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Abstract. In this paper we study homogenization of nonlinear hyperbol ic equations. The weak limit of
the solutions is investigated by approximating the ux func  tions with piecewise linear functions. We study
mostly Riemann problems for layered velocity elds as well a s for the heterogeneous divergence free velocity
elds.

1. Introduction.  The homogenization of transport phenomena plays an importat role in many applica-
tions such as ow in porous media, turbulent di usion [9, 20]. In many practical applications, the velocity
eld that transports the substance varies over a wide range 6 length scales, and, numerical ow models
cannot in general resolve all of the scales of variations. Térefore, upscaling (humerical homogenization)
approaches are needed for representing the e ects of smaltale variations on larger scale.

The homogenization of hyperbolic equations with periodic elocity eld has been studied previously [21, 12]
by considering the limit of the solutions as the period size pproaches to zero. In [6] the homogenization
of nonlinear hyperbolic equation using the two-scale conwgience concept is studied, where strong two-scale
convergence of the solutions was investigated. The homogieed equation is obtained at the expense of the
velocity \averaging" along the trajectories. For example, for the layered velocity eld this approach yields
the same homogenized equation as the underlying ne-scalegeation.

In this work our objective is to derive the homogenized equabn for \the averages" of the solutions. A
motivation for our paper stems from porous media applicatils, where the upscaled models for the solution
on the coarse grid are needed. In a recent work [7], a coarsease model, generalized convection-di usion
method is proposed. The starting point of this approach is the description of the homogenized equations.
Once this description is postulated the calculations of thecoarse scale quantities can be carried out. Our
present paper helps to understand the form of the macroscopiequations which is important in designing
numerical coarse models.

In this paper we consider two cases, layered ow and the ow diven by a divergence-free velocity eld.
The main idea in deriving a homogenized equation is to approknate the nonlinear ux function with
piecewise linear functions. Similar ideas have used in ingigating nonlinear hyperbolic equations with
stochastic ux function [11]. In the case of the Riemann prodem if the ux function is piecewise linear
then the solution along each layer can be represented as a Bar combination of linear waves [3]. We
have extended the analysis to Cauchy problems for the layek media. For the homogenization in layered
media we rst obtain the homogenized solution. Then we propse a homogenized equation that has similar
form as the one corresponding to the linear problem with unkmown parameters (see [21]). These unknown
parameters are found by substituting the homogenized solubn. Properties of the e ective parameters
involved in homogenized equation are discussed in the paperin the case of the Riemann problem the
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2 ON HOMOGENIZATION OF HYPERBOLIC EQUATIONS

e ective parameters depend only on one point statistics of he velocity eld and the derivative of the ux
function, and the e ects of nonlinearities and heterogenediies can be separated. For the Cauchy problem we
discretize the initial condition with piecewise constant function. In this case the e ective parameters have
more complex form and it is not possible in general to separat the heterogeneities from nonlinearities.

Using the ux discretization idea we also study the homogenkation of nonlinear transport in a divergence
free eld. We consider the Riemann problem that is often usedin applications of water ooding of the
reservoir. By separating the nonlinearities from heterogeeities and using the homogenization results for
linear transport we derive the average equation.

The paper is organized as follows. In the next section we prest homogenization results for layered media.
Section 3 is devoted to the homogenization in a divergencede eld.

2. Homogenization in layered media. For simplicity we assume that the strati cation is along the
horizontal direction, and consider the following governirg equation for a convected substance,
St +vF(S)k=0; (1)

where S is the mass concentration of the transported substance and designates the small scale of the
problem. Throughout the paper we will consider the two-dimensional case, though the results can be
extended to higher dimensions. We assume that the domain fofl) is aninniteslab =[ 1 ;1] [O;Ly],
and S (x;y; 0) = H(x), where H does not depend on . In the section 2.2.2. we will also discuss the case
S (x;y; 0) = H(x;y). For the Riemann problem it is assumed thatH (x) = fS_;if x 0; Sg; otherwiseg.

In the analysis of the layered ow we consider the velocity eld to be discrete. In particular, we assume
that the velocity eld has n distinct values v; with the volume fraction m;, i.e., v(z) = fvigand m; =
measf v(z) = vijg. We assume that the layering has periodic structure with peirod size . The homogenized
eld in this case S=1im | ¢S is the average ofS across the layers iny direction, i.e.,

Zy,
Sty = S (xy;t)dy; 2)
0

andS ! Sas ! OweaklyinL (R) ( 1, see e.g. [13]) for any. Note that the periodicity of layers is
not necessary for our analysis. We will derive an equation fioS that is the average solution of interest. The
homogenization equation is derived based on solutionS (see [21]).

