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Inverse Obstacle Scattering

A time-harmonic acoustic or
electromagnetic plane wave

uw' = e***4 or point source
tH,(k|x—y]|) is fired at a
cylindrical obstacleD of
unknown shape and location.
The waveu® scattered from this
object is measured at “infinity”
— the far field patternu. .
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The total waveu = u* +u* is modeled by an exterior boundary value problem

for the Helmholtz equation:
Au+ k*u =0 in IR™\ D
with positive wave number, and a boundary condition oD :
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Inverse Obstacle Scattering

A time-harmonic acoustic or Fir-Field
electromagnetic plane wave oo
u' = e %4 or point source "

tH,(k|x—y]|) is fired at a o b
cylindrical obstacleD of &oe

unknown shape and location. |||_> @ -
The waveu® scattered from this <> PN
object is measured at “infinity”  \&X(

— the far field patternu. . Ut = I, (kla—y)

The scattered wave? is required to satisfy the Sommerfeld radiation condition
uniformly in all directionsz = z/|z|

ou’® s 1 2] =
— kU =0 | —= r=|z 00, .
ar \/F Y Y




Introduction

Inverse Obstacle Scattering

A time-harmonic acoustic or Ear-Eield
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(uoo(a?;d) +0 (ﬁ)) x| = oo,

The Amplitude factoru., Is thefar field patternof the scattered wave.

F : X — L?(S') maps a setX of admissible boundaries onto the far field

pattern,F'(0D) = ux -

F' is nonlinear andl-posed
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The Issues

e We need unigueness results.

o Global would be ideal, but local£ injectivity of the derivative of the
obstacle to data map) would be of practical value.

o We would like to know theminimumamount of data that allows unique
determination.

e We know the problems are (highly) ill-posed. Can we measure the degree of
Ill-posedness in a useful way?

e We would like a robust computational algorithm for computmby .
o l|deally, this algorithm should beaximallyefficient.
o Good performance under data error is essential.

o The regularisation question must be addressed.

Clearly, some compromises will have to be made
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Theorem: (Schiffer) If D, and D, are two sound soft scatterers such that
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Proof:

DefineD := (DU D3)\D>.
For each incident fieldy’:

% 1S common to bothD ; and
D+ and is defined orD.

. u = u’+ us is zero ondD.
u =

Unfortunately, Schiffer’s proof fails for non sound soft conditions due to the
potential cusps in the domaiP above. However



Global Unigueness

Global Uniqueness Results

Results for other boundary conditions:



Global Unigueness

Global Uniqueness Results

Results for other boundary conditions:

e Neumann and impedance conditions; Kress and Kirsch (ff. Isakov).



Global Unigueness

Global Uniqueness Results

Results for other boundary conditions:

e Neumann and impedance conditions; Kress and Kirsch (ff. Isakov).

e For the transmission problem; Kress and Kirsch (ff. Potthast).



Global Unigueness

Global Uniqueness Results

Results for other boundary conditions:

e Neumann and impedance conditions; Kress and Kirsch (ff. Isakov).
e For the transmission problem; Kress and Kirsch (ff. Potthast).

e Unique determination of the support of a scatterer; Sun and Uhlmann.



Global Unigueness

Global Uniqueness Results

Results for other boundary conditions:

e Neumann and impedance conditions; Kress and Kirsch (ff. Isakov).
e For the transmission problem; Kress and Kirsch (ff. Potthast).
e Unique determination of the support of a scatterer; Sun and Uhlmann.

e Determination of bothD and the impedancg; Kress and Rundell.



Global Unigueness

Global Uniqueness Results

Results for other boundary conditions:

e Neumann and impedance conditions; Kress and Kirsch (ff. Isakov).
e For the transmission problem; Kress and Kirsch (ff. Potthast).
e Unique determination of the support of a scatterer; Sun and Uhlmann.

e Determination of bothD and the impedancg; Kress and Rundell.

But the information count is wrong! We are giving annfinite number of
complex valued functions of just to obtainone realcurve 0D .



