BANACH SPACES OF BOUNDED SZLENK INDEX
E. ODELL, TH. SCHLUMPRECHT AND A. ZSAK

ABSTRACT. For a countable ordinal o we denote by C, the class of sep-
arable, reflexive Banach spaces whose Szlenk index and the Szlenk index
of their dual are bounded by «. We show that each C, admits a separa-
ble, reflexive universal space. We also show that spaces in the class C,a-v
embed into spaces of the same class with a basis. As a consequence we
deduce that each C, is analytic in the Effros-Borel structure of subspaces
of C[0,1].

1. INTRODUCTION

A well known result that dates back to the early days of Banach space
theory [4, Théoreme 9, page 185] states that every separable Banach space
embeds into C|0, 1], i.e., that C|0, 1] is universal for the class of all separable
Banach spaces. Pelczyriski [23] refined this result by showing that there are
Banach spaces X with a basis and X, with an unconditional basis such that
every space with a basis or with an unconditional basis is isomorphic to a
complemented subspace of X or X, respectively.

By a famous result of Szlenk [26], there is no separable reflexive Banach
space X which contains isomorphically all separable reflexive Banach spaces.
Bourgain [7] sharpened this result by showing that a separable Banach space
which contains all separable reflexive Banach spaces must contain C]0, 1]
and, thus, all separable Banach spaces. An isometric relative of Bourgain’s
result has recently been shown by Kalton and Godefroy [13]: if a separable
Banach space contains an isometric copy of every separable strictly convex
Banach space, then it is isometrically universal. Szlenk proved his result by
introducing for a Banach space X an ordinal-index Sz(X) (see section 5)
which is countable if and only if X has a separable dual and is hereditary
(if Y embeds in X, then Sz(Y) < Sz(X)). Moreover he showed that for
any countable ordinal « there is a separable reflexive space X for which
Sz(X) > a. Bourgain achieved his result by introducing an index which
measures how well finite sections of the Schauder basis of C[0, 1] embed in
X, and then he proved statements analogous to Szlenk’s approach.

Bourgain then raised the question whether there is a separable, reflexive
space that contains isomorphically all uniformly convex Banach spaces. This
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problem was solved recently by the first two authors. It was proven in [20]
that if X is a separable, uniformly convex Banach space, then there exist
1<g<p<oo and a reflexive space Z with an FDD (finite-dimensional de-
composition) (E,,) so that X embeds into Z and (£,,) satisfies block (¢, {,)-
estimates. This means that for some C' we have

e (Slae) " < || X a| < e (Thadr) ™

for any block sequence (z;) of (E,). In fact this holds (see [22, Theorems 3.4
and 4.1]) if we merely know that

X €C,={Y : Y is separable, reflexive, Sz(Y)<w, Sz(Y*)<w} .

Using then a result of S. Pruss [24], who solved Bourgain’s question within
the class of Banach spaces with FDDs, we deduce that there exists a universal
reflexive space Z for the class C,, and in fact Z €C,e.

Inspired by the results of [20], A. Pelczynski raised the question whether
a similar result could be proved for the classes C,, where a <w; and where
C, is defined analogously to the class C,. This would mean that, although
the class of separable, reflexive spaces has no universal element, it is the
(necessarily uncountable) increasing union of classes which are closed under
taking duals, and for which universal separable, reflexive spaces do exist. In
this paper we answer this in the affirmative.

As in the proof in [20], we will reduce the universality problem to an em-
bedding problem. We will show that any member of C,, a <w;, embeds into
some element of Cz which has a basis, where a <3 <w; depends on «. This
result can be seen as a quantitative version of Zippin's seminal theorem [28]
that every separable reflexive space embeds into one with a basis. In light of
our embedding result we then only need to show that the class of elements in
C, with a basis admits a universal separable, reflexive space. Let us mention
here a different quantitative version of Zippin’s theorem by Bossard [5]: for
every a<w; there exists § <w; such that every separable space with Szlenk
index at most a embeds into a Banach space with shrinking basis and with
Szlenk index at most 3. Our embedding result is very different, since the
Szlenk index of a separable space does not control the Szlenk index of its
dual.

Our approach depends on showing that if X is a space with separable dual
and if Sz(X) <w** for some o <wy, then X satisfies “subsequential upper
T, . estimates”, where T, . is the Tsirelson space defined by the Schreier
class S, and a parameter ¢ € (0,1) (the definitions of S, and T, . will be
recalled in Section 3). Subsequential upper T, . estimates can be expressed
in terms of a game played as follows. Player (I) starts by choosing X; €
cof (X)), the set of all finite-codimensional subspaces of X, and an integer
k1 € N. Player (II) then responds by selecting 7 € Sx,, the unit sphere of
Xj. Then (I) chooses X5 €cof(X) and ks €N, and (II) chooses x5 € Sk,, etc.
X satisfies subsequential upper 7, . estimates if for some C' < oo Player (I)
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has a winning strategy to force (II) to select (z;) satisfying

[, €S

for all (a;) CR, where (¢;) is the unit vector basis of T, .. These games are
a variation of the games introduced in [19] and were defined and analysed
in [21]. Using the results therein we ultimately prove the following structure
theorem.

Ta,c

Theorem A. Let a <w;. For a separable, reflexive space X the following
are equivalent.

(i) X €Cyow.
(1) X embeds into a separable, reflexive space Z with an FDD (E;) which
satisfies subsequential (Tg ., T, ) estimates in Z for some c€(0,1).

In part (ii) “subsequential (T ., Th ) estimates” mean the following: there
exists C' < oo such that if (z;) is a block sequence of (E,,) with minsupp(z;) =

k;, then
ot S, >u| <] haie,

Of course the implication “(ii)=-(i)” shows that the space Z lies in the same
class Co-w as does X.

Roughly we have that the Tsirelson spaces Ty, . of order a form a sort of
upper envelope and their duals 77 . form a lower envelope for the entire class
Cuew. Moreover, since the spaces T, . also belong to the class Cyo-w, this
result is best possible.

From Theorem A and the main result of [21] (see Theorem 1 below) we
will then deduce the following embedding and universality result.

|

*
Ta,c Ta,c

Theorem B. For each a<w; every Banach space in the class Ca-w embeds
into a space Z with a basis that lies in the same class C,o-w as does X.

Theorem C. For each o < wy there is an element of C,aw+1 with a basis
which is universal for the class Co-w.

Our structural result, Theorem A, will be proved in Section 6 together
with some more general structural results (Theorem 21, Corollary 20). We
will then deduce FDD wversions (see Theorem 23) of our embedding result,
Theorem B, and our universality result, Theorem C. A result of W. B. John-
son [15] allows us to replace FDD’s by bases in our conclusions (see Theo-
rem 24 and the proof of Theorems B and C thereafter). In Sections 2 to 5
we present the relevant notation and background material: the embedding
theorem from [21], Tsirelson spaces, general ordinal indices and the Szlenk
index. Each of these sections begins with a brief summary of its contents.

There is a completely different approach to universality problems that uses
tools of descriptive set theory. There have been some remarkable achieve-
ments in Banach space theory using such techniques including solutions of
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universality problems [2, 11]. However, in order to tackle Pelczynski’s ques-
tion with this approach, one would need the classes C,, to be analytic and this
was not known. Note that if we knew the function max{Sz(X), Sz(X*)} to
be a co-analytic rank on the class of separable, reflexive spaces, then we could
deduce that the classes C, are in fact Borel. Whether max{Sz(X), Sz(X*)}
is a co-analytic rank is still an open problem: it is mentioned by Bossard
in [6], where he shows that this function is a co-analytic rank on the class of
bases of reflexive spaces. Our results, however, now do show the following.

Theorem D. For each countable ordinal o the class C, is analytic in the
Effros-Borel structure of closed subspaces of C|0,1].

If « is of the form w™ for some n<wy, then Theorem D follows from our
main results and from standard facts in descriptive set theory (as pointed out
to us by C. Rosendal). This, combined with a recent result of P. Dodos [10]
concerning analyticity of duals of analytic classes, then gives the general
case. We present this result in the final section of our paper. We are grateful
to P. Dodos, V. Ferenczi and C. Rosendal for showing us the descriptive set
theoretic implications of our results.

Let us now mention some open problems. The first one asks if Theorem C
can be sharpened.

Problem. Is there a universal element of Cyaw for each o <wy?

We do know that there is no space Z in C -« such that for some K >0 every
space in C,ew K-embeds into Z (see the remark following Theorem 22). We
also know that the answer to the above question is negative if the Tsirelson
spaces T, . are of bounded distortion with constant D independent of c €
[%, 1). Of course, it is a famous, long standing open problem whether even
the Tsirelson space Tl,é is of bounded distortion.

It is known that one only needs to consider classes C, where « is of the
form w" for some 7 <w; (Theorem 12 in Section 5). In Section 6 we obtain
embedding and universality results for these general classes (Theorem 22).
However, these are not quite as sharp as Theorems B and C above. This
leads to the following questions.

Problem. Is it true that, given o < wy, every space in C,a embeds into a
space with a basis of the same class?
Is there a universal element of C,a for each a<wy?

2. EMBEDDINGS INTO SPACES WITH FDDs

In this section we state an embedding theorem from [21] (Theorem 1 be-
low). This requires a fair amount of definitions. Much of this will be used
throughout the paper.

Let Z be a Banach space with an FDD E = (E,,). For n €N we denote
by PF the n-th coordinate projection, i.e., P¥: Z — E, is the map defined
by > .z +— z,, where z; € E; for all ¢ € N. For a finite set A C N we put
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Py =%, ca PE. The projection constant K(E,Z) of (E,) (in Z) is defined
by
K= K(Eﬂ Z) = Slipup[gn,n}n )

where [m,n] denotes the interval {m,m+1,...,n} in N. Recall that K is
always finite and, as in the case of bases, we say that (E,) is bimonotone (in
7 ) if K=1. By passing to the equivalent norm

IHI: Z =R, == suplRE (I
we can always renorm Z so that K =1.