2.1. Riemann Problem.  To study the numerical homogenization of nonlinear hyperbdic equation we will
use a piecewise linear approximation of the ux functionsf (S). It is known that [3] if fy(w) is a piecewise
linear approximation to f (w) such that fy ! f in Lipschitz norm then the solution of

@

Bt Wy =0
converges to the solution of

w; + f(w)x =0
in L1 norm, provided wy (t = 0) converges tow(t = 0) in L1 norm. One can also estimate the convergence
rate (see [18])
kwi(t)  w(t)k,(ry kK wk(t=0) w(t=0)k ,r)+ tkfx fkip min(jwi(t =0)jsv ;jw(t =0)jsv ); (3)

R
where the norm on the left hand side is taken with respect to tfe spatial variable. Herejgjgsy = limsup ¢ tl R JO(X+
t) g(x)jdx. Taking into accountthat kf, fkup  $kf% 1 (g)if f is piecewiseC? (see [18]) and assuming
accurate initial approximation (3) becomes

Ct. .
kwic() - w(tkiyr)y  (IW(t =0) ey - 4)
Our study of numerical homogenization will focus on piecewse linear ux functions,
@p y, @k(S)
— + v(= =0:
ot V(=) @x
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We recall that the velocity is assumed to be a discrete valueunction, v(z) = vi, m; = meas(v(z) = v;),
i =1;:::;n. Using (4) we have
k . S (x;y;t)dy ; S (xyit)dyki,ry IS (it =0)jev (5)

here C also depends on max of the velocity eld. Denoting the homogeized eld for S, by Sk =
OLV S, (x;y;t)dy we have

_ _ Ct. .
kSk(t) S(t)ki,(r) ?JS (t=0)jsv :

In the rest of this section our focus is on the derivation of tte equation forSy. First we restrict ourselves
to the Riemann problem, i.e,,S (t=0)= S (t=0)= fS.; if x 0;Sg; if x> 0g.
Next we present the result from [3] where the solution of the Remann problem for piecewise linear ux
is computed. Consider
aw,
@t
wi(t =0) = fw; if x O;wg; if x > 0g. Without loss of generality we assume thatw, > wg. As-
sume that the boundary of the convex hull f (w;Vv)jwg W WV f (w)g is discretized at points

fi(wi)x =0;

(Wri F(WR)); (Wi 15 F (Wi 1));::05 (W f (wa))s (Wi f (W), W <wyg 1< <wjy <w_. Then the admis-
sible weak solution of the Riemann problem
@w

@"’ fe(wi)x =0;
wi(t =0)= fw; if x O;wg; if x> Ogis given by

we(it)= w; for 1 <2 Flwy) 7w) f(WL);

t Wi W
Webet) = wys for FW)FOW) X f(we) f(wa),
W1 WL t W2 Wp
(6)
W ()= we 1 for Flwe 1) flwe 2) _x  flwr) f(wk 1)
Wi 1 Wk 2 t WR Wk 1
Wi (x;t) = wg; for Fiwe) F(Wi 1) < X<t
WR Wk 1 t
For our analysis we write the solution w (x;t) in the following form,
X
We(x;t) = h(x  uit) i+ wg; (7
i=0
where
f(w) f(w
gz P Fw )

Wi Wi 1
Wo = W, W = Wr, and h(x) = f1; if x 0; 0if x> 0g. Here ; are the strength of shock waves, andy;

can be regarded ad 0(Wi ), wherew; 1w, w;. Note that f 0 from now on will refer to the derivative of
the modi ed ux.

For further convenience assumeSg = 0. Using the representation (7) for each layer we can writeS, as
_ X
Sk(x;t) = h(x vuit) imj; (8)
i=1 j=1
where
Ui = f(S) (S 1),

i s 5 1 i=S 1 S
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For further convenience, we denoteu; by f (S, ), where S; 2 [Si;Si 1]. Next we will nd the homogenized
equation Sy (see (8)). For this purpose we need the following lemma whosgroof is in Appendix A.