Global Unigueness

Global Uniqueness Results

Results for other boundary conditions:

e Neumann and impedance conditions; Kress and Kirsch (ff. Isakov).
e For the transmission problem; Kress and Kirsch (ff. Potthast).
e Unique determination of the support of a scatterer; Sun and Uhlmann.

e Determination of bothD and the impedancg; Kress and Rundell.

But the information count is wrong! We are giving annfinite number of
complex valued functions of just to obtainone realcurve 0D .

It has been a long-standing conjecture that the far field pattern fremghe
Incident plane wave suffices to determine an obstétle
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tained in a ball of radius: = /x and if the far field patterns coincide for a single
incident plane wave with wavenumbeythenD, = Ds.

Theorem: (Liu, Nachman)lif D, and Dy are convex polyhedra with the same
far field pattern from a single incident plane wave, then = D, .

Theorem: (Potthast)For all e > 0, there existsM (e¢) and N (e) such that
if the far field patterns coincide foh incident directions andV observation
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Warning! Let the incident wave be a superposition of plane waves:
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- . sinkR e'#lzl
Let D be a ball of radius, center the origin. Them®(z) = —— 6| |
671/4/ T

Thus the total fieldu(z) = sink(|z| — R)e~**# /|x| vanishes on the sphere with
radius R + mn /k for all integersm.

We must use special features of the incident wave.
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results. There is simplgo such thing as the “best method.’

In this lecture we will concentrate on local unigueness results; that is, we will
attempt to prove injectivity of the derivative maig’. Since we will be using
iteration schemes, such as Newton’s method, this will be a necessary step.

Typically such methods can give information under minimal amounts of data, but
they have drawbacks; an initial ansatz (such as a single obstacle) and “reasonable”
Initial approximation to the solution is required.

There are some methods that can give good reconstructions of an obstacle even
when there are several of these and we do not know in advance what the boundary
conditions on the obstacle(s) are.

Of course, such luxuries have to be paid for; often in the amount of “extra data”
required.

We mention one such approach: templing methodliue originally to Colton
and Kirsch - with a critical mathematical refinement due to Kirsch.
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Further, let¥ ., (x, z) be the far field pattern of the fundamental solution:

1 .
Uz, 2) = Ee“"”'z r€S, z¢elR*®

Colton and Kirsch gave mathematical reasons why one should expect that the
solution of the above equation should have significantly larger norm f@rD
thanforz € D.

Led to a practical reconstruction method (and an industry!).
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Define thefar field operatorG : L?(S) — L*(S) by
GlN@) = [ umledf(d)ds@)  weS.

S
This is an integral operator with kernel (z, d), which is the far-field pattern
at a pointz from an incident plane wave from angle
Further, let¥ ., (x, z) be the far field pattern of the fundamental solution:
_ i IKT.Z 2,3
\I!oo(a:,z)—éme resS, z€IR
Theorem: (Kirsch) Assume that is not an eigenvalue for-/A on the domain

D subject to an impedance or transmission condition. ThenD if and only
if the ill-posed equation

(G*G>1/4[f]( ' 7Z) — (I)oo( " Z)
has a solutiorf € L*(S).

Disadvantages:

e Requires enormous amounts of data; full far field pattern from all incident
directions.

e Must solve a highly ill-conditioned integral equation whose kernel contains
the data - very susceptible to noise.
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For a reference domai® and a functionh € C%(0D) — IR", we define
0Dy, :=={z+ h(z) : x € D}, B, :={h € C*(dD) : ||hllc2ap) < r}

then theboundary to far field mag, is defined byF : B, — L?(S).
Define h,, = v . h, the normal component of the vector figid

Theorem: For D sound soft,F' : 0D, — u~ IS Fréchet differentiable with
derivative given by the far field pattern, wherev satisfies

—Av+K*v =0 in R™\ D,
the Sommerfeld condition and the boundary conditior= —h,, % :

Since v satisfies the same boundary value problem as the funatiqwith
different Dirichlet values) it can be computed very quickly fram The largest
part of the computation o' and F’ is the common inversion of the matrix
representing\v + k%v.
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Local Uniqueness Results

For a reference domai® and a functionh € C%(0D) — IR", we define
0Dy, :=={z+ h(z) : x € D}, B, :={h € C*(dD) : ||hllc2ap) < r}

then theboundary to far field mag”, is defined byF' : B, — L?(S).

