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Abstract. In this paper we obtain Meyers type regularity estimates for  ap-
proximate solutions of nonlinear elliptic equations. Thes e estimates are used in
the analysis of a numerical scheme obtained from a numerical homogenization
of nonlinear elliptic equations. Numerical homogenizatio n of nonlinear elliptic
equations results in discretization schemes that require a dditional integrability
of the approximate solutions. The latter motivates our work

1. Introduction.  Meyers type regularity estimates for nonlinear di erential equa-
tions have been known and used for some time [12]. In this papeour goal is to
derive such estimates for approximate solutions without ugng the solutions of the
continuous equations. The need for such estimates arises i erent situations. Our
interest in these estimates stems from the numerical homoggzation of nonlinear
elliptic equations [4, 3]. Within this procedure, after homogenizing over the spatial
heterogeneities, one obtains a discrete equation that is na standard Galerkin dis-
cretization of the original equation. To analyze the convegence of the method, one
needs Meyers type estimates for discrete solutions.

In this paper our goal is to obtain Meyers type regularity estmates for approxi-
mate solutions of general elliptic equations. We apply the &chniques presented in
[5] for continuous equations to discrete problems. This telanique goes back to [8]
(cf. [9]). We would like also to mention the paper [6] where nostandard Meyers
type estimates are obtained. The starting point for this approach is the use of
regularity estimates for linear (Laplace) equations. Further, employing the linear
operators we introduce the contraction maps that allow us toobtain Meyers type
estimates. We derive these estimates rst for strongly montone operators. Fur-
thermore, using a particular discrete solution we obtain Me/ers type estimates for
more general elliptic operators of the form

div(a(x;u;Du)) + ap(x;u;Du) = f (1)
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with homogeneous Dirichlet boundary conditions. It seems he same approach can
be extended to the case of Neumann and mixed boundary condiis (see [5] for
corresponding continuous problems). To obtain Meyers typeestimates for (1), we
use weaker assumptions than those imposed in [5].

In this paper we also consider an application of these estintas to a particular
discretization of (1), which arises in numerical homogeniation of such equations,
[3, 4]. Numerical homogenization method is used for (1) withmultiscale coe cients
and allow us to compute the homogenized (averaged) solutimon a coarse grid.
The discretization of (1) that we are interested in is dierent from the standard
Galerkin discretization of this equation. In particular, t wo di erent discrete spaces
are involved for approximation of u and Du in the uxes. This scenario cannot be
avoided in a numerical homogenization procedure because ¢hsolution of the local
problems do not belong to the discrete spaces that are used f@pproximation of
the homogenized solutions [4]. To obtain the convergence dhe discrete solutions
to a solution of (1), one needs Meyers type estimates. Our caergence result does
not contain apriori error estimates because we impose general assumptions oreth
uxes. The apriori convergence rates can be obtained under additional assumipins.
However, in numerical homogenizationapriori error estimates cannot be obtained
for general heterogeneities (see [4] for further discussip. One of the reasons is that
in the limit as the physical scale approaches to zero, theresino explicit convergence
rates in homogenization for problems with general heterogeeities, where the uxes
can be discontinuous functions of spatial variables. For tlis reason, we are interested
only in the convergence of approximate solutions in this papr.

The paper is organized as follows. In the next section, we disiss preliminary
results regarding linear equations. In the following secton, we obtain the estimates
for monotone operators. Section 4 is devoted to the Meyers fye estimates for equa-
tions (1). Finally, we use these estimates to prove the convgence of a numerical
scheme.

2. Preliminaries. Let E, be a family of nite dimensional subspaces inwol;p(Q),
2 p po(some xed pp), and Q is an open bounded domain inR" with Lipschitz
boundary. Consider

u=f;

u2 Wy3(Q). Forany f 2 W 12(Q) there exists a unique solutionu 2 W,%(Q),
such that

kUkWOl;Z(Q) k ka 12(Q)-
Moreover, if f 2 W 1P(Q),2 p po, then [5] u 2 WP (Q) and
kUkwol;p Q) Ckf kW 1p (Q):

Moreover, if the domain is C*, this holds true for all p 2 [16]. Here, the norms in
Sobolev spaces are de ned as followu = grad u):

kukwol;p Q = KDukyg »(qy;