Lemma 2.1. If

_ X
S(x;t) = miH (X vit); 9
i=1
then S satis es 5
&, &_X'"" @ _ 3\ -
@t+ V@X— o I@S(x ui(t  ); )d; (10)
where ; andu; (i=1;:::;n 1) satisfy
X
Mk =0;i=1;::5;n 1 (12)
K=y Ui Vk
X 1 _
m Vk:(v v); k=1;::0;n: (12)

= i=1
andv5 i”:1 m;v;. Moreover, ; and u; exist, are unique, depend only on one point statistics of thenedia,
M, = inzl m;v!, and have the following properties:
i) Vi@ U Vo Up 1 Vn
p ii) inzll i = var(v), where var(v) denotes the variance of the velocity eld and given byar(v) =
omiv? (T miv)?
Applying the Lemma 2.1 we nd the homogenized equation:
— — Z —
&, & _*T @S
@ ~@x ., o @R

Note that in this case there arenk layers with velocities v;f 0(Sj ) and volume fractions m; ;, wherei =

(x it ) )d: (13)

The relationship that determines ; and ; follows from Lemma 2.1,
1

U vf%s)= S S 14
8= sy (14)
XX 1 (15)
mi j —foc . 0: 15
i=1 j=1 ! V'fo(Si)
Note that 6[4) holds for eachi;j ,wherei =1;:::;n,j =1;:::;k, and (15) holds for eachl, | =1;:::;nk 1
Applying ij to (14), and taking into account (15) we obtain
X X X
U= vif O(S]- )mi i = m; Vi fO(Sj ) j- (16)

B] i j
It follows from Lemma 2.1 that | are between the values ofv;f 0(S,- ). Further as in the linear case the
following identity holds:
0

1,
X 1 X
@ m — - A +U= K_:forallz2C: 17
. m = vifO(Sj) z i o orall z a7
Expanding (17) aroundz = 1
0 1,
X X CyM(FYS ))m X X m
@ m; ]V| (f (S] )) A 7+ U= k k (18)
Zm+1 Zm+1

m=0 i;j m=0 k
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P
we see that ; and depgud on one point statistics of the velocity eld, M| = i“:1 miviI as well as one

point statistics of 1% Q= [, fYS)".
Moreover, from Lemma 2.1 it follows that
0 1,
X X 5 X 0 ) X X 0
k= myvi o (fAs)? 5 @ mvi (FYs) A (19)
k i=1 j=1 i=1 j=1
Finalizing the above results we have the following theorem.

Theorem 2.2. AssumeS is the solution of
s+ v (s,)=0

whereS (t =0)= fS.; if x 0; Sg; if x> 0g, the velocity is a periodic discrete value function,v(z) = v;,
m; = meas(v(z) = vi), i =1;:::;n, and f (S) is Lipschitz continuous and piecewiseC? function. Then
S(x;t) can be approximated |nL1 norm on nite time interval by Si(x;t) that is the solution of

&, & X @s
ot @x . o " @%
whereU, ; and ; are de ned by (16), (14), and (15). Moreover,
Ct.
?1
where k de nes piecewise linear approximation off and can be chosen an arbitrarily large, andC only

depends O%S (t = 0)jgy and maxv;. Moreover, ; and dee;and on one point statistics of the velocity
eld, My = L, mjVvl as well as one point statistics off ©, Q = = [, f4S)".

x it ) )d; (20)

KSc(x;t) S t)key(r)

Remark 2.1. The above results can be extended to the continuous case. Asw that the velocity eld is
given byv = (v (y);0). We write (17) in the following form:
ZZ Z
1 ! d kn (u)

dn()d k() z+ U= -0 (21)

where d ()—Pn (  vi)m;, d - Px _ _ P N
n = iz mi, d k()= j=1 ( fO(Sj)) i, and d xn(u) = -y (u i) i.In
the continuum limit, as n!'1 , d , converges to the Young measured , associated withv (y) and, in
the limitas k'1 , d () converges tod ( ) weakly. Moreover, it is easy to check that ( ) is given
by 1 wg( ), wherew( ) is the self-similar solution of Riemann problem given by (6) Consequently, the
limiting measure will bed () =1 w( ), where w( ) is the self-similar solution of Riemann problem.
Taking the continuum limit of the right hand side (21) (n!1 ,k!1 ) we have
ZZz 1
d()d( )L z+ U: (22)

Here changes fromvpyin t0 Vmax, and  changes fromfmm to f 0. Further, it can be shown that there
exists a measure (u) de ned outside [(Vf Ymin ; (Vf Omax ], such that (22) is equal to
Z Z

1t “d (),

d () ()— z+U= = (23)

This can be proved following[21] by using the following representation theorem. If 1)F(z) is an analytic
function outside the interval | of the real axis, 2)Im F (z) > Ofor Im z> 0, and 3) limy;; yF(iy)< 1,
then the function F (z) admits a representation .

d (u).