Define h,, = v . h, the normal component of the vector figid

Theorem: For D sound soft,F' : 0D, — u~ IS Fréchet differentiable with
derivative given by the far field pattern, wherev satisfies

—Av+K*v =0 in R™\ D,
the Sommerfeld condition and the boundary conditior= —h,, % :

Theorem: For sound soft scatterering obstacles the nullspace oF'(0D) is
N (F'(0D)) = {h € C*(dD) : h, = 0}.

Proof: Let F'(0D) = 0. Thenv, = 0 and by Rellich’s lemmay = 0
N ]R”\D and sov = 0 on 0D. Thush, % = 0 on 0D. However, by
Holmgren’s theorem% cannot vanish on any arc ofD since this would mean
u is identically zero inlR™\ D . Henceh, = 0.
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We derive an explicit representation 8f when oD is the unit circle.
The Jacobi—Anger expansion gives

Uz(CU) _ pirmd _ Z " Jn(/ip)ein(Q—@o)’ = Rn7

n=——~oo

From this it can be seen that the total field= «* + «* has the form

y 1L

(]

u(z) =
n;oo Hy (x)
From the asymptotics of the Hankel functions we obtain

1 2 > n .
F(0) =too = —€ 14| — Z J(l—gli)em(e_‘%), 0 <6< 2.
K HY (k)

n=——aoo

{Tn(kp)HE (K) — T (k) HD (p) yem (@ =60)

We computeg—jj (x) and thenw in the above theorem to obtain

i B i o o . j—m ei(m—n)eo etnd
Hh = 3 Z m (1) (1)
o Hn—m(m) Hn (K’)

n=——&0 M=——00

In terms of the Fourier coefficients,, h_,, ..., of the perturbatiorm,, .
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For fixed vV, the quasi-Newton scheme to recover the leading Fourier coeffi-
cientsh,,h..,...,h.y Of the perturbatiom, from the corresponding Fourier
coefficients of the far field pattera’, has the form
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Frozen Newton Schemes

For fixed vV, the quasi-Newton scheme to recover the leading Fourier coeffi-
cientsh,,h..,...,h.y Of the perturbatiom, from the corresponding Fourier
coefficients of the far field pattera’, has the form

Anmbm = By (u, —ul)

oo

whereA is a (complex)2N+1 x 2N+1 matrix,B a 2N +1 vector

N im(6p—Z)
€ 2 3 (n ()—E
Anm(k) = E D B,(k) = ,/%"L o(nd 4)H7§Ll)(/<:)

m=—N n—m(m)

Theorem. For sufficiently small k, the matriz A of the finite linear system
is reqular and its condition number (with respect to the mazimum norm)
18 uniformly bounded with respect to N .

Doesn’t this mean that the inversion is well-posed?The bad news,

Right hand sidd By (k)|
N\ & 0.5 1.0 1.5 2.0 2.5 3.0
5 79%x10% 2.6x10%2 3.7x10! 9.9 3.8 1.9
10 1.2x1011  1.2x10% 2.2x105 1.3x10° 1.5x10%* 2.6x103

15 3.0x1019 9.3x101* 22x10!2 3.0x1010 1.1x109 7.4x107
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Frozen Newton Schemes

What can we conclude from this?

e [f the data measurement gives an ergan the Fourier coefficients of the far
field then the approximate error in the updated perturbation of the cubve
IS cond(A)|By|e€

e Giving further incident waves does not allow any more Fourier coefficients
to be computed.

e Using additional frequencies does not allow more Fourier coefficients to
be computed (should use largesi

e Our Iinvertibility theorem shows the linear system is uniquely invertible at
each step; no such guarantee can be given for full-Newton.

