s2|| = 1 or 2 and by
Theorem A both occur. Thus the statement of the corollary can be obtained from

the following observation

Remark 3.2. Let (e;) be a basis for X and let I(X) = {r : there exists a normalized
block basis of (e;) having spreading model (s;) with ||s; + s2|| = r}. Then I(X) is
a subinterval of [1, 2].

Indeed, let 71 < 79 be in I(X) and let (y,) and (z,) be normalized block bases
of (e;) with spreading models (s;) and (t;), respectively, satisfying ||s1 + s2|| = 71
and ||ty + t2|| = r2. We may assume that (y1, 21, Y2, 22, ...) is a block basis of (e;).
Furthermore, by a diagonal argument, we may assume that (ay, + 82,)52; has
a spreading model (s2£)%; for all a,3 € R (not both 0). Now s1? = s, and
s%1 = t,.. There exists a continuous curve v : [0,1] — R2, v(¢) = (a(t),B(t)) so
that ||s*®-B®)|| =1 for all t € [0,1] and v(0) = (1,0), v(1) = (0,1). We thus obtain
by continuity that for all r € (r1,72) there exists ¢ with

”5?(1&)7/@@) + Sg(t)ﬁ(t)” - ]
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In the next section, Proposition 4.4, we shall see that I(X) need not be closed.

§4. Theorem B and spreading models of T.
If (e;) is a basic sequence and z,y € (e;) we say that x equals y in distribution
(@ 2 y) if there exist (n()), (m(i)) € [N] so that > @())enn) = 3. y(6)emi)- The

distance in distribution between x and y is defined as
. . .. ~D _ D
d(z,y) =inf {||Z—g||: 2 =z and § = y} .

Note that d defines a pseudometric on < e; >. For E C Nwe set Ex =),z z(i)e;.

In order to prove Theorem B we first prove

Proposition 4.1. Let (e;) be a normalized basic sequence having spreading model
(s;) which is K -equivalent to the unit vector basis of £1. Assume that there exists a
normalized block basis (x;) of (s;) which satisfies

1) lim; ||zi||le, = K and

2) (x;) is Cauchy with respect to the distance in distribution
(i.e., for all € > 0 there exists ng with d(zn,xym) < € if n,m > ng). Then there

exists a block basis (y;) of (e;) having spreading model 1-equivalent to the unit vector

basis of 4.

Proof. Let z; = ),
A2<

jeA,; 055; for some choice of scalars and sets of integers A; <
k2

Using 1), 2) and the fact that (s;) is K-equivalent to the unit vector basis of /1

we have the following.

3) For all € > 0 there exists ng € N so that for all n > ng there exists F,, =
F,(e) C A, with |F,| < |Ap,|, [|[Faznlle, > K — €, d(Fpzyn,zy,) < € and
YicaF, laf] <&

For n € Nset y, = > ,c4 aj'e;. Let k € N and (a;)f C R with S¥la;| = 1. 1

ng < ny < --- < ng then from 3) we obtain

k k
H Z aiyni Z H Z a'L'Fn«L'yTLZ‘
1 1

—£.
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Also

k
| U supp(Fr,yn,)| < Kl An |
1

Thus for all € > 0,

it HZazyn > lmint HZ%

1 K —¢
>  liminf — H Z a;Fp, (€)xn,|| —e> —€,
ni <T;lez~o~?<nk K 1 b K
where || - ||, refers to the £1-norm w.r.t. the coordinates (s;). Since lim, ||y,| = 1

(e.g., use 3) ) we obtain that (y,) has a spreading model 1-equivalent to the unit

vector basis of /1. [

Our argument was motivated by [J].
T (see e.g., [CS], [FJ]) is the completion of the linear space of finitely supported

real valued sequences under the implicit norm

llz|| = ||zl o \/sup{% i |Ex||:neN, n<E;<---< En} .
i=1

Proof of Theorem B. We may assume that X has a basis (b;) which is a block basis
of (¢;), the unit vector basis for T. Let (e;) be a normalized block basis of (b;)
where e; is a (1 +¢;) — £]"" average for some sequences m; 1 oo and &; | 0. Thus
ei = (O wi) /I Yo7 wjll where (w;)T"" a normalized block basis of (b,) which is
(1+ ei)—equlvalent to the unit vector basis of £]"*. By passing to a subsequence we
may assume that (e;) has a spreading model (s;).