F(z)= TR

Denote G(z) by 7. 7
1 1

G(z)= U z+ y()

0
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It is easy to show thatG(z) is analytic outside the interval [f %, v ;f%. v+], and Im G (z) > Oif Imz > 0.
Moreover, expanding the r.h.s. aroundz = 1 it can be readily checked thatimy;; yG(iy) < 1 . Thus, the

representation theorem holds. Consequently, the homoge®d equation has the form
— . Z.Z -

@ + U @ = t @

@t @x o @% R R

Expanding (23) atz!1 we see that (u) depends on one point correlations 'd () and 'd ().

(x ut ) )d (ud:

2.2. Remark on Cauchy Problem. Next we attempt to generalize the results to Cauchy problem. First
we discuss the form of the solution for

St+ f (S)x=0:
With this example we will try to separate the heterogeneities from nonlinearities as much as possible.
For general Cauchy problem the time discretization is also eeded. Following [3] we discretize both the
initial condition and the ux function by piecewise constant and piecewise linear functions respectively. In
particular, assume that the initial condition S(t = 0;x) is discretized at discrete pointsx; and the ux
function is discretized in between the pointsS(t = 0;x;) and S(t = 0;x;+1) with a number of points S;
(e.9. S = S(xj;t =0)= Sj1 <:::Sj = Sis1 = SXj+1;t =0) if S <Sj+1). For further convenience one
index will be used describing locations and the values 0. When we have a nite number of S at the point
Xi we assume thatx; = x;. It is known that [3] the solution will be a J-valued function, whereJ = fS;g.
Further, we discretize the time interval [0; T]by 0 t; :::ty = T, wheret; are time instants when shock
collisions occur. Note that each shock interaction lowershe number of shocks or the number of oscillations
(see [4, 1] for details). The discrete apprc;zdmation of the elution in this case fort 2 [tk;tk+1 ] IS given by

Skit)= h(x x() prOY 1) (24)

Here pX( ) are shock speeds, ¥( ) are shock strengths andxk( ) are used to de ne shock locations. The
scaling factor of the velocity ( ) a ects the collision times, consequently the shock speedsnd locations.
Note that here we assume that the initial condition is a function of bounded variation. The latter allows us
to state that there exists a nite number of p(;i(nts Xj such that Si(t = 0;x) can be approximated with

h(x  xi) i:

For our analysis we need a slightly di erent formulation of (24). In particular, we will put all  dependence
to K( ). For this reason we de ne a large nite set (see [4, 1]) ofx; and v; that contains all x¥( ) and
vE( ). This set can be de ned independent of and is the same for all , consequently for = 1 (this follows
from the fact that entropy solutions for di erent 's can be obtained from the entropy solution for =1 by
rescaling (see also [1])). Then the solution cz;t(n be written &

S(xt)=  h(x xi pit) K(): (25)

Remark 2.2. The independence of the set of; and p; of can be easily illustrated when no new shocks arise.
Assume that two shocks with velocitiesi; and u, and with strengths ; and , and initial locations x; and
X2 collide, i.e., h(x X1 uit) 1+ h(x Xz ust) 2. Then after collision new shock will be formed that has
form h(x xo wut) ,where = 1+ L, u=(vi 1+Vo 2)=( 1+ 2),X0=(X1 1+X%X2 2)=( 1+ 2).

Using the representation (25) for the solution in each layerwe can obtain the homogenized solution for
the multi-layered system averaged across the layers. Denioig by v, the velocities of the layers andm, their
relative weights the homogenized solution in each time inteval [ti;tk+1 ] iS given by

X

Sk(xit)= h(x xi wpt) fme (26)
il
Later on we present an example to illustrate the nature of (2. The above formulation assumes that the
initial condition is independent of the vertical variable y and has bounded variation. (26) holds also when
the initial condition slowly changes with respect to y. In this case the nite set of x; and p; are the union
of the sets ofx; and p; for each layer.