e We actually find that this frozen-Newton scheme gives reconstructions that
are virtually identical to a full-Newton implementation.
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Frozen Newton Schemes

Single Frequency, Multiple Direction Incident Waves

For afixedoffset angley and AN
each directioni, 0 < d < 2,
measure the far field pattern .
U (d) atthe single point given /_\ _________________ >
by the directiond + . @ |
The frequencyk is fixed. :

v = m IS backscatteringase,
~v = 0 is forward scattering

Theorem. Let0 <~ < 27. Then if the wavenumbex is sufficiently small the
derivative mapF” is injective. With M incident waves from distinct directions
and a finite trigonometric basis the resulting Jacobian matrix has trivial nullspace
provided M > 2N + 1.

In the forward scattering case,= 0, the odd cosine and sine coefficients
of ¢ (as measured from the origin) cannot be recovered.
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For afixed offset angley and "o
fixeddirectiond,, measure the ' R

far field patternu..(x) atthe , . x d ﬁ\
single point given by the dire¢- "~ ... .[. @
tion doy + 7. '

The frequency Is varied over
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Theorem. For any~y with 0 < v < 27, the dimension of the nullspace of
F’ is exactly N. The nullspace consists of the odd cosine and the even sine

coefficients (with the origin at = 7).
|s there complete loss of information4f = 07

No, we can show that the nullspace 67 consists of all the sine
coefficients in addition to all the odd cosine coefficients.
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Theorem. For any~y with 0 < v < 27, the dimension of the nullspace of
F’ is exactly N. The nullspace consists of the odd cosine and the even sine

coefficients (with the origin at = 7).

The obvious question is, does measurements at a scan of frequencies
at two distinct points recover full information?
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Single Direction, Multiple Frequency Incident Waves

For afixed offset angley and "o
fixeddirectiond,, measure the ' R

far field patternu..(x) atthe , . x d ﬁ\

single point given by the dire¢- "~ ... .[. @
tion doy + 7. '-
The frequency Is varied over
the rang€x,min, Kmaz) -

Theorem. For any~y with 0 < v < 27, the dimension of the nullspace of
F’ is exactly N. The nullspace consists of the odd cosine and the even sine

coefficients (with the origin at = 7).

Corollary. From a measurement of the far field pattern at two angleand
~vo We can recover all Fourier coefficients @fprovided~; # 0 and~, # 0 and

sinm%;m;éo,formzl, ..., N.
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On physical grounds\(6) is real and non-negative.

Theorem. If D; and Dy have impedancea; and \s, respectively, such that
the far field patterns for both scatterers coincide for an infinite number of distinct
plane waves or for an infinite number of point sources on the boundBref a
domain B such thatD; U D, C B,thenD; = D, and\; = \,.

What about local uniqueness for a single incident plane wave?



Impedance Problem

Impedance Boundary Conditions

% + i ku =0 onoD.
ov

On physical grounds\(6) is real and non-negative.

Theorem. If D; and Dy have impedancea; and \s, respectively, such that
the far field patterns for both scatterers coincide for an infinite number of distinct
plane waves or for an infinite number of point sources on the boundBref a
domain B such thatD; U D, C B,thenD; = D, and\; = \,.

Theorem. The mapF (0D, \) — u IS Frechet differentiable with respect to
the boundary and the derivative’q in the directionh is given by the far field
patternv,. . of the solutionv, of the impedance boundary value problem with
boundary condition

ov, . 2 d du . ou
o, tidkvr =k h,,u+£<h,,£> _Mkh”(% —Hu) ()
H is the mean curvature cnD, h, hq

NG
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Theorem. Assume that\(z) > 0 and H(x) > 0 for all z € 0D. Then the
derivative of the map with respect to the boundary is injective, i.é;h = 0
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Theorem. Assume that\(z) > 0 and H(x) > 0 for all z € 0D. Then the
derivative of the map with respect to the boundary is injective, i.é;h = 0
implies h,, = 0.