K kw 1»(q) is the dual normto k k,, 1=p+1=q=1,i.e.,

.
Kfkw 15(g) = SUP kvjliin
v2wg Q) *VRw(Q)

69 (Q)
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R
Here, following common practice, (1;v) means 9 uvdx and the duality pairing
betweenW P and W,
Note that D :Wol;p(Q) I LP(Q)" is an isometric imbedding. By duality, div :
LP(Q)" ! W 1P(Q)is onto and kdivuky 1»(q) K UKLr(q)-
Consider approximate solutions of u=f,i.e,,
(Du;Dv) = (f;v) 8 v2 W4(Q):
The approximate problem is to nd un 2 E, such that
(Dun;Dvh) =(f;vn); 8vy 2 Ep: 2

There exists a unique solutionu, 2 Ey. Our basic assumption is that for any
f2W P(Q),2 p po, we have

kup kwol;p Q) Cpkf Kw 1o (Q)- (3)

When Q is a polygon or a polyhedron, assumption (3) holds for some ite elements
(see Theorem 7.5.3 of [2]). One can formulate conditions fomite element spaces
that would guarantee (3) (see pages 170-171, [2]). These atitions hold for all the
elements studied in Chapter 3 of [2]. In particular, quasi-tniform mesh is assumed.
We would like to note that, our results hold when (3) is satis ed. The veri cation
of (3) can be considered as a separate problem.

Assumption (3) is equivalent to the following one. Let P, be the orthogonal
projection in Wol;z(Q) onto E. Then

kPh Ukwolzp (Q) Cp kukwol:p Q)

for any u 2 W, "(Q). Note that one can take C, = 1.

Next, we would like to introduce the best possibleC,. Denote by Ly, the linear
operator that maps f into up,

th = Up:

Inequality (3) implies that Ly, is a bounded linear operator fromW %P(Q) into
W, (Q). Denote by M, the norm of the operatorsLy, and set

h
Clearly, we haveM, = Moy = 1.
Further, we introduce another family of operators By,,
Bhn=D Ly div:

The operator By, is a bounded linear operator that acts in the spacelLP(Q)" and
its norm in this space is equal to the norm of

Lh:W "P(Q)! W™P(Q):

Indeed,
kBhk = sup kD Ly diVukLp(Q) = sup kD Ly kap(Q)=
kUkLp(Q) 1 kf kW 1P (Q) 1 4
sup kLh fkwl:p(Q) = kLth ( )
Kiky 1pq) 1 °

Next, we apply the Riesz-Thorin interpolation theorem [1] on B,. Let s > 2,

2 p sand
1

2

Tl
(N
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Then using Riesz-Thorin interpolation theorem, we have

Mpn  (Msp) : (5)
Taking the supremum with respect to h we obtain
Mp (M) ¢ (6)

Note that M continuously depends onp.

3. Motivation.  As we mentioned in Introduction, our main motivation in deri ving
Meyers type estimates for discrete solutions stems from nuerical homogenization
applications. Numerical homogenization of nonlinear ellptic equations results in
discretization schemes that require additional integrablity of the approximate so-
lutions. In particular, we consider u 2 Wol;p(Q)

div(a (x;u ;Du ))+ ag. (X;u ;Du )= f; (7)

where a and ag. satisfy the conditions formulated in Section 4. Many nonlin-
ear transport processes are described with this type of equi@ns. Our interest
is in the applications arisen in the steady state Richards'sequation in hetero-
geneous soils [14], nonlinear convection-di usion in het®geneous media [3], the
transport of two-phase immiscible ow, and, in general, the transport of multi-
phase multi-component ows [7]. The homogenization of (7) $ studied in [13].
Typical numerical homogenization procedures compute the ective uxes on the
coarse-grid (coarse-grid is a grid whose size is much large¢han ) and the re-
sulting equations are solved on this coarse-grid. Next, we ffie y mention the nu-
merical homogenization procedure. Consid§r a nite dimen®nal space over the
standard triangular partitons K of Q = ~ K, and let S" = fv, 2 C°%Q) :
the restriction vy, is linear for each elementk andv, =0on @@, diam(K) Ch.
Here we assume thath is chosen for the approximation of the homogenized
solution. The numerical homogenization procedure consist of nding an approxi-
mation, u, 2 S", of a homogenized ch>Iutioru such that