ON HOMOGENIZATION OF HYPERBOLIC EQUATIONS 7

Using the discussion from previous sections we can look fohe homogenized equation for each and k in
the following form: B B 7 B
@ + U@ = X t @

@t ~@ex _, o, "@ex
Remark 2.3. qand , depend oni andk. Note that x; and time intervals do not depend on heterogeneities
and they are determined from the nonlinear Cauchy problem fo =1.

(x ot ) )d: (27)

The relationship that determines 4 and 4 for eachk and i follows from Lemma 2.1,

X
U wvp = — 4 gl 28
|pl . a lei ( )

X ‘ 1
m §———=0; 8q: 29
I Il q vipi q ( )
Here q changes from 1 ton 1, where n is the total number of layers as in the previous discussions.
Multiplying rst equation (28) by m, ﬁ and summing over alll and taking into account (29) we can easily
obtain that X
U= Vipi !}m|:
I
Using our previous results, equations (28) and (29) can be vitten for each i and k as
]

1

X 1 X

m; K z+ Uf = a_. (30)
| Z VIPi q 4 q

Expanding (30) around z = 1 we see that 4 and uq depends onMyfo = P vipd km for eachi and I.
This indicates that nonlinearities and heterogeneities iteract on the coarse level. This is in contrast to the
Riemann problem. The reason for this is that in the case of theRiemann problem we convexify the ux and
the latter gets rid of wave interaction. If the separation of variables is possible for ; then nonlinearities
and heterogeneities can be separated. Next we present a sitepexample, where this does not hold.

Next we illustrate the nature of (26) on a simple example withtwo layers where each layer initially contains
two shock waves that will collide. Assume the velocities of he layers to bev; and v,. Further, we assume
the solution in a layer i (i=1,2) at time t =0 is given by

h(x X1 vipit) 1+ h(xX Xz Vipet) 2: (31)

From here assuming for simplicitym; = m, = 1 the averaged solutionS before the rst shock interaction is
given by
_ X2
Si(x;t) = h(x X vipt);:
i =1
Assuming v, > v; we have that rst shock interaction will occur in the second layer. The solution then
will have the form (31) in the rst layer, but in the second lay er the solution will have the form h(x X3
vopst)( 1+ 2). Consequently, the average solution has the form
_ X
Sa(x;t)= h(x X1 vipit) i+ h(x Xz vepst)( 1+ 2);
i=1
whereps = (pr 1+ P2 2)=( 1+ 2)and x3 = (X1 1+ X2 2)=( 1 + 2). In the next time step the average
solution will have the form

Sz(x;t) = h(x Xz vipst)( 1+ 2)+ h(x X3z Vvopst)( 1+ 2):

Above we presented the solution that has di erent form in ead time interval. This solution has the form
(26) X
Sk(x;t) = h(x x  vipt) &;
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where

3. 0 0 1+ 2
0 0 1+ 2~
We would like to note that using estimate (3) one can obtain that Sx(x;t) given by (27) approximates
the homogenized solution on a nite time interval when time and space intervals are su ciently small.

3. Homogenization in a divergence-free eld. In this section we study the homogenization of the
Riemann problem for general divergence free velocity elds

@S

— + = .

ot v(x) rf(S)=0; (32)

wherer v =0.

The main idea is the following. First, we reduce the problem nto the Riemann problems along each
streamline, de ned by dx =dt= v . Second, along each streamline we reduce the problem into ¢hsuperpo-
sition of linear Riemann problems by discretizing the ux with piecewise linear functions. This renders linear
problems for \ xed value" of S . Next, we consider the average motion of the linear problemsinder the as-
sumptions that the velocity possesses strong mixing propdies. Using known results for the homogenization
of linear transport equation we derive weak limit of S .

As in the previous section, we assumd(S) to be a piecewise linear functions that approximates the
boundary of the convex hull f (w;v)jwg w w_;v f(w)gin Lipschitz norm. In this section we consider
the Riemann problem. The results of this section hold in geneal if the transport along each streamline is a
Riemann problem.