Proof: If F, ,h = 0 then the solution to the scattering problem has vanishing far
field pattern. Rellich’s lemma and (*) shows

d d
K21 = N hyu+ - (h d“) +ikAHhyu =0 ondD,
S
multiply this by u and take the imaginary part to obtain
d

hvU) = \kHhv|ul? onoD,
ds
S

du

whereU := % y 4& — L 4 44 Assume thath, is not identically zero. Then,
the setX :

5
{z € 0D : h,(x) > 0} is nonempty and

/ AHh,|u|*ds = 0.
5

Thusu = 0 on X. Holmgren’s theorem gives a contradiction.
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The farfield u, 1S a complex-valued function and we are only obtaining a real
valued curvedD in return.



Impedance Problem

Theorem. Assume that\(z) > 0 and H(x) > 0 for all z € 0D. Then the
derivative of the map with respect to the boundary is injective, i.é;h = 0
implies h,, = 0.

Proof: If F, ,h = 0 then the solution to the scattering problem has vanishing far
field pattern. Rellich’s lemma and (*) shows

d d
K21 = N hyu+ - (h d“) +ikAHhyu =0 ondD,
S
multiply this by u and take the imaginary part to obtain
d

hvU) = \kHhv|ul? onoD,
ds
S

du

whereU := % y 4& — L 4 44 Assume thath, is not identically zero. Then,
the setX :

5
{z € 0D : h,(x) > 0} is nonempty and

/ AHh,|u|*ds = 0.
by
Thusu = 0 on X. Holmgren’s theorem gives a contradiction.

Is there any chance of recoveribgth 0D and X from a single measurement of
Uoo ?
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Theorem. Assume that\(x) > 1 for all x € 0D . Then the total derivative of
the mapF' is injective, i.e.,F,h + Fyp = 0 impliesh, = 0 and u = 0.

Proof: Assume thatF.q + F\u = 0. Then again using by Rellich’s lemma we
havev = 0 in IR"\ D and therefore

ds \'"" ds
Multiplying this by @ and taking the real part we obtain
dul® 1d d|ul?
e + 5 7 (h,, oy ) =0 onoD.
Assume thath, Is not identically zero. Then, without loss of generality, the set
Y :={x € 9D : h,(x) > 0} is nonempty and therefore

2 2 2 du ?
E“(1 — ) |ul® — h, ds = 0.
>

ds
Since A(xz) > 1 for all z € 9D we obtainu = 0 on X. By the boundary
condition for « this implies 0u/0rv = 0 on % and employing Holmgren’s
theorem we arrive at the contradiction that= 0 in IR"\ D.

d d
E*(1 — Mh,u+ — (h u) +ik(AHh, — p)u=0 onadD,

K2(1 — N2 hy|ul® — hy
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Is the assumptiorh > 1 necessary?



Impedance Problem

Theorem. Assume that\(x) > 1 for all x € 0D . Then the total derivative of
the mapF' is injective, i.e.,F,h + Fyp = 0 impliesh, = 0 and u = 0.

Is the assumptiorh > 1 necessary?

For a plane wave incident field we suspect not. However, for the cylindrical wave
u'(z) = J,(klz|)e™ 2 9% we can show that the resulting total wave satsifies the
radiating condition, the Helmholtz equation andikK A < 1, for h, = 1 the

critical equation is also satisfied
dul® 1d d|ul?
ds i 2ds ( ds ) 0 J

Thus studying this equation without regard to the incident wav@i€nough.

2 (1 — A)hy,|ul* — h
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Transmission boundary conditions

On 0D the total field
satisfies the conditions

ul, = ul_
ou ou
5l = ol

The mapF : 0D — u., is Frechet differentiable and” .k is given by the far
field patternu_ of the radiating solution to

~Au' + k' =0 inD ~Au'+k*' =0 inR"/D
satisfying the Sommerfeld condition and the boundary conditions
1 — puou ou’ .
W=t ] =~ kB )uh, £ (1 p)DW(h, V)

Divu andV .u are the surface divergence and gradients respectively.