Let = € (t;) be fixed with z < t,, and let k € N, (a;)¥ C R. Then

) k
n}lgloo sup{%ZHEj(x—l—Zaiem)H A< E<---<FEp, 1< n}
j=1 1

ny<--<ng

k
<zl + 3> lasl -
1
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This follows from the fact that since ey, is a (14 &,,) — £; " average

¢
i 1 a.en || €< <
Zl_l)rono sup{ 5 Z |Ejaien|| : ¢ < Eq1<---<Ep, £< n}

i=1

= 2|a;| (see e.g., [OTW]).
It follows that

k k
[ ] < sup (e + 3 lesl)
1 * i+1
However since lim; ||e;||oo = 0 if k£ is fixed and € > 0, then for 7 sufficiently large

we have for some choice of E; < --- < E; that 1 = ||e;|| < %Zi |Eje;i|| + ¢ where
£ <m — k, m = min Ey. This yields that for all k, (a;)%¥ C R,

k k
(@) |50 asi]| = il + 3 Y-l )
1 =1

All that remains is to show that Proposition 3.1 applies to (e;) and (s;). (s;) is

2-equivalent to the unit vector basis of £;. Set

8
)
Il

In general z,, has the same distribution as
n n n—1
(5) s+ (5) o2+ (5) ss+-+5snn

and (z,) is a block basis of (s;). It is easy to check by (4) that ||z,|| = 1 and

lim,, ||z,||e, = 2. Also (z,,) is Cauchy in distribution since for n < m

m

d(wn,zm) < (2)"+ D (2)" +(

n+1

)" O

wn

Remark 4.2. The above argument yields the following. Let (x;) be a normalized

basic sequence having spreading model (e;) equivalent to the unit vector basis of

81. Let
=1} |

n n
K= sup{Z\ai\ : H Zaiei
1 1
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Let Eg be the completion of (e, : ¢ € Q) under || > 7 ajeq|| = || D7 aiei]] if 1 <
-++ < gpn. Suppose there exists © € Egp with ||z|| = 1 and ||z||;, = K. Then there
exists a normalized block basis (y;) of (z;) having spreading model 1-equivalent

to the unit vector basis of £;. However such an x need not exist (consider ||z| =

[2lleo + llzlle,)-

Remark 4.3. If | - | is any equivalent norm on T then for all € > 0 there exists a
spreading model of a normalized block basis of (e;) which is 1+ e-equivalent to the
unit vector basis of £;. In fact one has [BL, p.43] more generally if (e;) is a basic
sequence with spreading model equivalent to the unit vector basis of £;, then for
all € > 0 there exists a spreading model of a normalized block basis of (e;) which is
(1 + €)-equivalent to the unit vector basis of ¢;.

In [OS] it is proved that if X does not contain ¢; then X can be renormed so
that if (s;) is a spreading model of a normalized sequence (x,) then ||s; + s2f| < 2
implies that (z,) is not weakly null. Here we give an explicit renorming of 7' with
this property. Since the arguments are quite technical and since the existence of

such norm follows from the above cited result in [OS] we omit a proof.

Proposition 4.4. Let 0 < ¢ < 1/2 and let || - | be defined on cop by the implicit

equation

1 n
Il = lollovsup{ 5 Y- 1 Biol +amax| Byall sn € N andn < By <o < By |
=1 -

Then || - || is an equivalent norm on T and if (s,) is a spreading model of a

normalized block basis of (T, | -||) then

51+ s2f) <2
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