(A Univn) = fvpdx; 8vy 2 S"; (8)
Q
where ¥ Z
(A 1 UniVp) = ((a(x; “";Du . );Dvp)+ ag; (x; “";Du p )vh)dx:  (9)
K K
Hereu . satises
div(ang; Y""Du . ))=0in K; (10)

U = upon@Kand U = 25 undx in eachK . Our numerical homogenization

procedure consists of (8), (9) and (10). In some sense (9) &mpts to approximate
Q[(a (X; un; Dup); Dvp)+ ag(x; up; Dup)vy]dx which is a nite element formulation
of thezz homogenized equation. However, in the limit as !Z 0, (8) becomes (see [3])

[(a (x; U;Dup);Dvp)+ ag(x; “";Dup)vpldx = fvhdx; 8v, 2 SM;
Q Q

which is di erent from the standard nite element discretiz ation. To prove u, ! u
in an appropriate sense, we need Meyers type estimates. Onarcslightly change the
variational formulation (8), however, the Galerkin discretization of the homogenized
equation can not be obtained, in the limit ! 0 and Meyers type estimates are
required to prove the convergence of discrete solutions.
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4. Monotone operators.  Consider
Au = div(a(x;Du))
and assume that

a:Q R"! R" be a Caratteodory function and a(x; 0) = 0 (for the sake of
simplicity).

jalx; 1) ax; 2)i Mji1 o (11)
forall x2 Qand 1; 2 R".

@ax 1) ax 2) (1 2) mj1 % 12)
Here| j stands for the Euclidean norm inR".
A is a strictly monotone continuous operator fromW,?(Q) to W %2(Q), and

. 2 .
(Au  Av;u vVv) mku VkWOI;Z(Q)'

Hence, it is coercive. In fact,A maps W, ?(Q) continuously into W 2(Q),
KAu Avky 120y Mku vjjwol;z(Q):
Consider the following approximate problem. Find u, 2 E;, such that
(Aun;vh) =(f;vp); 8vy 2 Ep: (13)
Our goal is to prove the following theorem.

Theorem 1. iy
p .
kuhkwg;p(Q) mkf kW l;D(Q)a (14)
where )
_ m _ m= 1=,
t= gz k=@ g

To prove this theorem, we will need to reformulate the approxmation problem
(13) and study its properties. The proof of the theorem is presented at the end of
this section. First note that

Lh(  un) = un; 8un 2 Ep: (15)

Indeed, (  Uun;Vh) = (Dup;Dvy), 8vy 2 Ey implies up = Lp( up). Consider
the operator A de ned by
Au = u tA(u):

Lemma 1.
kAu KUsz 1 (Q) kkuy Uzkwol:p(Q);

e, A:WoP(Q)! W IP(Q) is Lipschitz continuous with Lipschitz constantk,
k< 1.

Proof. The ux corresponding to A is given by

alx; )= ta(x; ):
Next, we would like to derive the following estimate for a(x; ),
. . m? ., o .
ja 1) a2 @ )P =k (16)

M?2
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Indeed,
jak 1) ax 2i*=(1 2 (1 2 2@ 1) ax 2) (1 2+
t?(a(x; 1) alx; 2) (ak 1) ax 2)=

j1 2% 2 1) aks 2) (1 2+ thalk 1) a(x 2)j
17)
Assumptions (11) and (12) imply
ja 1) At 2)i® j o1 2® 2mji P+ tPMP gy P = 18)
1 2m+t?M?)j 1 2=k} %

The estimate (16) implies immediately that for any uj;uy 2 Wol;p(Q) and v 2

W3 9(Q) we have
Z

j(Au;  Auz;v)j=j (a(x;Dui) a(x;Duz)) Dvdxj
Q (29)
ka(X; Du 1) a(X; Du z)kLp(Q)kDVqu(Q) kkD(U]_ Uz)kLp(Q)kDVqu(Q):

This means that

kKUl KUsz 1p (Q) kkuy uszO“’(Q);
ie, A:WP(Q)! W IP(Q)is Lipschitz continuous with Lipschitz constant k,
k< 1. Q.E.D.

Now we de ne the operator Q, = Qps (f is xed in W LP(Q) for somep 2),
Qn :En! Ej, by the formula (v, 2 Ep)

QnVvh = Lh(KVh‘l'tf): Vi tLp(Avy )

The last equality follows from (15).
If u, 2 Ey is a xed point of Qp, then uy, is the approximate solution of Au = f
(easy to check). We considerE}, with the norm induced from Wol;p(Q).