Transmission Problem
Transmission boundary conditions

On 0D the total field
satisfies the conditions

ul, = ul_
ou ou
5l = ol

The mapF : 0D — u., is Frechet differentiable and” .k is given by the far
field patternu_ of the radiating solution to

~Au' + k' =0 inD ~Au'+k*' =0 inR"/D
satisfying the Sommerfeld condition and the boundary conditions

, 1 — puou ou'’ .
W =B (uG | = 0 = akb)uk, + (1 - WDk, V)
+

Unigueness questions here are largely open.
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lteration Schemes

We attempt to solve the nonlinear equatibiiz) = g by an iterative method of

the form
Tnt+1 = Tp T An(F(xn) — g)

Some possible choices fof are:

—p(F")* (Landweber)
A=< —(F")1 (Newton)
f(F', F") (involving a second derivative)

Let’s look at one possibility for the latter case.

Suppose we have the map(z) = g and a starting approximatiom,. To
compute the step + 1, let A be computed by a Newton step,

F'lzp)h =g — F(x,).
A linear equation. The next iteratiom,, 11 = x,, + h IS defined from the 2nd

degree Taylor remainder by the solution of timear equation
F'lep)h+ LF"[2,](h,h) = g — F(z,).
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We thus obtain @redictor-correctorscheme:
h = (F'[z,]) " g — F(xn)) Predictor

h = (F'[xn] + 2 F[2,)(h, -)) _1(9 — F(z,)) Corrector

Tpil1 =Ty +h Update



We thus obtain @redictor-correctorscheme:
h= (F'lzn]) " (g — F(zn))

h= (Flen) + 3P )5 )) (9~ Flan)

LIn+l — Ln +h

In one dimension this givadalley’s method.

lteration Schemes
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lteration Schemes

We thus obtain @redictor-correctorscheme:

h= (F'[z,]) " g — F(xn)) Predictor
- —1

h = (F 0] + LF[2,](R, -)) (g — F(z,)) Corrector

Tpil1 =Ty +h Update

In one dimension this givadalley’s method.

Theorem. Let & € U C X denote a solution of (1). Assume F'[Z] admits
a bounded inverse and F' and F" are uniformly bounded in U. Then
there exists 0 > 0 such that the above iteration with starting guess xgy €
B(z,0)={x e X :||[t—z| <} converges quadraticly to . Additionally,
of the second derivative 1s Lipschitz continuous, i.e.
| [z](h, k) — F"[y](h, B)|| < L|lz — y|| |A]] |7
for all x,y € U with h,h € X and a constant L > 0, then
|lzp1 — 2| < cllzn — 2]

holds for n =0,1,2,... with a constant ¢ > 0.
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Back to Scattering

Theorem. F' is twice differentiable. F' is represented by the far field pattern
F'l0D] h = u._ of the solutiom’ of the exterior Dirichlet problem,

A +E*u =0 inIR"\D o = —h,,? on 0D
v

F"[0D](h1, he) = u,, whereu! isthe far field pattern of the radiating solution

u" € H} (IR™\D) of the exterior Dirichlet problem
Au' +E*W =0 inR"\D,
u' = —hi, Qup _ ha . duy + (hl,l/h2,1/ — h1,7h2,7>H?
14

ov ov
" (hl,T(T V(ha)) + hor (T V(hl,,,))> % ondD

u Is the solution of the scattering problent; (j = 1,2) is the solution of the
boundary value problem with respect to the variatign
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Back to Scattering

Theorem. F' is twice differentiable. F' is represented by the far field pattern

F'l0D] h = u._ of the solutiom’ of the exterior Dirichlet problem,
ou

A +E*u =0 inIR"\D o = —h,,a— on 0D
v

F"[0D](h1, he) = u,, whereu! isthe far field pattern of the radiating solution

u" € H} (IR™\D) of the exterior Dirichlet problem
Au' +E*W =0 inR"\D,
" _ 811,/2 8?,[//1 8’(,[,
u = —hi, 5, ha,v 5, T <h1,1/h2,1/ — h1,7h2,T>H$