A sequence (F,,) of finite-dimensional spaces is called a blocking of (E,)
if for some sequence m; < mo < ... in N we have F), = @T;mnilﬂ E; for
all n €N (my=0). Note that if F=(FE,) is an FDD of a Banach space Z,
and if F'=(F),) is a blocking of (E,,), then (F},) is also an FDD for Z with
K(F,2)<K(E,Z).

For a sequence (E;) of finite-dimensional spaces we define the vector space

coo(®2E;) = {(2:) : m€E; for all ie€N, and {i €N : z;#0} is finite} |

which is dense in each Banach space for which (E;) is an FDD. For a set
A CN we denote by @, E; the linear subspace of coo(©E;) generated by
the elements of | J;., ;. As usual we denote the vector space of sequences
in R which are eventually zero by cog. We sometimes will consider for the
same sequence (E;) of finite-dimensional spaces different norms on coo(®E;).
In order to avoid confusion we will therefore often index the norm by the
Banach space whose norm we are using, i.e., ||-||z denotes the norm of the
Banach space Z.

If Z has an FDD (E;), the vector space co(B2, E}), where Ef is the dual
space of F; for each ¢ €N, can be identified in a natural way with a w*-dense
subspace of Z*. Note however that the embedding E} — Z* is, in general,
not isometric unless K = 1. We will always consider E; with the norm it
inherits from Z* instead of the norm it has as the dual space of F;. We
denote the norm closure of coo(®2,E;) in Z* by Z*). Note that Z*) is
w*-dense in Z*, the unit ball B, norms Z, and (E}) is an FDD of Z®*)
having a projection constant not exceeding K(FE, 7). If K(E,Z)=1, then
By is 1-norming for Z and 70 =7,

For z € coo(®E;) we define the support suppg(z) of z with respect to (E;)
by

suppp(z) = {i €N : P(2)#0} .

A sequence (z;) (finite or infinite) of non-zero vectors in coo(BE;) is called

a block sequence of (E;) if

max suppg(z,) < minsuppg(zn+1) whenever n€N (or n<length(z;)) .

A block sequence (z;) of (E;) is called normalized (in Z) if ||z,]|z=1 for all
n.
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Let 6=(6;) C(0,1) with §; | 0. A (finite or infinite) sequence (z;) in Sy is
called a d-block sequence of (E;) if there exists a sequence 0 <k <ky < ks <
. in N such that

ll2n, — P(%n_hkn](zn)H <6,  forall neN (or n<length(z)) .

Definition. Given two sequences (e;) and (f;) in some Banach spaces, and
given a constant C' > 0, we say that (f;) C-dominates (e;), or that (e;) is

C-dominated by (f;), if
< CH Z aifi

I e

We say that (e;) and (f;) are C-equivalent if there exist positive constants
A and B with A-B<C such that (f;) A-dominates (e;) and is B-dominated

We say that (f;) dominates (e;), or that (e;) is dominated by (f;), if there
exists a constant C' > 0 such that (f;) C-dominates (e;). We say that (e;)
and (f;) are equivalent if they are C-equivalent for some C > 0.

for all (a;) €cop -

We shall now introduce certain lower and upper norm estimates for FDD’s.

Definition. Let Z be a Banach space with an FDD (E),), let V' be a Banach
space with a normalized, 1-unconditional basis (v;) and let 1 <C' < o0.

We say that (E,) satisfies subsequential C-V -lower estimates (in Z) if
every normalized block sequence (z;) of (E,,) in Z C-dominates (v,,,), where
m; =minsuppg(z;) for all i €N, and (F,) satisfies subsequential C-V -upper
estimates (in Z) if every normalized block sequence (z;) of (E,) in Z is
C-dominated by (v,,,), where m; =minsuppg(z;) for all ieN.

If U is another space with a normalized and 1-unconditional basis (u;), we
say that (E,) satisfies subsequential C-(V,U) estimates (in Z) if it satisfies
subsequential C-V-lower and C-U-upper estimates in Z.

We say that (E,) satisfies subsequential V -lower, U-upper or (V,U) esti-
mates (in Z) if for some C > 1 it satisfies subsequential C-V-lower, C-U-
upper or C-(V,U) estimates in Z, respectively.

We shall need a coordinate-free version of subsequential lower and upper
estimates. This can be done in terms of a game as described in the Intro-
duction. Another way uses infinite, countably branching trees, and this is
what we shall follow here. We define for /€N

T, = {(nl,nQ,...,ng) cnp<ng<...<ny are in N}

and

To=JTv, T"=|JTw.
=1 =1

An even tree in a Banach space X is a family (2,)aereven in X. Sequences

of the form (a:(am))wn%il, where (€N and o= (ny,n9,...,n9-1) € Tw, are
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called nodes of the tree. For a sequence ny <mny <... of positive integers the
sequence (x(mm?m,n%))zl is called a branch of the tree.

An even tree (T4 )acrever in a Banach space X is called normalized if ||z, || =
1 for all a € TY", and is called weakly null if every node is a weakly null
sequence. If X has an FDD (£,), then (24)acreven is called a block even tree
of (E,) if every node is a block sequence of (E,).

Definition. Let V be a Banach space with a normalized and 1-unconditional
basis (v;), and let C'€[1,00). Let X be an infinite-dimensional Banach space.
We say that X satisfies subsequential C-V -lower tree estimates if every nor-
malized, weakly null even tree (z4)acreven in X has a branch (:c(nlmwn%))
which C-dominates (vy,, ;).

We say that X satisfies subsequential C'-V -upper tree estimates if every
normalized, weakly null even tree (xa>a€ngen in X has a branch (x(m,n27,_.7n2i))
which is C-dominated by (vy,, ,).

If U is a second space with a l-unconditional and normalized basis (u;),
we say that X satisfies subsequential C'-(V,U) tree estimates if it satisfies
subsequential C-V-lower and C-U-upper tree estimates.

We say that X satisfies subsequential V -lower, U-upper or (V,U) tree
estimates if for some 1 < (' < oo X satisfies subsequential C-V-lower, C-U-
upper or C-(V,U) tree estimates, respectively.

We next define some properties of bases which appear in the statement of
Theorem 1.

Definition. Let V' be a Banach space with a normalized, 1-unconditional
basis (v;) and let 1 <C'<oo.

We say that (v;) is C-block-stable if any two normalized block bases (z;)
and (y;) with

max (supp(z;) Usupp(y;)) < min (supp(z;11) U supp(yit1)) for all ieN

are C-equivalent. We say that (v;) is block-stable if it is C-block-stable for
some constant C'.

We say that (v;) is C-right-dominant (respectively, C-left-dominant) if
for all sequences m; <mgy < ... and ny <ng <... of positive integers with
m; < n; for all i € N we have that (v,,,) is C-dominated by (respectively,
C-dominates) (v,,). We say that (v;) is right-dominant or left-dominant if
for some C'>1 it is C-right-dominant or C-left-dominant, respectively.

We are now ready to state the main embedding theorem from [21] which
we shall use in the proofs of the main results of this paper.

Let V and U be reflexive spaces with normalized, 1-unconditional, block-
stable bases (v;) and (u;), respectively, such that (v;) is left-dominant, (u;)
is right-dominant and (v;) is dominated by (u;). For each C € [1,00) let
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Ay (C) denote the class of all separable, infinite-dimensional, reflexive Ba-
nach spaces that satisfy subsequential C-(V, U)-tree estimates. We also let

Ay = U Avu(C)

Cell,00)

which is the class of all separable, infinite-dimensional, reflexive Banach
spaces that satisfy subsequential (V, U)-tree estimates.

Theorem 1 ([21]). The class Ay contains a universal element. More
precisely, for all B,D, L, R € [1,00) there exists a constant C = C(B, D) €
[1,00) and for all C € [1,00) there is a constant K(C) = Kppr(C) €
[1,00) such that if (v;) is B-block-stable and L-left-dominant, if (u;) is B-
block-stable and R-right-dominant, and if (v;) is D-dominated by (u;), then
there exists Z € Ayy such that every X € Ay (C) K(C)-embeds into Z,
and moreover Z has a bimonotone FDD satisfying subsequential C-(V,U)
estimates in Z.

At some point we shall also need the following duality result.

Proposition 2 ([21]). Assume that U is a space with a normalized, 1-
unconditional basis (u;) which is R-right-dominant for some R>1, and that
X 1s a reflerive space which satisfies subsequential C'-U-upper tree estimates
for some C'>1.

Then, for any € >0, X* satisfies subsequential (2CR+¢)-U™ -lower tree
estimates.

3. TSIRELSON SPACES

When we apply Theorem 1 we shall take U =T, the Tsirelson space of
1

order o with parameter 5, and V =Ty, the dual of T,,. In this section we
recall the definition and some of the properties of T,,. At the end we will
state a combinatorial principle which will be used later on.

We begin with some preliminary definitions. We shall write [N]= for the
set of all finite subsets of N and [N]* for the set of all infinite subsets of N.
These two families will be given the product topology as subsets of {0, 1}.
A family F C [N]** is called hereditary if A€ F whenever AC B and B€ F,
and F is called compact if it is compact in the product topology. Note that
a hereditary family is compact if and only if it contains no strictly ascending
chains. A family F C[N]= is called thin if for all A, B € F we have AC B
implies that A = B, i.e., F contains no two comparable (with respect to
inclusion) elements.