Lemma 2. Qy is Lipschitz continuous with the Lipschitz constantM gk,
th Unp Qth kwol;p Q) M pkkuh Vh kwol;p (Q)Z
Proof. Indeed,
th Up Qth kwol;p Q) = kLh(Kuh KVh)kwol;p ) Mpkﬂuh KVh kW Lpr (Q)

(20)

Note that k < 1. Q.E.D.

Inequality (6) implies that if s is su ciently close to 2, then M, is close to 1 for
all p2 [2;s]. Hence,Mpk < 1 for p 2 [2; s] with s close to 2.

Next we take f;g 2 W 1P(Q). Let u, and wy be approximate solution of

Au=f, Aw =g:
Then u, and w, are xed points of Qns and Qng, respectively, and we have
kun, wp kwol;p Q) = kQn:t Un Qh:g Wh kwol;p Q) Mpkkuh Wh kwol;p (Q)+

21
kQn:f Wh Qh:g Wh kwol;p Q) Mpkkuh Wh kwol;p (Q) + Mptkf okw 1p (Q)- (21)
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Hence,
tM
kun Wy kwol;p Q) 17|\/Tpkkf ng 1p (Q)-
With g =0 we have
1 Mgk

This completes the proof of the theorem.

kUh kwol;p (Q) kf kW 1p (Q) . (22)

5. General nonlinear elliptic operators. Consider
Au = div(a(x;u;Du)) + ag(x;u;Du)
and assume

a:Q R R"!I R"a:Q R R"! R are Caratreodory functions, and
for simplicity we assumea(x; 0;0) = 0, ap(x; 0;0) = 0.

jalx; 5 Jjitjao(x; ; )i C@A+] i+
jalx; ; 1) a2 Mji1o g
@x; 1) a; 2) (1 2 mi1 %

a(x;; ) +aox; ) j)®
> 0, 0.
A:Wy23(Q) ! W 12(Q) is a continuous pseudomonotone [11] (typeS. [17])
coercive operator. HenceAu = f, f 2 W 12(Q) has a solution in W?(Q) (not
necessarily unique). Consider an approximate problem

(Aun;vh) = (f;vh); 8vh 2 Ep:
The approximate problem has a solutionuy, 2 E (not necessarily unique) and
kuhkwol;z(Q) C; 8h: (23)
This follows from the properties of the operatorA.
Introduce the operators Ay

Ahu = diva(x;up;Du)
and

fn="1f a(X;un;Dun):

Ay is a strongly monotone operator with operator constants incdependent ofh and
the estimate (23) implies that

kag(X;Un; Dun)k 2y C:
BecauseL?(Q) W YP(Q), p2 [2; 5], for somes, we have
Kfnkw 10(q) C

uniformly, provided f 2 W 1P(Q).

Clearly, u, is an approximate solution of Apu, = fy, which is understood in a
variational sense with discrete test functions, Anup;vy) =(fn;Vh), 8vh 2 Ep. (14)
implies that

kup Ky 1P (Q) C; 8h; (24)



8 EFENDIEV AND PANKOV

p2[29],sis close to 2.

In the next section we will apply (24) to a numerical scheme. V¢ would like to
note that u, does not have to be the solution of standard Galerkin approxinations
of (25).

6. An Application.  Consider the equation,u 2 W,3(Q)

div(a(x;u;Du)) + ag(x;u;Du) = f: (25)
Let a and ap satisfy the assumptions imposed in the previous section andlso the
following assumption. Forany ; °2 R",and ; °2 R

jax; ;) ats % 95+ jaolxi ;) @l % 9
CA+jj+id+jii+iMN G 9+ (26)
Ca+jjt s+ G =+jit=+i% = %

for all x 2 Q, where 0< s < 1, (r) is continuity modulus (i.e., a nondecreasing
continuous function on [G;+1 ) suchthat (0)=0, (r)>0ifr> 0,and (r)=1
if r> 1).