Next we discuss the decomposition of the solution along eacktreamlines. For these purposes, we omit
the index . Along each streamlinedx=dt = v we have

%+v r fx(Sk)=0: (33)
For further simplicity we assume that v = (vyx;Vvy) and vy is positive at all times. Then each streamline is
de ned by y(x) = y(X;Yo), where yy is the starting point for the streamline and y(x) solves

dy _ w(xy).
dx v (xy)
Along a streamline we introduce a new variable (known as a trael time, [2]) by
d 1
dx v (xy)’ (34)
The equation (33) along each streamline then becomes
@% , @)
— + =0: 35
ot @ (35)
Indeed, it can be easily checked that
vV r = —@:
@

For the equation (35) Sk(x;t) is constant between the points moving according
d _f(S) (S 1),

dt S S 1
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Denoting fqS;) = % one can nd that Sy(x;t) is constant between the points that travel
according
dx;
d_tl =S )v
on a xed streamline. Note that f © from now on will refer to the derivative of the modied ux. Th us, the
solution of the equation (33) along each streamline ofix=dt = v can be written as
Sk(x;t)=S.; for 1 < x xi(t);
Sk(x;t) = S1; for xg(t) < x  xa(t);

(36)
Sc(x;t) = S¢ 1; forxk 1(t) < x  xr(t);
Sk(x;t) = Sg; forxg(t) < x<1:
Using the above decomposition, the solution of (32) can be mresented as
X
S(x;t)= h(x x(t)) i;
P
where @d=db)x; (t) = v (x)f {S;) and h(x) = f1if x 0; O otherwisey. Introducing d y( ) = :(:1 (
f%Si)) i we have Z
Sc(x;t)=  h(x  x (t)d «(): (37)

Here the integral is taken over f %, ;T 8., ]. Note that the measured ¢ ( ) is independent of (heterogeneities)
and only depends on the nonlinear ux. Further ask ! 1 k()! ()in Ly, where () depends on the
self-similar solution of the Riemann problem. Indeed, it iseasy to check that ¢( )is givenby 1 wy, where
wg is de ned by (6). As k!1 k()P (), where ()=1 w()andw( ) is the self similar solution
of 1-D Riemann problem. Taking limitas k ! 1 . of (37) we obtain

S (x;t)=  h(x x (t)d (): (38)

Note that since ( ) is a BV function, (38) is well de ned for a.e. (x;t).
Next we note that R (x;t) = h(x x (t)) is the solution of the linear transport equation with velo city
v (x),
@R
@t+ v (x) rR =0:
Moreover, the information about heterogeneities is inh(x ~ x (t)) in the representation (38). The homoge-
nization of the linear equation, for the velocity eld that h as strong mixing property has been studied (see e.g.
[14, 16, 15, 19] for mathematical theory, also see [17, 5, 182]). These results [14, 16, 15] are obtained using
probabilistic framework and involve some additional techrical assumptions. Assumingv = v+ u(x;!) it
can be shown that under strong mixing and strict stationarity condition on the velocity eld, R (x  Vt;t)
converges weakly (in a probabilistic sense, see [14, 16, 1)) in a time interval of order O(%) to a Markov
di usion process with generator L = 2 ,dl -1 b @)?;@x + 2 id:l G @—@x, where b; and ¢ are functions of
two point correlations of u(x;! ) (see [14, 16, 15, 19]). To keep the presentation more coneisve will simply
assume thatR (x;t) = E(R (x;t;!)) satis es
%+VrR:ri2a,-jr,-R; (39)
wherea; are determined from two point correlations of u. We would like to note that (39) can be obtained
for deterministic ows using a perturbation argument (see [8]), where a macrodi usion term appears as a
two-point correlation of the velocity eld.
It is easy to see thatR is invariant under the change of variablex ! x=, i.e.,

R (1) = g(55t); (40)



10 ON HOMOGENIZATION OF HYPERBOLIC EQUATIONS

where g is the solution of

@g, _ _ :
@t+v rg=rigr;g: (412)

g is subject to the Riemann initial condition, g(x;0) = fS_;if x 0; Sg; otherwiseg because of (40). From
(38) we have 7

S(x;t)= R (x;t)d (): (42)
Using equation (39) one can derive the following equation fo'S,
%t+v r R@ctyd ()=riar; R (xt) 2d (): (43)

It is not di cult to see that the terms involving R can be written in terms of S and some other functions.
Using mean value theorem and assuming thaR (x;t) is a positive function (e.g., assumingS,_ ;Sg ~ 0) we
can obtain Z

X
R:t)d () = Raorqs)GDFAS) 0 = £4S (x1)S(x;1);
for some function S (x;1). SimilarlyZ
R (x;t) 2d ()= S )’S(x;t);

for some function S (x;t). Note that the functions S (x;t) and S (x;t) depend onlyg and , i.e., they
depend on both nonlinearities and the averaged propertiesfdinear transport equations. With these notations
the homogenized equation becomes:

%} vV orfds (x;t)S=riar fYS (x;1)%s: (44)

Remark 3.1. (44) holds in general if the transport along each streamlings a Riemann problem. In this
caseR is subject to the initial condition H(X;y). Using (42) we can readily obtain (44) in a same way as
we did above.