Given n, a; <...<ay, by <...<b, in N we say that {b,...,b,} is a
spread of {ai,...,a,} if a;<b; for i=1,...,n. A family F C[N]*“ is called
spreading if every spread of every element of F is also in F. This is an
appropriate place to make the convention that the elements of a subset of N
will always be written in increasing order. So, for example, when we write
{m1,ma,...,mp}€[N]™, it is implicitly assumed that m; <my<...<my.
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For F C [N]™* we write MAX(F) for the set of maximal (with respect to
inclusion) elements of F. Note that MAX(F) is always a thin family.

For subsets A and B of N we write A< B if a<b for all a€ A and be B.
For neNand ACN we write n< A if {n} < A. A (finite or infinite) sequence

Ay, Ay, ... of subsets of N is called successive if A < Ay < .... Given a
family F C[N]=¥, a sequence Ay, ..., A of non-empty, finite subsets of N is
called F-admissible if it is successive and {min Ay, ..., min A;} € F.

We next recall the definitions of the Schreier families S, and the fine
Schreier families F,, where « is a countable ordinal. We first fix for every
limit ordinal A a sequence (a,) of ordinals with 1<a,, /" A\. We now define
the fine Schreier families (Fy)a<w, by recursion:

Fo = {0}
Fag1 = {{n}UA: neN, AeF,, n<A} u{0}
Fr={AeN": In<min A, AcF,, },

where in the last line A is a limit ordinal and «,, " A is the sequence of
ordinals fixed in advance. An easy induction shows that F, is a compact,
hereditary and spreading family for all o < w;. Moreover, (Fg)a<w, IS an
“almost” increasing chain:

(1) Va<f<w; dneN VFeF, if n<min F', then FFe Fp .

This can be proved by an easy induction on 3. We note also that for A €
Fo\MAX(F,) we have AU {n}eF, for all n>max A.

The Schreier families can now be defined by setting S, =F,« for all o <wj.
This is not exactly how the Schreier families are usually defined, but it gives
the same families provided we are more careful when choosing the sequences
() with 1<a, /A for limit ordinals A (these choices should depend on the
choices made when defining the Schreier families in the usual way). At any
rate, what matters is that each S, be a compact, hereditary and spreading
family with Cantor-Bendixson index w®+1 (see (2) in Section 4). Note that
S is the usual Schreier family S given by

S ={A€|N]**: |A| <min A}

(provided that for A=w we chose the sequence o, =n).

As usual we denote by (e;) the canonical (algebraic) basis of the vector
space cgo of all eventually zero scalar sequences. For z=>" x;e; € cog and for
ACN we write Az for the obvious projection of z onto span{e; : i€ A}:

Ax = E Ti€; .
i€A

We are now ready to recall the definitions of certain Tsirelson type spaces.
For a compact, hereditary family 7 C [N]=“ and for c€ (0, 1) there is a unique
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least norm on ¢y, denoted by ||-|| 7. such that
n

|lz||7.c = ||z]|oo V c-sUP { ZHAwaf,c :neN, Ay,... A, is f—admissible}
i=1

for all x € cog. We shall write T'z . for the completion of ¢y in this norm. Note
that the (algebraic) basis (e;) of cog becomes a 1-unconditional (Schauder)
basis of T .

For a non-zero, countable ordinal a and for c€ (0, 1) the space T, . is the
T'sirelson space of order o with parameter ¢ and we shall denote it by T, .
We further simplify notation in the case c:% by letting T, =T, 1. When

a=1 this is just (the dual of) the original Tsirelson space [27, 12].

We gather some properties of Tsirelson spaces in the next proposition.
In particular, we note that the unit vector bases of T, and T satisfy the
conditions required in Theorem 1.

Proposition 3 ([8], [18]). Let o be a non-zero, countable ordinal. The
Tsirelson space T, is a reflexive Banach space and (e;) is a 1-unconditional,
1-right-dominant and B-block-stable basis for T,, where B is a constant in-
dependent of a.

The biorthogonal functionals (ef) form a 1-unconditional, 1-left dominant
and B-block-stable basis for T:. Moreover, (ef) is D-dominated by (e;), where
D is a universal constant.

It is shown in [8] that Tsirelson’s space T} is block-stable (see also [9,
Proposition I1.4]). The argument easily carries over to higher order Tsirelson
spaces giving the same constant. A proof is given in [18] for an even larger
class of Tsirelson type spaces.

It is proved in [9, Proposition V.10] that the unit vector basis (e;) of
Tsirelson’s space 17 dominates the unit vector basis of ¢, for all ¢ >1. The
last statement of Proposition 3 now follows immediately. (Note that S; CS,,
and hence the unit vector basis of T} is 1-dominated by the unit vector basis
of T, for any 1 <a<w;.)

The rest of the properties claimed in Proposition 3 are immediate from
the definition of the higher order Tsirelson spaces.

We end this section by stating a combinatorial theorem of Pudldk and
Rodl which also follows from infinite Ramsey theory. This has nothing to do
with Tsirelson spaces, but as it concerns families of finite subsets of N this
section is an appropriate place for it.

Theorem 4 ([25]). Let F C[N]~ be a thin family. Whenever each element
of F 1is coloured red or blue, there is an infinite subset M of N such that

FN[M]= is monochromatic, where [M]~“ denotes the set of all finite subsets
of M.

4. ORDINAL INDICES

The main aim of this section is two introduce two ordinal indices in Banach
spaces: the weak index and the block index. The former will be related to the
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Szlenk index later on. In order to avoid tiresome repetitions we begin with
defining a class of ordinal indices of trees on arbitrary sets. We then introduce
the said indices as special cases and prove a number of their properties to
be used in the sequel.

Let X be an arbitrary set. We set X<* =[J >~ X", the set of all finite
sequences in X, which includes the sequence of length zero denoted by 0.
For x € X we shall write x instead of (x), i.e., we identify X with sequences
of length 1 in X. A tree on X is a non-empty subset F of X<“ closed
under taking initial segments: if (z1,...,z,) € F and 0 < m < n, then
(X1, ..., Tm) EF. A tree F on X is hereditary if every subsequence of every
member of F is also in F.

Given &= (z1,...,Zy) and y=(y1,...,y,) in X<, we write (x,y) for the
concatenation of & and y:

(w7y):(xla"'axnuyla"'ayn) .
Given FC X< and x€ X<¥, we let
Flx) ={ye X~ : (z,y)eF}.

Note that if F is a tree on X, then so is F () (unless it is empty) . Moreover,
if F is hereditary, then so is F(x) and F(x) C F.

Let X“ denote the set of all (infinite) sequences in X. Fix SC X¥. For a
tree F on X the S-derivative F§ of F consists of all finite sequences & € X <¢
for which there is a sequence (y;)7%, € S with (x,y;) € F for all i € N. Note
that Fi CF and that F§ is also a tree (unless it is empty) . We then define

higher order derivatives F. éa) for ordinals a <w; by recursion as follows.

FO = F
f-éa-i‘l) _ (]:é"‘)); for all a<wy

]-"é’\) - ﬂ j—“éa) for a limit ordinal A\ <w; .

a<A

It is clear that ]—“éa) D]—“éﬁ) whenever a <3 and that ]:éa) is a tree (or the
empty set) for all . An easy induction also shows that

(.7:(33))(;) = (féa))(a:) for all ze X%, a<w; .
We now define the S-index Is(F) of F by
Is(F) = minf{a<w; : F& =0}
if there exists o <w; with }"éa) =0, and Is(F)=w; otherwise.

Remark. If X is a limit ordinal and Féa) #() for all o<\, then in particular

DeFL for all <A, and hence F3" #(. This show that Ig(F) is always a
successor ordinal.
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Eramples. 1. A hereditary family F C [N]=* can be thought of as a tree on
N: aset F'={my,...,my} € [N]™ is identified with (mq,...,mz) € N
(recall that my <...<my by our convention of always listing the elements
of a subset of N in increasing order).

Let S be the set of all strictly increasing sequences in N. In this case the
S-index of a compact, hereditary family F C [N]=* is nothing else but the
Cantor-Bendixson index of F as a compact topological space, which we will
denote by Icg(F). We will also use the term Cantor-Bendixson derivative

instead of S-derivative and use the notation F{y and féoé).
2. If X is an arbitrary set and S= X%, then the S-index of a tree F on X is
what is usually called the order of F (or the height of F) denoted by o(F).
Note that in this case the S-derivative of F consists of all finite sequences
x € X<¥ for which there exists y € X such that (x,y) e F.

The function o(-) is the largest index: for any S C X“ we have o(F) >
Is(F).

We say that S C X% contains diagonals if every subsequence of every
member of S also belongs to S and for every sequence (x,) in S with @, =
()32, there exist iy <ip<... in N such that (x,;,)5°, belongs to S.

If S contains diagonals, then the S-index of a tree on X may be mea-
sured via the Cantor-Bendixson index of the fine Schreier families (}"a)
introduced earlier. An easy induction argument shows that

a<wi

(2) Iep(Fo) =a+1 for all a<wy .

Given a tree F C [N]™ on N, a family (2r) per 9y in X will always be viewed
as the tree

on X.

Proposition 5. Let X be an arbitrary set and let S C X*. If S contains
diagonals, then for a tree F on X and for a countable ordinal o the following
are equivalent.

(i) a<Ig(F).
(ii) There is a family (xF)Fef vy CF such that for all F € F,\MAX(F,)

the sequence (:CFU{”})n>maxF is i S.