The equation (25) has a solution, and in this section we will k& interested in the
approximation of these solutions. Introduce

Sh = fy, 2 Co(ﬁ) : the restriction vy, is linear for each triangleK 2
andv, =0on @Q;

wherediam(K) Chand 4 is a standard triangulation of Q. We seek an approx-
imation of a solution of (25), u, 2 S", such that

(A"un;vi) = (f;vn); 8vh 2 S (27)
where 7 z
(A"un;vn) = a(Mnun;Dup) Dvhpdx+  @g(X; M pUn; Dun)vydx:
Q Q
Here My, is an averaging operator over each elemer 2 4 de ned as
X 1
Mpup = 1k ra undx; (28)
K2 K
where X is an indicator function of K. Moreover, forany 2 LP(Q), My ! in

LP(Q). Note that the discretization (27) can be more tractable for computational
purposes if the spatial dependence is not present becauseetljuadrature step can
be easily implemented.
De ne Auy by
z Z

(Aup;vh) = a(x;up;Dup) Dvhdx+  ag(X;un;Dup)vhdx:
Q Q

Theorem 2. un converges tou in Wol;z(Q) ash! 0 along a subsequence, where
up is a solution of (27) and u is a solution of (25).

The proof of the theorem will be carried out in the following way. First, we
will show the coercivity of the discrete operator, then the wniform boundedness of
the solutions in W,?(Q) and W,?* (Q), for some > 0, will be shown. Further,
the consistency of the discrete scheme will be investigatedFinally, to prove the
theorem we will need the fact that the solutions are inW;** (Q).

The next lemma will be also used in the proof.
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Lemma 3. Ifux! O0inL"(Q)(1<r< 1)ask!1l then
z
(uK)jvkjPdx ! 0; ask!1

for all vy either (A) compact in LP(Q) or (B) bounded in LP* (Q), > 0. Here
(r) is continuity modulus de ned previously (see (26)) andl<p< 1.

Proof. Becauseuy converges inL", it converges in measure. Consequently, for
any > 0 there existsQ and kg such that meas(QnQ )< and (uk)< inQ

for k > k. Thus,
Z Z Z

(uk)jvijPdx = (U )jvijPdx + (uKjwjPdx  C +C jvijPdx:
Q QnQ QnQ
(29)

Next, we use the fact that if (A) or (B) is satis ed then the set v¢ has equi-absolute
continuous norm [10] (i.e., for any > 0 there exists > 0 such that meas(Q ) <
implies kPq vkkp <  for all k , where Ppf = ff(x); if x 2 D;0 otherwisep).
Consequently, the second term on the right side of (29) convges to zeroas ! 0.
Q.E.D.

To prove the theorem, we rst show that Ay is coercive.

Lemma 4. AP is coercive for su ciently small h, i.e.,

(A"up;un)  Ckup k\zNol;z(Q Co:

)
Proof.

Z Z
(AMup;up) = a(X;Mnpun;Dup) Dundx+  ag(X;MnUn; Dup)undx =
z Q z Q
a(x; M pup;Dup) Dupdx + ao(X; M hup; Dup)Mpupdx+
z° Q z
ao(X;Mpup;Dup)(un  Mpup)dx  C  jDupj?dx  Co (30)
2 ?
i a(x;Mnpup;Dup)(un  Mpup)dxj C  jDupj?dx
Q Z Z Q
C;h  jDupj?dx Co=(C Cyh) jDupj?dx Co:
Q Q

Here, we have used the fact thaju, Myupj < ChjDuyj in every triangular element
K.

Q.E.D.

It can be easily shown that A" is continuous, which guarantees the existence
of the discrete solutions [15]. Indeed, one can easily shovhat Fu, = A'u, f
satises (Fup;un) Oforkunk > , forsome > 0, consequentlyF has a zero [15].
Moreover, because of the coerciveness we have the followingiform bound

kuh kWOLZ(Q) C;

whereuy, are solutions of (27). As a consequencey, ! u weakly in Wol;z(Q) (along
a subsequence) ab ! 0. For further analysis, the sequenceu;, is xed. The next
lemma is important for the proof of the theorem.
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Lemma 5.