Remark 3.2. The interaction of the heterogeneities and nonlinearitiesin the case of general Cauchy problem
does not allow us to carry out the homogenization for generdieterogeneous velocity elds.
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Appendix A. Proof of Lemma 2.1.  Substituting the expression (9) for S into (10) yields
. ¥ xto Zg
M (V. v )H (X wt) = mg —),%H
k=1 k=1 i=1 o @
The right hand side (r.h.s.) of (45) can be simpli ed in the following manner
x x1o L
mer ——JHC u ) vd =
k=1 i=1 o Ui Vicd 46
I I
x o Xt 1 - 0 X1 x 1 - 0 (40)
M ig—y H & vio) M i o—y H O ui):
k=1 i=1 ok i=1 k=1 ok
Further, equating the l.h.s. of (45) and the r.h.s. of (46) wehave the following relations for our unknown
parametersv, j,andu; (i=1;:::;n 1)

(x ut ) w)d: (45)
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X 1 1
Mk i =me(V w); k=1;:0nm
i=1 Ui Vi
Note that there are 2n 1 equations for n 1 unknownsv, ;, andu; (i =1;:::;n 1). The above
expressions are equivalent to (11) and (12).

It is easy to see thatn 1 equations in (11) de ne the values ofu; (i =1;:::;n 1) and n equations in
(12) de ne the values of i, (i=1;:::;n 1), andV. The value of v can be readily calculated by multiplying
(12) to my and summing overk,

X X X! i
m (v w) = My
k=1 k=1 i=1 Pk
The r.h.s of this equality is zero because of (11), therefore
X
V= My Vi
k=1
From (11) one can nd that u; (i=1;:::;n 1) satisfy
X Y
Mg (Ui vp)=0:
k=1 p6 k;p=1
This indicates that u; (i =1;:::;n 1) are the roots of the following polynomial of the degreen 1
X Y
R(z) = my (z wvp)=0:

k=1 pé k;p=1

It is easy to check that R(z) changes sign fromv; to vi+1, i.e., R(vi)R(vi+1) 0. Consequently, the roots of
the polynomial R(z) are between the values ofv;. Therefore,

Vi Ur V2 U2 Unh 1 Vn.
The latter also proves the existence and uniqueness af;'s.
It is more dicult to understand the behavior of individual i (i=1;:::;n 1), though their mean
properties can be computed. The equations (11) and (12) cand combined in the following identity:
I
L]
X m X1
K z+ V= — (47)
e 20 g 2 Ui
This is an identity for all z 2 R. To prove this identity we note that (47) can be written as a polynomial of
the degree less than 2 1. The polynomial has degree 1 when allvi's (i = 1;:::;n) are distinct. In

and for the values ofz = u; (i =1;:::;n 1) the identity (47) becomes (11). In the event that some of
the values ofv; are coincide the degree of the polynomial of (47) decrease#n a similar manner it can be
veri ed that the identity (47) holds in this case.
The existence and uniqueness of; follow from (29) noting that the left hand side has the form
Pn 2(2) .
67
n

i:]_l(z Ui),
where P, 2(z) is a polynomial of degreen 2. It can be readily checked that the IeadingFgerm ofPn 2(2)

has the formvar(v)z" 2, where var(v) refer& to the variance of thev. This implies that ; ; = var(v).
The coe cient in front of z" 3isskew(v)= L mi(v; V)3
Expanding (47) aroundz= 1,
I
X X m-v_m ' ! ){' X 1 m
i _ kU,
T z+ V= S (48)

m=0 i=1 m=0 k=1
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P
we see that ; and u; depend only onM; = [_, m;v..
The homogenization results presented in Lemma 2.1 also canebderived from the results of Tartar, [21].
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