¥ (hl,T(T V(ha)) + hor (T V(hl,,,))> % onoD

u Is the solution of the scattering problent; (j = 1,2) is the solution of the
boundary value problem with respect to the variatign

Note: The largest part of the computation Bf, F’ and I is the common
inversion of the matrix representirfyv + k%v.
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Halley Applied to Scattering

Reconstruction of a sound soft
rectangular object from a single
Incident field using accurate data
(~ 0.1% noise).

The size of the obstacle 5.2 x 1
units and the value ok is one.



Initial Approximation
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The graphic below plots the relative
residual is against iteration number,
1F(gn) — tsoll /[ F(q0) — too|

Tichonov regularisation is used.
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Halley: iteration 3
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Halley: iteration 4
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Halley: iteration 5
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Halley: iteration 10
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Reconstructions from noise-free data

Newton method: 1 Newton method: 20

0.5

~ —- =

20

20

- (gn ——— dQact —_— ||F(Qn)_uc>0||
S e i S llan — dact]



Halley Applied to Scattering

Reconstructions from data with 10% noise

Newton method: 1 Newton method: 3

—

— 4n ——— dact —— [F(gn) — uoo|
—  d o+ e+ Ginit ——— llan — qactll



Halley Applied to Scattering
Some Open Issues

We are solving the Newton equationF’[z]h = g — F(z) where F'[z] is
singular. Let us suppose that it turns out tihtis a positive semidefinite matrix
(this may come from the maximum principle in the underlying paleq is also
symmetric(just to simplify the idea and avoid transposesThen we might
reqularise by

(F'lz] + aR)h =g — F(x)

where R is a positive (semi-definite) matrix anrd > 0.
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Even if it only partly(we cannot expect fulldid so, it might allow a reduction
In the level of regularisation required by another scheme.
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Some Open Issues
We are solving the Newton equationF’[z]h = g — F(z) where F'[z] is
singular. Let us suppose that it turns out tihtis a positive semidefinite matrix
(this may come from the maximum principle in the underlying paied is also
symmetric(just to simplify the idea and avoid transposesifhen we might
reqularise by

(F'lz] + aR)h =g — F(x)

where R is a positive (semi-definite) matrix anrd > 0.

e What if (again from the underlying pddtf) could be shown that the Hessian
F"lz]( - ,h) was a positive semidefinite matrix? Would then the choice
R = 2F"[z]( -, h) be aregularisation?

Even if it only partly(we cannot expect fulldid so, it might allow a reduction
In the level of regularisation required by another scheme.

e Can we effectively use a higher (than two) order MacLaurin expansion in an
attempt to better model the nonlinear map? For most problems we think the
answer is no. However, we were once convinced that a single derivative was
the sensible limit.
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e Regularisation issues are more complex. With any regularisation method there
IS always the tricky problem of choosing the optimal value of the regularisation
parameter With the second degree method we have to select two regularisation
parameters, one each for the predictor and the corrector; experience shows that
best results are obtained when these are not the same.



Open Issues

Is Halley’s method a Panacea?

We have painted a very rosy picture of the power of Halley’s method. To be fair
we should point out difficulties.

There are several important inverse problems where we are unable (or more
precisely, we don’t know how) to compute derivatives of the nkapsing the
construction fromF’ itself.

Regularisation issues are more complex. With any regularisation method there
IS always the tricky problem of choosing the optimal value of the regularisation
parameter With the second degree method we have to select two regularisation
parameters, one each for the predictor and the corrector; experience shows that
best results are obtained when these are not the same.

While the scattering example shows that Halley’s method can provide superior
as well as faster reconstructions, there are problems (even those involving the
detection of obstacles) for which this seems not to be the case. This may be
due to difficulties in selecting an optimal level of regularisation or it may be
Inherent in the problem.
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