(A"un  Aup;ve) ! O;
for any uniformly bounded family of u, and compact family of vy in Wol;z(Q).
Moreover, if up is uniformly bounded in W,'** (Q) ( > 0) then

(A"un,  Aupiup)! O (31)

Proof. Consider 7

(A"un  Aun;vh) = ((a(X;Mnpun;Dup)  a(x;un;Dup)) Dvp+
Q

(32)
(8o(X;Mpun;Dun)  ay(X;un; Dun))vp)dx:
Usingzthe estimate (26), we have
i (a(x;Mpup;Dup) a(x;up;Duyp)) Dvhdxj
2
C  (1+jMpunj+ jDunj+ junj) ((Mnun  Uunj)jDvhjdx
z (33)
C( (1+ junj?+ jDusj?)dxdt)*?( jDvhj?® (iMpun  unj)?dx)*™
Q Q

4
C(1+ kuhk\ZNOI;Z(Q))lzz( jD\/hj2 (thuhj)ZdX)lzz:
Q

Here we have usedu, Mpupj ChjDuyj. Because of Lemma 3, we obtain
that the right side of (33) converges to zero for any uniformy bounded family of
up 2 Wi?(Q) and compact family v, 2 Wg'2(Q) ash ! 0. The estimate for ag
can be obtained inza similar way,

i (ag(x;Mpup;Dup) ag(x;un; Dup))vhdxj
Q z (34)
(C+ kUhk\Z,\,g;z(Q))lzz( Qthj2 (hjDunj)?dx)*:

Note that the right side of (34) converges to zero for any unibrmly bounded family
of up 2 Wy'3(Q) and vy, 2 W4 ?(Q). Indeed, the latter implies that v;, is uniformly
bounded in L?* (Q) for some > 0. Thus applying Lemma 3, we obtain that
the right side of (34) converges to zero for any uniformly bomded family of vy in
W5 %(Q).

To show (31) we note that .

(A"un  Aup;un) C(L+ kuhk\zNg;z(Q))lzz( jDunj? (hjDupj)?dx)*=2:  (35)
Q

BecauseDup, is uniformly bounded in L** (Q), > 0 we obtain that the right side
of (35) converges to zero according to lemma 3. Q.E.D.

Lemma 6. For some > 0 we have

kDuthOl;z+ C:

Q)
Proof. To prove this lemma we use the results of the previous sectianConsider
the operator,
Aju=div(a(x;Mpup;Du))
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and
fh="1 a(X;Mnun;Dun);
whereup, is a discrete solution of (27). ThenAl is strongly monotone with operator
constants independent ofh. Moreover, using the previous lemma we have that
kag(X; Mnhun; Dup)k 2(q) C:

Clearly uy is a solution ofABuh = f,, (understood again in a variational sense with
discrete test functions), and thus we have

kUthOl:z+ (Q) C;
for some > 0. Q.E.D.

Lemma 7. Aup ! f weakly inW 9(Q) ash ! 0, where u, are solutions of
(27).

Proof. Indeed, for anyv 2 Wy'?(Q) and v, ! v in W;'3(Q) we have
: oy = hy, . - i oy =l (fv ) = (o)
lim (Aun;vn) = lim (A%un;vn)+lim (Aup  ATun;ve) = lim (fvi) = (fv):

Here we have used Lemma 5. Q.E.D.
Thus, we have the following:

up ! uweakly in WgP(Q); Aup! f weaklyinW P(Q); (Aun;un)! (f;u):

Because the operatorA is type M, [15] this guarantees thatAu = f, i.e.,, uis a
solution. Moreover, because our di erential operators arealso type S. [17], we have
up ! u strongly Wy2(Q). This completes the proof of the theorem.

6.1. Generalization. One can generalize the above numerical procedure for (25).
In pargcular, let S" apd EM be families of nite dimensional subspaces such that
span(_ S") and span(_ E") are dense inW01;2(Q), i.e., forany v 2 Wol;z(Q) there
exists a family of v, (vp 2 S" or vy 2 EM) such that vy, ! v in Wol;z(Q). Consider
operators My, acting from S" to E" such that

thUh UhkLZ(Q) 10 (36)

ash! 0 for any u, 2 S", such that kUhkwol;Z(Q) C. Note that Mpuy are not
necessarily inS" and if My, is de ned by (28) then (36) holds. If My, is de ned in
the whole space of\/Vol;Z(Q) then My, is an approximation of the identity de ned on

W;2(Q). Consider the following discretization of (25). Seeku, 2 S" such that
Z Z

(a(x; M pup; Dup) Dvp + ag(X; M pup; Dup)vy)dx = fvpdx:
Q Q
Our analysis can be modi ed to obtainu, ! uin Wol;z(Q) (cf. (30) and (33)).
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