Proof. “(ii))=(i)” An easy induction on < w; shows that for all F =
{my,....,mp}€ (]:a)(cﬁé we have

8
(T(mads Tmama}s > Ty s, mi)) € F -

It follows that Is(F)>Icp(Fa) > .
“(i)=(i1)” We prove this by induction on a. When a=0, statement (ii) says
that ) € F, which does follow from 0<Ig(F).
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Next assume that a+1 < Ig(F). Then féaﬂ) # (), so in particular we
have () € Féaﬂ). It follows that there is a sequence (z;)°; € S such that

x; € féa) for all : € N. Hence (]:éa))(xi) = (F (:1:1))5:) is non-empty, and
Is (.7-" (xl)) > . By the induction hypothesis, for each i €N there is a family

(yi7F)Fefa\{@} C F(z;) such that for all F' € F,\ MAX(F,) the sequence

(yi,FU{"})n>maxF is in S.
Now for each F'={my,...,my} € Foy1 define

T if k=1 and m;=1,
€T =
! yi,{’mmmg ..... mp} if k> 1 and mq =1 .

It is routine to verify that statement (ii) with a+1 replacing « holds.
Finally, let A be a limit ordinal, and assume that A < Is(F). Let (a,)
be the sequence of ordinals with 1 <a, ,* A chosen in the definition of the
fine Schreier family F,. By the induction hypothesis, for each n € N there
is a family (ynp) Fera 0y © F such that for all F' € F, \MAX(F,,) the

sequence (yn7FU{i})i>maxF is in S. In particular we have (yn,{,-})zl € S for
all neN. Since S contains diagonals there exist i1 <iy <... in N such that
(ym{in})zo:l € S. We can also ensure that if m<n, FeF, andi,<minF,
then F'eF,, (see (1)).

Now for each F'={my, ..., my}€F, define

Yn,{in} if k=1 and m;=n,
Tp = .
Yn {in in+ma,intma,...in+my} if k>1 and mi=n.

It is again routine to verify that statement (ii) with A in the place of «
follows. g

The set S = X% for an arbitrary set X, and the set S used to define the
Cantor-Bendixson index for a compact, hereditary family in [N]=* trivially
contain diagonals. This will also be (mostly) the case in the following two
examples of S-indices in Banach spaces.

Ezxamples. 1. The weak index. Let X be a separable Banach space. Let S
be the set of all weakly null sequences in S, the unit sphere of X. We call
the S-index of a tree F on Sx the weak index of F and we shall denote it
by I (F). We shall use the term weak derivative instead of S-derivative and

use the notation F/, and Fy.

When the dual space X* is separable, the weak topology on the unit ball
Bx of X is metrizable. Hence in this case the set S contains diagonals and
Proposition 5 applies.

2. The block indezx. Let X be a Banach space with an FDD E = (E;). A
block tree of (E;) in Z is a tree F on Sx such that every element of F is a
(finite) block sequence of (E;). Let S be the set of all normalized, infinite
block sequences of (E;) in Z. We call the S-index of a block tree F of (E;)
the block index of F and we shall denote it by Iy (F). We shall use the term
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block derivative instead of S-derivative and use the notation F;, and ]—"é?).
Note that the set S contains diagonals, and hence Proposition 5 applies.

Note that (E;) is a shrinking FDD of X if and only if every element of S
is weakly null. In this case we have

(3) Li(F) < Iw(F)

for any block tree F of (E;) in Z. The converse is false in general, but it is
true up to perturbations and without the assumption that (£;) is shrinking
(see the remark preceding Proposition 8 below).

Remark. If (E;) and (F;) are two different FDDs of the Banach space X,
then the corresponding block indices they give rise to may well be different
in general. However, it is clear that if (F}) is a blocking of (£;), then they
do yield the same block index. Since this is exactly the kind of situation
in which we shall use the block index in this paper, we did not incorporate
the underlying FDD in the notation for block derivatives and for the block
index.

In the next section we will relate the Szlenk index to the weak index of
certain trees. In the rest of this section we prove two results. The first one is
a perturbation result: it concerns the weak index of the ‘fattening’ of a tree.
The second result relates the block index of block trees in Banach spaces to
the Cantor-Bendixson index of compact, hereditary families in [N]=“. It is a
kind of discretization result.

Let X be a separable Banach space. For a tree F C S5 and for £=(g;) C
(0,1) we write

.'Fg( = {(wi)?zleSf{” :neN, I(y)i, €F, ||xi—yi|| <e; for z':l,...,n} .

Proposition 6. Let X CY be Banach spaces with separable duals, and let
F C S3¥ be a tree on Sx. Then for all €= (g;) C (0,1) we have I,(FY) <
L (F52)-

Proof. By a theorem of Zippin [28], Y embeds into a Banach space with a
shrinking FDD. So without loss of generality we may assume that Y itself
has a shrinking FDD E=(E;). Let K=K (F,Y), the projection constant of
E in Y, and set

X =XNDZ, 1 Ej (meN) .
For e€(0,1) and for AC Sy we define AY by
AY = {yeSy: Iz c A with ||Jz—y| <&} .

We shall need the following lemma.

Lemma 7. Let ¢ € (0,1) and let (y;) be a weakly null sequence in (SX)Y.

Then there is a weakly null sequence (x;) in Sx and a subsequence (y;) Eof
(yi) such that ||x;—vy.|| <4e for all ieN.
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Proof. Fix n>0 such that
g=01+nC2n+e)<1 and 2 +¢e<4e.

Let m € N. Since (X/Xm)* >~ X is a finite-dimensional subspace of X*,
there is a finite subset A,, of By« such that

d(z, X,,) < (147) - max f(z) for all ze X .
€Am

Let B,, be a finite subset of By« containing a Hahn-Banach extension to Y
of each element of A,,. Then choose n(m,n) €N such that

lg — Pl omay (@)l <n forall geB,, .
Now let (y}) be a subsequence of (y;) such that

||P[fn(m7n)](y;n)|] <n for all meN .
For each m €N choose z,, € Sx with ||z, —v,|| <e. We have
d(zm, Xm) < (1+4n) - max g(zm)
g€Bm

< (14n)- (mgx (Yp) + 8)

gE€Ebm

< (1) - (max P (9) (0h) + 1+ <)

g€EBm

< (10) - (IPE iy W) | 0 +2) < (L) - (20 +2) =&

Choose I, € X,, such that ||Z,, —zn,| < €', and set x,, = II?CmII’ An easy
computation shows that

|zm — v, || <28"+e<4e  forall meN.
Since (£;) is shrinking, it follows that the sequence (z;) is weakly null. O

We now continue with the proof of Proposition 6. Let £=(g;) C (0,1). It
is enough to show that if o <Iy(FY), then a <L, (F:). Now if a < I (FY)
holds, then by Proposition 5 there is a family (yF) Fer 0y C FY such that
for all F e F,\MAX(F,) the sequence (yFu{n})n>maxF

Given a spreading family F C [N]=* we will call a function F s F': F —

is weakly null.

F a pruning function if for every F = {m4,...,my} € F we have F' =
{m},...,m}} is a spread of F' and {my,...,m} ={m},...,m}} for each
k=1,...,£. Now by repeated applications of Lemma 7 we can find a family

1
:I:F)F Faoun C Sx and a pruning function ' — F’": F, — F, such that

('IFU{n})n>maxF is weakly null for all F e F,\MAX(F,)
and
|lzp —yp|| < 4e; for all ieN and for all FeF, with |F|=i .

The last line implies that C FZ, and hence by Proposition 5

(xF)Fefa\{Q)}
we have o <I,(F:), as required. O
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Let Z be a Banach space with an FDD E'=(E;), and let F be a block tree
of (E;) in Z. Let us write X(E, Z) for the set of all finite, normalized block
sequences on (F;) in Z. For £=(g;) C(0,1) we let

FEL=FINY(E,Z),
i.e., FE7 is the restriction to block sequences of the &-‘fattening’ of F in Z:
FE2=L (2t €X(E, Z) : neN, I(y), €F, |lry|| <e; fori=1,...,n}.
We also define the compression F of F by
F={Fe|N*“: 3zl e F, F={minsuppy(z): i=1,..., |F|}} .

Remark. Having introduced the above notation, we can now write down a
sort of converse for (3). If Z is a Banach space with an FDD E = (E;) and
F is a block tree of (E;) in Z, then

I (F) < In(FF7)

for all £=(g;) C(0,1). Indeed, if o <I(F), then by Proposition 5 there is
a family (IF)FGJ-‘ vy CF such that for all F'e€ F,\MAX(F,) the sequence

($Fu{n})n>max p 1s weakly null. By standard perturbation arguments we

get a pruning function F — F’': F, — F, and a family (?JF)FEJT oy 0

Sy such that for all F' € F,\ MAX(F,) the sequence (yFU{"})n>maxF is a
block sequence, and for all F'€ F, we have ||xp —yp| <ep. It follows by

Proposition 5 that a<Ib1(.7-"E—E’Z).

Proposition 8. Let Z be a Banach space with an FDD E=(E;). Let F be
a hereditary block tree of (E;) in Z. Then for all £=(e;) C(0,1) and for all
limit ordinals o, if Ty, (ff’z) <a, then Icp (]:) <a.

The proof consists of two parts. We first replace block sequences of (Ej)
with sequences of finite subsets of N (Lemma 9), and then prove a discrete
compression result (Lemma 10). Before we begin we need to extend the
notion of block index and related notions to a discrete setting. We write X
for the set of all finite successive sequences in [N]““\{0} and S for the set of
all infinite successive sequences in [N]=*\{0}. A tree GC X on [N]™ will be
called a block tree in [N]=“, and its S-index will be called the block index
of G denoted by 1;,(G). We shall also use the term block derivative and the

notation Gj |, Qt()?) just like in the Banach space case.

