Regression with more general functions

Of course, not all phenomena which we want to modelbe described by polynomials. For example,
suppose that we are trying to model the populaiidhe United States. As we've seen, the simplest
model is exponential growth, and a more sophigattatodel is given by logistic growth. Let's tryfito
both to census data from 1790 to 2000. I'll defireevector P to be the population (in millions)
measured every 10 years.

> P:=[3.93,5.31, 7.24,9.64, 12.87,17.07, 23.19, 31.44, 3%826, 62.95, 75.99, 91.97,

105.71, 122.78, 131.67, 151.33, 179.32, 203.21, 226.50634281.42,
P:=13.93,5.31, 7.24,9.64, 12.87, 17.07, 23.19, 31.44, 398265 62.95, 75.99, 91.97, D

| 105.71,122.78, 131.67, 151.33, 179.32, 203.21, 226.50634281.42

The vector Y will be years (setting 1790 to be y@ai'm using the "seq" command rather than typing
L out each one.

> Y:=[seq(10-i,i=0..21) 7,

Y:=[0, 10, 20, 30, 40, 50, 60, 70, 80, 90, 100, 110, 120, 130, 140,160, 170, 180, 190, 2
. 200,210
E> with(Satistics) :
> ScatterPlot(Y, P);
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' So, the above is our plot of the data. Now leysatregression with an exponential. Unfortunateis
is not automated in Maple; we have to actually usid@d what's going on. We wakandr so that




LA . &'is the best least squares fit, so that the esrorinimized. Define the error by
22

> E:=(AT) —>Zl(A- exp(r . Yi)— Pi) X
2

E:= (A,r)—»iz‘,(Ae(rYi)—Pi) (©)]

i=1
' Note that | can refer to individual elements in lises Y andP by using subscripts. We wakandr so
_that this is a minimum. Take partials with resged andr and set these to zero to find critical points.

> eql:=diff (E(A ), A) =0;

eql:=2A—7.8642 (A€ —5.31) %7 42 (Ae?" —7.24) 2 4 2 (A3 ()
—9.64) €30 42 (A —12.87) 47 + 2 (A€ —17.07) €°°7 +2 (A
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(A2 _249.63 €209 12 (A1) —281.42) €219 =

:> eg2 :=diff (E(A, r),r) =0;

eq2:=20 (A" —5.31) A 140 (A" —7.24) A? + 60 (A" —0.64 (5)
A3 180 (AP —12.87) A +100(AE%) —17.07) A€ 4120

A _ 2319 A% + 140 (A0 —31.44) A€ +160(AEB —30.82

A€ 1180 (A% —50.16) A€ 4200 (A 1% —62.95) A €19 + 220

A _ 75 99) A0 4 240 (A1) —91.97) A 4260 (AN

—105.71) A€ 1 280 (A1) — 122,78 A1) 1 300 (A€ —131.67

) A 1320 (A1 —151.39 A 1340 (A —179.30) A LT

+360 (A8 —203.21) A8 1 380 (A 19 —226.50 A€t + 400

(A2 _249.63 A2 +420(A? —281.49) A€ =0

We have two equations in the two unknowns unknovasdr. Unfortunately, these are nonlinear, and
it's unlikely that we'll be able to solve them etkad'll try fsolve instead. We need to give a garfor

A andr to give it a start. The exponential which goescélyahrough the first and last points is 3.93

L[ 28L42)

e?10 ( 3.93 j , SO perhapA is about 3.93 andis about 0.02 (which is what | calculated the
exponent to be). Let's try intervals around thadees. It took me a bit of playing with the intels/a
until I got Maple to give me an answer. (Anothesgbility for finding an initial guess is to look e
log of the population versus Y. If the populatisrgrowing exponentially, this should be linear. The

Luse Maple to do a least squares fit to this lineu'N¥'look at this in homework.)
> ool :=fsolve( {egl, eg2}, {A r}, {A=1..20,r=0.005..0.2);

sol := {r=0.01419893514A = 15.03487133 (6)

ELet's plot the exponential with those values ondbghe scatter plot to see how well we've fit tizea.
[> with( plots) :
[ > pl := ScatterPlot(Y, P) :

)
(
)
(




| > p2:=plot(subs(sol, A- exp(r- x)),x=0..210 :
> display([pl, p21);

250—:
200—:
150—:
100—:

50+

o s 100 150 200
X

[Let's see what's going on with the error functiénst, let's ploE(A, r) near the critical point.
> plot3d(E(A, r),A=0..20,r=0..0.02view=0..100000numpoints = 5000);
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L value of the error at the critical
> subs(sol, E(
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a minimum there. Let's

chduk t

i 2230.463944 (7
[This is the sum of the squares of the errors. foare root of this would be more informative.

> sore(%);
i 7.22778784 (8)
[The units of this are "millions of pe pI

It looks like the exponential model is I\ﬂ aybe the logistic model is bet n that rebdhe

population will be of the formp(t) = 4 s define a general logistic function in

(K + pO

 this way. Hereo is the initial populat Id the carrying capacity.
o B-K
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p:=(BK,st)— 9

ion & K, ands. I'll call it E1 so as



Lnot to confuse it with the exponential error.

| > eql:=diff (E1, B) =0
| > eq2:=diff (EL K) =0:
| > eq3:=diff (EL, s) =0

ELet's plot this as well.

> display([ p1, p2, p3]);

[> p3 = plot(subs(soll, p(B, K, s x)), x=0..210,color

=green) :
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Since we'll be minimizing a function of the thremiablesB, K, ands we seek critical points by setting
three partials to be zero. I'm using colons to seggpoutput, since these are fairly long. Agapiay
| around with the intervals a bit to get some output.

> soll :=fsolve( {eql, eg2, eq3}, {B, K, s}, {B=1..20,K =400..1200s=0.001..0.3);
soll:= {s=0.0214993386& = 445.9693577B =7.746086118

(11)
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[Definitely the logistic model looks better. Let@ngpare the error with the exponential fit.
> evalf (subs(soll, E1)); sqrt(%);
440.9982880
20.99995924 (12

>

| This error is half of the error for the exponentiadel.



