Exam 3, version A Solutions

1. (5 pts.) Give a precise statement of the hypotheses and conclusion of the

Mean Value Theorem. If f(x) is continuous on [a,b] and differentiable on
b) —
(a,b), then there exists ¢ € (a, b) such that f'(c) = w.
—a

2. (15 pts.) Find the dimensions of the rectangle with largest area that has
its base on the = axis and its other two vertices on the curve y = 6 — x>
as shown below.
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Suppose that the upper right corner of the rectangle has coordinates (z,y).
Then the base of the rectangle is 2z, the height is y, so we want to max-
imize 2zy, the area of the rectangle. Since the point is on the parabola,
we must have y = 6 — 22, so that’s the constraint. Therefore, we want to
maximize A(z) = 22(6 — 2?) = 12z — 223. The interval that we maximize
onis 0 < 2 < V6 (z can’t be negative, because (x,y) is the upper right
corner). Find critical points by setting A’(x) = 12 — 622 to be zero. This
is zero at ¢z = i\/i, but only V/2 is in the interval. Now check values
at the critical point and the endpoints: A(0) = 0, A(v/2) = 8v/2, and
A(v/6) = 0. Thus the maximum occurs when = = /2, givein a rectangle
of base 2v/2 and height 4.

3. (5 pts.) What are the domain and range of the function f (x) = 4 arccos (3z) ¢

You can only take arccosine of numbers between —1 and 1,s0 —1 < 3z < 1,
therefore the domain is [—%, %] For the range, the angle that you get out
of arccosine go from 0 to 7. Since we’re multiplying by 4, the range is

[0, 47].



4. (10 pts.) Find the function f (z) which satisfies f'(x) = sinz + T2

and f (0 ) = 4. Since an antiderivative of sinz is — cos x, and an antideriva—
tive of I + —— ig arctan z, the most general antlderlvatlve of sinx + T +x2 is
—cosx + arctan z + C, where C is a constant. Since we want f(0) to be
4, we need —cos0 + arctan0 + C' = 4. But cos0 =1 and arctan 0 = 0, so
C =5, and f(x) = —cosz + arctanz + 5.

5. (10 pts.) For f(x) =2z + Inx,

(a) find f~1(2). (Here, f~! means inverse function, not reciprocal.)

Since f(1) = 2, we must have 1 = f~1(2).
1 / . 1 _ 1
(b) find (f7') (2). The formula is that (f~') (z) = @) So,
using part a
—1v/ _ 1 1 1
U@ =) = pm ~ 5

using the fact that f'(z) =2+ 1, s0 f/(1) =

d
6. (10 pts.) Use logarithmic differentiation to find d—y in terms of x if
x

9T 4 (2+3)
Take logs of both sides and simplify using the laws of

SRR
logarithms to get In(y) = xIn2 + (4 3)Inz — £ In (z* + 2% 4 7). Differ-
entiate everything with respect to = to get

1dy 1 423 4 22
Y o4 S TAr
y dx . +Iu+(m+3) Jr21:4—1—x2—|—7

Multiply through by y and substitute back what y is in terms of = to get

dy 27 g (2 43)
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7. (10 pts.) The population of fire ants in my back yard grows exponentially.
At t = 0 there are 200 fire ants, and t = 4 days there are 300 fire ants.
When will there be 1000 fire ants? Since the population grows exponen-
tially, we have P(t) = Pye¥*. We're given that P(0) = 200, but that’s P,
so we know that P(t) = 200e**, for some value of k. Since P(4) = 300,
we must have 200e** = 300, so e*t = % Now take logs to see that

1

3 ¢
k= Zln (2> So, we can write the population as P(t) = 200e i m(3).
Now solve P(t) = 1000 for ¢t: 1000 = 2006%111(%), 505 = ei™(3). Take

logs to solve for ¢ to get t = lnélflig-
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8. (10 pts.) Determine lil% ———. Since €’ = 1 the limit is of the inde-
xr— xT
terminant form %, and we may use 'Hospital’s rule. So,
1 — 3 —62e3s” —6e3e”
lim ——— = lim ——— = lim = -3.
z—0 T z—0 2x z—0 2

The second equality is obtained by cancelling z; there’s no reason to use
I’Hospital’s rule again.

9. (15 pts.) Let f (z) =z +2cosz on (0,2m).

(a) On what open intervals is f increasing? On what open intervals is
f decreasing? Taking the derivative, f'(z) = 1 — 2sinz. This is
positive if sinz < 1 and is negative if sinz > 1. So, f’ is positive
on (0, %) and on (2,27), and f is increasing on those two intervals.
We have sinz > % on (%, %7‘(‘), so f’ is negative on that interval, and
f is decreasing on that interval.

(b) Determine the x coordinates of any critical points of f, and classify
them as local mazima, local minima, or neither. Critical points are
where either f’ equals zero or is undefined. Since f’ is defined every-
where, the only type of critical point is where the derivative is zero,
which occurs at © = § and z = %W. Looking at the answer to part a

us

and using the first derivative test, f has a local maximum at r = §

and a local minimum at x = %71‘.

(¢) On what open intervals is f concave up? On what open intervals is f
concave down? Take the derivative of f/ to get f” = —2cosz. This
positive where cosx < 0, i.e., on (%, %W), so that f is concave up on
this interval, and f” is negative where cos x is positive, i.e., on (O, %)
and (%71’, 27r), so f is concave down on these two intervals.

10. (10 pts.) For what x’s, if any, does In () +1n (2z + 3) = In2% Using laws
of logarithms, In(x)+1n(22+3) = In(x(22+3), so we want In(z(2x+3)) =
In2. This is true if (22 + 3) = 2, or 222 + 3z — 2 = 0. This factors to
(22 —1)(z+2) = 0, so the roots are z = § and x = —2. However, v = —2
doesn’t satisfy the original equation, since In(—2) is undefined. Thus the

only solution is z = 3.