Lemma 9. Let Z be a Banach space with an FDD E = (E;). Let F be a
block tree of (E;) in Z. Let

suppF = {(A;)L, €5 : neN, 3(z), €F, suppy(z)=A; fori=1,...,n}.
Then for all €= (g;) C(0,1) we have
Ly (suppF) <Iy, (ff’z) )
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Proof. To simplify notation we are going to write F- instead of FZZ. We
show by induction that for all o <w; we have

(4) (supp]:) ](DT) C supp ((.7-}) g?) VF,Ve.

Lemma 9 will then follow immediately. We begin with the case a = 1.
Let (Ay,...,An) € (supp]-" ) ;l. Then there is an infinite successive sequence
(B;) in [N]=“\ {0} such that (A;,...,A,, B;) € suppF for all i € N. Now
choose (21, ..., 2n,2i) € F such that suppg(z;) =Ai for k=1,...,n and
suppp(z;) = B;. By compactness, for some ig € N we have (21, - - -, Zn,iy, %) €
F: for infinitely many ¢ € N. It follows that (214, -, 2ni,) € (]:5)1/01 and
(A1,..., A,) €supp((]:5—) 1/01>’ as required.

In the inductive step we shall use the fact that (&’:éla))é C (F) t(:;) for all

F, &, «, which can be verified by an easy induction. Assume now that (4)
holds. We then have

(at1) (@) @\
suppF = ( (suppF C (supp F= )
(suppF)y ™ = ((suppF)sy) (=)

(by the induction hypothesis)

C supp ( (Hg—) Ll)

(by the case a=1, where H=(Fz) ](OT))

C supp ( (F22) SH)) .

This proves (4) with a replaced by a+1.
Finally, let A be a limit ordinal and assume that (4) holds for all a < A.
We have

(suppF)) = () (suppF)e’ < N supp<(Fg),(§)> C Supp((fzg)g)> :
a<A a<A

The first inclusion follows from the induction hypothesis. To see the second
inclusion fix a sequence («;) of ordinals with a; /A, and assume that

(Ar, ... A,) € supp((fg)](;i)) for all i €N .

For each i€ N choose

(215 -+ Znyi) € (fg)}g?i)

such that suppg(zx;) = Ax for k=1,...,n. By compactness, we find ip € N
such that for infinitely many i € N we have

|2k — k4o || < €k for k=1,....n .
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It follows that (2z1y,...,%ni,) € (,7:25—)]([)?) for infinitely many ¢+ € N, and
hence (214gs - -+ Zniy) € (.7-"26—)](0/1\). In turn this implies that (A, ..., A,) €
supp((]:ga—) 8\)), as required. O
Lemma 10. Let GCX be a hereditary block tree in [N]=*, and let

minG = {FEN]"": 3(Ay,..., Ap)€G, F={min4;: i=1,...,|F|}} .
Then for any limit ordinal o, if I1(G) <« then Icp(minG) < a.
Proof. We are going to show the following three statements.

(i) For all n<w we have (min g)g§+2)

(ii) Let a be a limit ordinal. If
(ming)gg C ﬂ min (gk(f’) ,

B<a

C min ( t()?ﬂ)) .

then for all n <w we have

(minG) & € min (G5) .

(iii) For every limit ordinal o <w; we have

(5) (ming)g)g C ﬂ min ( }glﬂ)) :

B<a

Since the functions Icg(+) and Iy (+) only take successor ordinals, statement
(iii) implies the lemma immediately. We start by presenting a proof of (i)
and (ii) in the case n=0. The general case in both parts follows by an easy
induction.

Let (my,...,my) be an element of (min Q)IC;B. Then there exist m € N
and an infinite subset N of N with m; <m <min N such that

(mq,...,mg, m,n) € mngG for all ne N .
For each n€ N choose (Al,n: ey Apn, By, Cn) € G such that
(minALn, ...,min Ay ,, min B,,, min C’n) = (mqy,...,mg,m,n) .

After passing to a subsequence we can assume that A;,=A; for j=1,...,k
and for all n€ N. Since G is hereditary, we have (Ay,..., Ay, C,) €G for all
ne N, and hence (Ay,..., Ax) €G,. It follows that (mq,...,my) € min (Q{Dl),
which completes the proof of (i), n=0.

To show (ii), n =0, fix a sequence (3;) of ordinals with 3; /" a. Pick an

)

element (my, ..., my) € (min g)g"; . Then there exist m € N with m; <m

such that
(my,...,mg,m) € (min g)(caé C min (gél”) for all ieN .
For each i €N choose (Al,i7 ooy A, Bi) € g{f” such that

(min Ay, ... min Ay, min B,-) =(mq,...,my,m) .
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After passing to a subsequence we can assume that A;;=A; for j=1,...,k
and for all i e N. Since (A4, ..., Ax) egéli) for alli e N, we have (Ay, ..., Ax) €
G\ and (my,...,m;)€min (ngf‘)), as required.

Finally, we are going to show (iii) by induction on «a. It follows from (i)
that (5) holds for a«=w. Moreover, if (5) holds for a limit ordinal «, then it
also holds for a+w by (ii). Finally, assume that « is the limit of a strictly
increasing sequence (a,,) of non-zero limit ordinals and that (iii) holds with
a replaced by a,, for all n€N. Then in particular, we have

(min g)gg“) C min( }g?")) for all neN |

from which (iii) follows immediately for a. O

5. THE SZLENK INDEX

Here we recall the definition and basic properties of the Szlenk index. We
then recall or prove further properties that are relevant for our purposes. A
fairly comprehensive survey on the Szlenk index can be found in [17].

Let X be a separable Banach space, and let K be a non-empty, w*-compact
subset of X*. For £>0 set

K! ={2*€ K : Yw"-neighbourhoods U of z* we have diam(K NU)>¢e} ,

where diam(K N U) denotes the norm-diameter of X N U. We now define
K for each countable ordinal a by recursion as follows:

K9 =K

5]

K(oc-i—l) — (Ke(a))

p for all a<w;

/
€
KN = (K"  foralimit ordinal A<w .

a<
Next, we associate to K the following ordinal indices:

n(K,e) =sup{a<w, : K™ #0},

and
n(K) =supn(K,e) .

e>0
Finally, we define the Szlenk index Sz(X) of X to be n(Bx+), where By is
the unit ball of X™*.

Remark. The original definition in [26] is slightly different, but it gives the
same ordinal index.

Szlenk used his index to show that there is no separable, reflexive space
universal for the class of all separable, reflexive spaces. This result follows
immediately from the following properties of the function Sz(-).

Theorem 11 ([26]). Let X and Y be separable Banach spaces.

(i)  X* is separable if and only if Sz(X) <wy.
(i1) If X isomorphically embeds into Y, then Sz(X)<Sz(Y).
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(#i) For all a <w, there exists a separable, reflexive space with Szlenk index
at least «.

We next restate in one theorem a number of results from [1] in our termi-
nology. It includes an expression of the Szlenk index in terms of the weak
index of certain trees.

Theorem 12 ([1]). Let X be a separable, infinite-dimensional Banach space
not containing ¢1. For p€(0,1) let

n
‘ g Qi;
i=1

F, = {(wi)?les)f—“ :neN,

ZPZCM V(ai)?lcRJr} :
i=1

Then
Sz(X)=sup L (F,) .
p>0
Moreover, if X* is separable, then for some a<w;, we have Sz(X)=w" and
the above supremum is not attained.

We next consider the Szlenk index of sums of Banach spaces. For finite
sums (Proposition 14) this can be computed directly from the definition
using a kind of “Leibniz” rule for higher order derivatives of products of
w*-compact sets (Lemma 13, part (iii)). For infinite sums (Proposition 15)
we use the weak index as well as the result on finite sums to obtain an upper
bound. In what comes we will denote by o B § the “pointwise sum” of
ordinals o and 3, which is defined as follows. We first write a and ( in
Cantor Normal Form as

o = le.ml _|_w72.m2_|_. . ._|_w'\/k.mk and ﬁ — w'Yl,nl _’_w72.n2+ I _i_w’}/]g.nk ,

where k€N, 73 >~ >...>7, >0 are ordinals, and m;,n; <w for all . Then
we set

aB g =w"(mi+ny) + W (Mmotmng) + -+ w™ - (mp+ny) .

Lemma 13. Let X and Y be separable Banach spaces. Let m € N, let
K, Kyq,..., K, be non-empty, w*-compact subsets of X*, and let L be a non-
empty, w*-compact subset of Y*. Let €>0.

. " / " /
i) (Um) cUE), -
=1 5 4=
(ii) For the subset K x L of X* ®o Y*=(X &1 Y)" we have
(KXxL).=K.XLUKXxL. .
(iii) For the subset K X L of X* @, Y™, and for any ordinal o <wy we have

a B
(KxL)® c | EO=LD) .
BHy=«a
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Proof. (i) Let z* € (U] 1K) . Since the w*-topology on a w*-compact
subset of X* is metrizable, it follows easily from the definition that there is a

*

sequence (zj,) in [J;_, K; such that x}, Y% 2% as n — oo, and |k —a*|| >e/2
for all n € N. After passing to a subsequence we may assume that for some
1<j7<m we have z;, € K, and hence z* € (Kj);/2.

(ii) This is immediate from the definition and from the fact that we are
working with the (,.-sum of X* and Y.

(iii) We prove this statement by induction. The case =0 is clear. Using
parts (i) and (ii) and assuming the statement for some «, we have

(xne e | (KDxr)

BHy=a
_ B+1) o () (B) (v+1)
- U <Ka/2 L£/2 U KE/QXLE/}Q )
BHy=«
(8) ()
= |J KOxLY).
BHy=a+1

Finally, if A is a limit ordinal, then by the induction hypothesis we have
kxn®™c (U EBxL)
a<\  pHy=«a
Write A in Cantor Normal Form:
A=wMmy -+ wMomy
with my >0, and for all n€N set
U = WM emy 4 - M (my—1) + W en

where \, =0, +1 for all neN if )\, is a successor ordinal, and 9,, /" Ay if A
is a limit ordinal.
Now let 2* = (y*, 2*) € (K x L)V For each n€N we have a, <\, so there

exist ordinals 3, and =, with 8, H~y,=«a, and x* € Ké/ﬁ;) X ng). Now there
exist ny, ..., Nk, p1,...,pr<w and an infinite subset N of N such that
ﬂn e w)‘l.nl + e _I_ w)‘k.nk_ + w(s".un
Yo =My 4w epe 0o,
where u,+v, =n for all n€ N. Assume that sup,, u, =w (the case sup,, v, =w
being similar). Set
B=wMny 4+ wt(np+1)
’7:(«0)\1']91 ++W>\kpk .

Then (=sup,, 3., Whereas v <7, for all n€ N. It follows that y* € K ( /%
N, K;; ,and 2 €L /2 Since fH y= ), statement (iii) with A replacing «
follows. O
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Proposition 14. Let X and Y be separable Banach spaces. Then
Sz(X @1Y) = max{Sz(X),Sz(Y)} .

Proof. The inequality Sz(X @1Y) > max{Sz(X), Sz(Y)} follows immediately
from Theorem 11 (ii). The reverse inequality is trivial if either both X and
Y are finite-dimensional, or one of X and Y has non-separable dual. So we
can assume by the last part of Theorem 12 that max{Sz(X), Sz(Y")} =w" for
some 0<n<ws.

Now let K = Bx+, L = By+ and set « =w"-2+1. Applying part (iii) of
Lemma 13 we obtain

(Bxanyy)” = (Bx- x By-)" = 0.

It follows that Sz(X @ Y) <«, and hence Sz(X @; V) <w", as required. [

Proposition 15. Let (X,) be a sequence of separable Banach spaces. Let
X= <@n Xn>£ be the ly-sum of (X,), and let o be a countable ordinal. If

Sz(X,,) <w® for alln€N, then Sz(X) <w*T!.

In the proof we shall use the following notation. For n €N we denote by P,
the canonical projection of X onto X,,, i.e., for z=(z;) € X with x; € X; for
all €N we have P,(x)=umx,. For a finite subset A of N we let Py=>" _, P,

neA - n:

Proof. Assume for a contradiction that Sz(X)>w®"!. By Theorem 12 there
exists p€ (0, 1) such that setting

F={(z)iL, €55 : neN, | Z a;zi|| ZPZ a; ¥ (a;)i; CR"}
we have I,(F) >w*™!. Note that by the geometric form of the Hahn-Banach

theorem we have (zy,...,2,) € S5 belongs to F if and only if there exists
x* € Sx+ such that z*(z;) >p for each i=1,... n.
We are going to show the following claim. Let &= (z1,...,2,) € S5, and

let k>1, M >0 be integers. Assume that I (}"(a:)) > w®- k. Then there
exists y=(y1,...,yn) € SY” such that

(i) Le(F(z,y)) >w*-(k—1), and
(i) for all z* € Sy~ there exists i€ {1,...,n} such that z* (P (y:)) <p/4.

Let us first see how this claim completes the proof. Fix K € N with K >4/p?.
We obtain sequences &1, ...,y in S5 and Ny <...< Nk in N recursively as
follows: at the 5™ step we apply the claim with = (z1,...,z;_1), k=K—l
and M = N,_; to obtain y as above (for j=1 we begin with x=0, k=K and
M = Ny=0). Then we set ; =y and choose N; > N,_; such that writing
x;j=(Yj1,---,Y;L,;) we have

1950 = Pany(ysoll < p/4 - for €=1,.... L; .

From property (i) we get in particular that (x;,...,xx) € F. Thus there
exists * € Sx+ such that

z*(yj0) > p forall j=1,...,K, {=1,...,L; .
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It follows that for each j=1,..., K we find 1</; <L; such that
x” (P[Nj,1+1,Nj](yj,€j)) > p/2 P

and hence we get ||z*|| > @ > 1, which is a contradiction.
We now turn to the proof of the claim. Define

g: {(?Jh;yn)Ef(w) nEN, HJI*ESX*,

¥ (Pan(ys)) > p/4 fori=1,... ,n} :

Note that G is a tree on S3“. If I(G) > w®, then by Theorem 12 we
have Sz(X; @ -+ B2 X)) > w® contradicting Proposition 14. So we have
I(G) <w®. On the other hand, we have

Lo((F@)y ) > e

Thus we can find o))
ye (Flxz)), \G.
Properties (i) and (ii) are now easily checked. O

Proposition 16. Let o be an ordinal with 1 <o <w;. The Szlenk-index of
the Tsirelson space of order a is given by

Sz(T,) = w™ .
Proof. For each pe(0,1) let

F,= {(:pi)?zleS;:’ : neN, H Zaixi ZPZ%‘ Y (a;)i, CR*} .

i=1 i=1
We first show that Sz(7,) >w**. Let (e;) be the unit vector basis of T,,. It
follows from the definition of T, that for each n€N if F €S,,.,, then (e;)icr

is 2"-equvalent to the unit vector basis of €|1F|, so in particular (e;);cp € Fo-n.
Hence by Proposition 5 and Theorem 12 we have

WO < Ty (Fyn) < S2(Th) -

Since n €N was arbitrary, the inequality Sz(T,)>w** follows at once.

For the reverse inequality assume that w? <Sz(T,), where y=a-w. Then
by Theorem 12 there exists p€ (0, 1) with w? <I(F,), and by Proposition 5
there is a family G = QEF)FE&,\{@} C F, such that for all F'eS,\MAX(S,)

the sequence (a: FU{"})n>max 18 weakly null.

By standard perturbation arguments we may, after making p smaller and
replacing (zr)res,\{oy by (7)res,\joy for an appropriate pruning function
Fi— F': S, — §,, if necessary, assume that G is a block tree of (e;) in T,,.

We now apply a result of R. Judd and the first named author [16]. In
their terminology G is an ¢1-K-block basis tree of (e;) in T, with K=p~! (we
are using the 1-unconditionality of (e;)), and hence its order o(G) is at most
the Bourgain ¢;-index of T, which is shown to be w” in [16]. On the other
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hand, by Proposition 5 we have o(G) >w". This contradiction completes the
proof. O

Proposition 17. Let o be a countable ordinal and let Z be a Banach space
with an FDD E=(E;) that satisfies subsequential T,-upper estimates. Then
Sz(Z) <w™v.

Proof. For each pe(0,1) let

fp = {(a:i)?zlesg“’ . nEN, H Zaixi
i=1

ZPZCM V(ai)?:1CR+} .
i=1
and let

Gg,= {(mi)?ﬂESiw :neN, H zn:aixi Zpgn:ai Y (a;) CR+} .
i=1

i=1

Fix v <Sz(Z). By Theorem 12 there exists p € (0,1) such that L, (F,) >,
and by Proposition 5 there is a family (zr)per gy C F, such that for all
FeF,\MAX(F,) the sequence (xpu{n})n>max  is weakly null.

By standard perturbation arguments we may, after making p smaller and
appropriately pruning (zr)per \(0}, if necessary, assume that (zp)per \(0}
is a block tree of (E;) in Z, and that for all F'e F,\MAX(F,) the sequence
(ajFu{n})n>maxF is a block basis of (E;). Let (e;) be the unit vector basis of
T,, and define

lp = €minsuppg(zr) for all FE}".Y \ {@} .

Note that (tr)rer\fo} is a block tree of (e;) in T, and that it is contained
in G, for some p’ € (0,1) since (E;) that satisfies subsequential T,-upper
estimates. Since (e;) is shrinking, it follows by Proposition 5 that v <1 (G,).
Using Theorem 12 and Proposition 16 we deduce that Sz(Z) < w®*, as
required. O

Remark. Tt follows from properties of higher order Tsirelson spaces (Propo-
sition 3) that the unit vector basis of T} satisfies subsequential T,-upper
estimates. Hence the above result shows that

T, € Cyuoe = {X : X is separable, reflexive, max{Sz(X),Sz(X*)} <w*“} .

6. THE MAIN THEOREM AND ITS CONSEQUENCES

Theorem 18. Let Z be a Banach space with a shrinking, bimonotone FDD
(E;) and let X be an infinite-dimensional closed subspace of Z. Then for
any C > 4 there exist an ordinal o < Sz(X), a sequence § = (&;) C (0,1)
with 6; | 0, and a blocking (G;) of (E;) with G; = @mi*l E;, ieN, 1=

Nj=mi
mo < my <mg <..., such that if (x;) C Sx is a d-block sequence of (G,,)
with Hxi_P(C;,l Si]xiH <0 forallieN, 1<sy<s1<83<..., then (x;) is
C-dominated by (em, ), where (e;) is the unit vector basis of Ty, 1
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We first prove some consequences of Theorem 18. In Corollary 20 below
we recast the property of being in the class C, in terms of certain lower and
upper Tsirelson-norm estimates. In Theorem 21 we show that for certain
values of « these estimates are best possible, which proves Theorem A from
the Introduction. These norm estimates and Theorem 1 are the two main
ingredients in answering Pelczynski’s question which we do in Theorem 22
followed by a refinement in Theorem 23. We then state a result of Johnson
which we use to deduce basis versions (Theorems B and C) of Theorem 23.
The rest of the section is taken up by the proof of Theorem 18.

Corollary 19. Let X be an infinite-dimensional Banach space with separable
dual. There exists an ordinal o < Sz(X) such that X satisfies subsequential
C’—Tf%%—upper tree estimates for any ordinal v > o, where C' is a universal
constant.

Proof. By Zippin’s theorem [28], X K-embeds into a Banach space Z with a
shrinking, bimonotone FDD (E;), where K is a universal constant. Renorm-
ing X with a K-equivalent norm we may assume without loss of gener-
ality that X is a subspace of Z. We now apply Theorem 18 to obtain
a < Sz(X), a sequence § = (J;) C (0,1), §; | 0, and a blocking (G;) of
(E;) with G; = @;”:;1171 E;, ieN, 1=mg<m; <my <...,such that if
(z;) C Sx is a §-block sequence of (G,,) with Hxi—PgZ_%Si]xiH <¢; for all ieN,
1<s9<s81<82<..., then (x;) is 5-dominated by (eoémsi_1 ), where (eq;) is
the unit vector basis of Tfa,%'

Fix an ordinal 7>« and an integer ¢ such that (e,;);>¢ is 1-dominated by
(€4,i)i=¢ (such an integer exists by property (1) of the fine Schreier families).
We now show that X satisfies subsequential C’—Tf%%—upper tree estimates

with C'=5. Let (#¢)iereven be a normalized, weakly null even tree in X. We
will inductively choose sequences sp < sy < ... and ny <ns < ... in N as
follows. Set so=1 and n; =max(¢, m;). Assume that for some i € N we have
already chosen sg<s1<...<s;_1 and ny <ng <...<nsg_1. Since nodes are
weakly null, there exists ng; >noq;_1 such that

G
H [1,55_1]% (n1,n2,...,n2)

< 0; .

Then choose s; > s;_; such that

< 0; .

G
Hx(m,nz,.--,n%) - P(sz-,l,si]x(nl,m,m,nzi)

Finally, choose ng; 1 > ng; with ng; 11 > my,. This completes the recursive
construction. It follows immediately from the choice of «,0,(G;) and ¢,
and from the 1-right-dominant property of (e,;) that (x(mm,__,?n%)) is 5-

dominated by (€, ;)-

Corollary 20. Let X be an infinite-dimensional, separable, reflexive Banach
space. Then there exists an ordinal v < max{Sz(X),Sz(X*)} such that X
satisfies subsequential C’-(T}&%,Tf&%) tree estimates for any 0 >y, where C
15 a universal constant.
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Proof. By Corollary 19 there is a universal constant C', and there exist or-
dinals a < Sz(X) and [ < Sz(X*) such that X satisfies subsequential C-
Tk 1-upper tree estimates for any v > «, and X* satisfies subsequential

C-Tx, 1-upper tree estimates for any 6 > 3. It follows from Proposition 2

that X satisfies subsequential (2C'+¢)- (T}é} 1, Tr 1 ) tree estimates for any
£>0 and for any 0 >max{«, (}. O

The above results show that higher order Tsirelson spaces are more than
just mere examples in the hierarchy (C,)a<w,- Indeed they are intimately
related to the Szlenk index of an arbitrary separable, reflexive space and its
dual. The next theorem shows that this relationship is tight in the classes
Cpaw: Tsirelson spaces of order o and their duals are maximal and, respec-
tively, minimal in these classes. In particular, this proves Theorem A stated
in the Introduction. The proof uses some further results from [21] which
we shall not state here as Theorem 21 will not be used in the proof of our
universality results.

Theorem 21. Let a <wy. For a separable, reflexive space X the following
are equivalent.

(i) X €Cyaw.
(i1) X satisfies subsequential (Tg;c,TM) tree estimates for some c€(0,1).

(11i) X embeds into a separable, reflexive space Z with an FDD (E;) which
satisfies subsequential (T ., T, ) estimates in Z for some ce(0,1).

Proof. “(i)=-(ii)” By Corollary 20 there exists n < w such that X satisfies
subsequential (To’j.n, Ta.n) tree estimates. It is not hard to show directly from
the definition that the norms [|-||z,., and ||||z,. on co, where ¢ = 5=, are
equivalent. Hence (ii) follows.

“(ii)=-(iii)” This is immediate from [21, Theorem 15]. We note that the
implication “(iii)=-(ii)” is straightforward from the definition.

“(iii)=-(1)” Let Z be the space given by (iii), and choose n € N such that
" < % It follows directly from the definition that the unit vector basis
of T, . is dominated by the unit vector basis of Tj., . which in turn is
dominated by the unit vector basis of T,.,. Hence by Theorem 11(ii), and
by Propositions 17 and 16 we have

Sz2(X) <Sz(Z2) < Sz(Thp) = W™ = w .

(Alternatively, one can just observe that the proof of Proposition 16 works
for T, , i.e., we have Sz(T, .) =w**.) Now since X satisfies (ii), it follows
from duality (Proposition 2 and [21, Corollary 14]) that (ii), and hence (iii),
also hold with X replaced by X*. This gives Sz(X*)<w**. Thus X €C a-w,
as required. O

Remark. Using the proof of Proposition 16 one can show that Sz(Tx, .)=a*
whenever 1 <a<w; and c¢€ (0, 1). Considering the Cantor Normal Form of
a, it is possible to write o =w?* for some 3 <a. Thus, it is not possible
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to obtain a finer gradiation of the hierarchy (C,)a<w, by using fine Schreier
families.

We are now in the position to answer Pelczynski’s question. We shall use
the notation

AC)=Ag;7,(C)  and A= | ] A.(0),
C<oo

where 0 <a <w; and C' €1, 00) (see also the notation preceding Theorem 1).
Recall that

Co = {X : X is separable, reflexive, max{Sz(X),Sz(X*)} <a},

and that the Szlenk index of an infinite-dimensional Banach space with sep-
arable dual is of the form w" for some 0 <n<w; (Theorem 12), so we need
only consider the classes C, when « is of this form. We should also comment
on finite-dimensional spaces before proceeding.

For a<w we have C,=Cy is the class of all finite-dimensional spaces. Let
Z be the ly-sum of a countable, dense (with respect to the Banach-Mazur
distance) subset of Cy. Then by Proposition 15 we have Z € C,,. Moreover,
Z is universal for Cy: for all X €y and for all € >0, X (14¢)-embeds into
Z.

For w < a <w; we have (5 € C,, and hence ¢, & X € C, for any finite-
dimensional space X. Thus we can restrict attention to infinite-dimensional
spaces for the purpose of finding a universal space for the class C,.

Theorem 22. For every ordinal o with 0 < a < wy there is a separable,
reflexive space with an FDD which is universal for the class C .

More precisely, there is a universal constant K, such that for all 0 < a <w;
there exists a space Z € Cyaw with an FDD such that every space X € C,a
K-embeds into Z.

Proof. Let C' € [1,00) be the universal constant of Corollary 20, and let
B, D €1, 00) be the universal constants of Proposition 3. Let K =Kp p11(C)
be the constant from Theorem 1. Given 0<a<wq, let Z € A, be the univer-
sal space given by Theorem 1 with U =T, and V =U~*. In particular Z has
an FDD (E;) that satisfies subsequential (T, T,,) estimates in Z. By an easy
duality argument the FDD (E}) of Z* satisfies subsequential (T, T,,) esti-
mates in Z*. Hence by Proposition 17 we have max{Sz(Z7),Sz(Z*)} <w*¥,
i.e., Zecwa-w.

Now let X € C,« be an infinite-dimensional space. By Corollary 20 we
have X € A,(C), and hence X K-embeds into Z. O

Remark. By a result of Johnson and Odell [14], the space Z constructed in
the proof of Theorem 22 cannot be in the class C .. Indeed, if that was the
case, then every space that embeds into Z would in fact K-embed into Z.
Such a space is called elastic in [14], where it is proved that a separable,
elastic space contains ¢g. Obviously, Z cannot contain ¢q giving the required
contradiction.
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Note that the above theorem yields a universal space for the class C,a-w
that lives in the class C ..2. A small modification of the proof gives the
slightly better result mentioned in the Introduction:

Theorem 23. For every a <w; there is a space Zy € Cyawt1 with an FDD
which 1s universal for the class Cya-w.

More precisely, there is a universal constant K, and for each o <w there is
a sequence (Zam):;l of spaces with FDDs in C,aw such that for all X € C a-w
there exists n €N such that X K-embeds into Z, . The space Z, can then

be taken to be the ly-direct sum of the sequence (Za,n)zo:1~

Proof. For a« =0 we have already done this just before stating Theorem 22.
Now assume that 0 < a < wq, and let C', K be the constants defined in
the proof of Theorem 22. Let Z,, € A,., be the universal space given by
Theorem 1 with U =T,.,, and V =U*. As in the proof of Theorem 22 we
deduce that max{Sz(Z, ), 52(Zan)} <w* ™ =w*¥, i.e., Zy, € Cpaw. Now
let Z,= (@20:1 Za,n) be the fy-direct sum of the sequence (Zom)C>O . By
¢

Proposition 15 we have Zo €Cawt1.

Finally, let X € C o« be an infinite-dimensional space. By Corollary 20

there exists n €N such that X € A,.,(C), and hence X K-embeds into Z,,,
and into Z,. O

n=1

As indicated in the Introduction, Theorem B and Theorem C follow now
from Theorem 23 by applying the following result of Johnson [15].

Theorem 24 ([15, Theorem A]). Let (G;) be a sequence of finite-dimensional
Banach spaces so that

(i) if E is a finite-dimensional Banach space and e >0, then there is an i €N
so that d(E,G;) =inf{||T||-|T7Y : T: E — G; is an isomorphism} <
1+-¢,

(i1) for each i €N there is an infinite JCN so that G; and G; are isometric
forall je J.

Let Co=(D;2, Gi)e, and let X be any separable space which has the A\-metric
approximation property for some A > 1. Then X & Cs has a basis.

Note that the A-metric approximation property is also known as the \-
bounded approximation property.

Proof of Theorems B and C. Clearly, spaces X with an FDD have the \-
metric approximation property for some A > 1, meaning that for any compact
set K C X and € >0 there is a finite rank operator 7" with ||T'(z) — z|| <e
for all z € K. Let C5 be the space defined in Theorem 24, and let Z, and
Zan, nEN, be the spaces from Theorem 23. Then Z,®C; and Z,, ,,©C5 have
Schauder bases and it follows from Propositions 14 and 15 that Sz(Z,®Cs) =
Sz(Zy) =w** ™ and Sz(Z,,, ® Co) =w™v. O
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In the remainder of this section we give a proof of our main result, Theo-
rem 18, which is at the heart of our embedding and universality results.

Proof of Theorem 18. Fix a constant D with 4< D <C', and choose p€ (0, 1)
such that 44+12pD < D. Set

]::{(Jci)ESf(” ]l ZaixiH ZQPZCM for all (ai)C[O,oo)} .

Note that F is a hereditary tree on S%”. Next fix a sequence £=(g;) C (0, %)
such that

Fh-c3( { z) €S HZ(LZzzH>pZaz for all (a; C]R*}

Now consider the hereditary block tree G=%(F, Z)NFZ of (E;) in Z and its

compression G. Let o be the Cantor-Bendixson index of G. By Proposition 6
and by Theorem 12 we have

Ly (]:2Za-) (}_105) < Sz(X) .

Since G27 C FL, we have I, (g ) L, (FZ). Since Sz(X) is a limit ordinal,
it follows by Proposition 8 that

o =Ics(G) < Sz(X) .

We now apply Theorem 4 to obtain an infinite subset M = {my, mo, ...} of
N such that

(6) MAX(F)N[M]™NG=0.

To see this, give each element A of the thin family MAX(F,) colour red if
AeG, and colour blue otherwise, and obtain M = {my,ms, ...} €[N]* such
that MAX(F,) N [M]=* is monochromatic. Now the map i + m;: N — M
induces a homeomorphism [N]*“ — [M]*“ that maps F, onto F, N [M]**
(as F, is spreading). Since the Cantor-Bendixson index is a topological
invariant, it follows that Icg(F, N [M]=*)=a+1. Hence MAX(F,) N [M]=*
cannot be monochromatic red, and thus (6) follows. Observe that if F' €
G N [M]=, then FEF,.

Without loss of generality we may assume that m; >1. We set mo=1 and
Gi=@7,.!  Ejforall ieN. Finally, we choose §=(6;)C(0,1), & | 0, such
that

42(2 < min(p,C—D), and
4) 6 < for all i €N .
Jj=i

We will now show that for these choices of a, d and (G;) the conclusion of
the theorem holds.
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Let (z;) C Sx be a d-block sequence of (G,,) with [|a; — P(C; 5]
all ieN, 1<s55<s1<82<.... Set

PG
& for all teN .
PG (Si—1,5i ]mz”

%z” <5z for

zp =

Note that ||z; — 2| < 20; for all i € N. Replacing each z; by a small per-
turbation of itself, if necessary, we can assume that minsuppg(z;) =s;_1+1
and minsuppg(z;) =ms,_, for all i € N. We are going to show that for any

(a;) € cop we have
= DH Z &i€m5i71

(7) H Z a; 2

It then follows easily from the choice of § that (z;) is C-dominated by
(ém,,_,)- The proof of (7) proceeds by induction on the size of the sup-

port of (a;). If this is one, then the statement is clear. In general, we begin
by choosing z* € By« such that
= Z a;z*(z;)

H Z Qiz;
We then consider the set
I ={ieN: |2°(z)| >3p} ,

which splits into It ={ieN: z*(z;) >3p} and I~ =I\I". For a finite set
F'CN we shall write ms(F) for the set {m,,_, : i€ '}, We claim that ms(/™)
and ms(I~) belong to F,. Indeed, by the choice of ¢, for any (b;);e;+ CRT

we have
HbezH>sz =S be20,2203 b

eIt et
This shows that (x)ier+ belongs to F. It follows that (z);c;+ € G, and
ms(IT) € G N [M]*¥ C F,, as required. A similar argument, using —z*
instead of z*, shows that ms(I~) € F,.
We next partition supp(a;) \ I into sets J; <...<Jy, where /€N and we
have

(8)

3p < Hz*|span{zi:iejk}|| < 6p for 1<k</, and

Hz*|5pan{zz‘ii€a7e}|| < 6p.

This is clearly possible by the definition of I and by the bimonotonicity
of (E;). Set F={minJy : k=1,...,0—1}. We claim that ms(F) €
F.\MAX(F,), from which it follows that ms(F) € F,, where F = F U
{min J;}. To prove the claim first choose for each k=1,...,/—1 a vector
up = ZieJk cizi € Sz such that > ¢;2*(2z;) > 3p. We can assume without
loss of generality that cmm g, # 0, d.e., that minsupppg(uy) =ms,,,, . Set
6k:zi€Jk c;x; and Uk =T |~ 0 for each k 1,...,/—1, and note that

ve — wp|| < 2|05 — ug|| < 22|C¢|-2(5i <4> 5.

i€ Jy i>k
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It follows that for any (by)i_} CRT we have

-1 -1 -1 -1
(DILTY ED SUENTAES SIS TSN LT S
=1 =1 =1 =1
We deduce that (vy) € F, (ux) €G and ms(F') egn [M]=“ c F,\MAX(F,),

as claimed.
The following sequence of inequalities now completes the proof of (7).

[0 = < Ylal+ Sl + 3o s

i€l i€Jy,
<2H E Ai€m,, | . —|—2H E Qilm,, .
iel+ Fous icel— oug
+6p- DE H E Ai€m,,
k=1 ieJy O“%

< (4 + 12,0D)'H Zaiemsi,1 ||Tf'a,% < DH Zaiemsiﬂ HT]_.Q,% )

It is the third line where we apply the induction hypothesis. Note that by (8)
(and since 12p< 1), each Ji has size strictly smaller than that of the support
of (a;). O

7. FURTHER REMARKS
In [11] the following universality result is proved.

Theorem 25 ([11]). For every countable ordinal { there is a space Ye with
separable dual such that every Banach space X with Sz(X) < embeds into
Ye.

This result of P. Dodos and V. Ferenczi is similar to our universality
results, but the methods used are completely different. Note that unlike
Theorems 22 and 23, the above result does not give information on the
Szlenk index of the universal space Ye. The reason for this is that the use
of descriptive set theory in proving results like Theorem 25 yields existence
proofs, whereas our approach is more constructive.

In this final section we describe the setting in which descriptive set theory
can be used to study universality problems for certain classes of separable
Banach spaces. We shall also explain what is missing if one tries to use this
approach to prove the main results of our paper. For an extensive survey on
the interplay between descriptive set theory and Banach spaces the reader
is referred to the Handbook article by Argyros, Godefroy and Rosenthal [3].

Recall that every separable Banach space is a subspace of C|0, 1], the space
of continuous functions on the Cantor set. The set SB of all closed subspaces
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of C'[0, 1] is given the Effros-Borel structure, which is the o-algebra generated
by the sets {FF€SB : FNU#(}, where U ranges over all open subsets of
C'0,1]. This allows one to study classes of Banach spaces according to their
descriptive complexity and apply results of descriptive set theory. This has
been first formalized by B. Bossard [6], and then taken up by S. Argyros
and P. Dodos [2] to study universality problems. One of the central notions
introduced in [2] is the following.

Definition. A class C of separable Banach space in SB is said to be strongly
bounded if for every analytic subset A of C there exists Y €C that contains
isomorphic copies of every X € A.

The main result of [11] is that the classes SR of separable, reflexive spaces
and SD of spaces with separable dual are strongly bounded. Since {X €
SD : Sz(X) <} is analytic (even Borel, this was proved in [6]), Theorem 25
follows. However, it was not known whether the classes C, from Pelczynski’s
question were analytic or not, and so the main theorem from [11] could not
be applied. From our results we can now prove the following.

Theorem 26. For every countable ordinal o the class C, is analytic in the
Effros-Borel structure of SB.

Proof. Fix a countable ordinal a. We begin by showing that the class C,a-w
is analytic. By Theorem 23 if X € C,a-w, then there exists n € N such that
X isomorphically embeds into Z,, which we denote by X — Z,,. Con-
versely, assume that X — Z,,. Since Z,, has an FDD satisfying subse-
quential (T3, To.n) estimates, it follows easily that X satisfies subsequential
(Ta.n, Ton)-tree estimates. By duality the same holds for X*  and hence X*
also embeds into Z, ,. From Proposition 17 we now obtain

max{Sz(X),Sz(X")} < Sz(Zan) < w0,

and so X €Co-w.
It is well known and easy to show that for any Y € SB the set {X €SB :
X —Y} is analytic. It follows that

Conw = | J{AX €SB X Z,,.}

neN

is analytic, as claimed.
To prove the general case, we use a recent result of P. Dodos [10] which
states that

So = {X €SB : max{Sz(X),Sz(X")}<a}
is analytic. Since C, = S, N Cya-w, it follows immediately that C, is also
analytic. U

Remark. As mentioned in the Introduction,it was C. Rosendal who pointed
out to us that the analyticity of C e« follows from our results. Later P. Dodos
informed us that this fact together with his result implies the general case.
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