Name Section 1-14 /56

MATH 152 FINAL EXAM Spring 2014
15 /15

Sections 549-551 Solutions P. Yasskin
_ ) ) 16 120
Multiple Choice: (14 problems, 4 points each)

17 /10
18 /5
Total /106

1. Find the area between the curves y = 2x> and y = 4x.

a %
b. % CORRECT
c. %
32
d.
e %

Solution: 2x2 =4x x>=2x x=0,2 The line is above the parabola.

2 3 72
_ _9y2 _ 2 _oX | _q 16 _ 8
A= @x-2e)ix= | 2¢-2% | -8- 15 - 8

Find the average value of the function f(x) = € on the interval [-1,1].
a e+l
1 1
b 5(e+ %)
1

c. e—x

e
d. $(e-&) CORRECT
1

1
e

. _ 1 1 1 1 e—
Solution: fa"e_—l—(—l) _1exdx— 2|:eX:|_l— >



/2 .4
3. Compute I /Zsm 0 coso do.
=TT

a. -6
_2
5
c. % CORRECT
2
d 3
e. 6
u=snb /2 5 .50 172
Solution: sn*0 cosfdd = [utdu=| L | = | S0 -2
du = cosodo I—n I [5] [ 5 }_n/z 5

4. Compute J'xzezxdx.

a. (%xz % >e2X+C

b. (13- Ix+1)e*+Cc  CORRECT

. (%xz % )e2X+C

d. (%xz %x+ 1)ez"+C

e. (dx-dx-1)exic

Solution: Use parts twice: u = x? dv = eXdx u=x dv = e*dx
du=2xdx v= %ezx du=dx v= %ezx

Ixze”dx = %xzezx—_[ xe> dx = 2x2e2X (2 xe> - 1 Iezxdx> = %xzezx— %xezu %ezu C

/2
X dx

5. Compute j HINT: tan?) = sec?0 - 1

a. arcsecx— /x2—1+C

b. Jx2—1 +arcsecx+ C

Jx2—1 —arcsecx+C  CORRECT
d. %(xZ-l)”-(xZ-l)”ﬁc

o

e. %(x2 ~D¥rxe-1¥+cC

Solution: x = secf
dx = secOtan6do

j sz = [ L 29 L secOtan0do - jtanzede

:jsecze—ldeztane—e+cz 21 —arcsecx + C



In the partial fraction expansion, 2°+2+8 _ A B  C  Dx+E  _Fx+G_ 4

X3(X2 + 4)° Xox2 x3 x2+4 (x2+4)2’
1
a. 4
b. -% CORRECT
c. 2
d 8
e. 16

Solution: Multiply by x3: w = AX? + Bx+ C + D§+Ex3+ Fx+62 X3
(X2 +4) X?+4 (X2 + 4)

0 -8 _1
Set x=0: C—16 5

2
Compute I , X—13dx.

_1
a. 7

_1
b. 3
c. O

1
d. 7

e. undefined CORRECT

souon: [ o< [* e[ o[ T [5] - [T+ [ 53]

=[I|m(2b2) ( )} [( )—JLry+(2—1)}=[—w]+[w] undefined

The region under the curve y = xzjjr 1 above the interval [0,1] is revolved about the

y-axis. Find the volume of the resulting solid.

a. nlIn(2) CORRECT
b. #In(2)-=
c. 2rIn(2)
d. 4rnIn(2)
e. 4riIn(2) - 4rn
) 1 1
Solution: Azf 2rrhdx r=x h= > u=x2+1 du = 2xdx
xc+1

1
= [ 2ex=1— dx—J. 1du—n|nu—[n|n(x2+1)} = rin(2)



9. Find the arclength of the curve x = 2t4, y=1t® between t=0 and t=1.
1
27

1
b.3

61
12

61
d. 57 CORRECT

61
54
1 2
Solution: szo‘/ %) +(E) dt = j [(8t3)% + (65)% dt
1 1
j J64t® + 36t dt — j 2316 + 9% dt U=16+9t* du=36t3cdt dU _ 3¢t
_ 1 2ud3? 1 (oE32 _ 1p32Y _ 1
= 1BI Jidu=| {52 ]16 77 (25 - 16%) = 5 (125 - 64) = 5L

10. Thecurve x=2t* y=1°% between t=0 and t=1 isrotated aboutthe x-axis.
Which integral gives the area of the resulting surface?

a.

C.

e.

1
j 4nt®/16+ 9t dt CORRECT
0

a.

b. j: 8rt” /16 + 9% dt
c. f; 4nt7 16 + 9% dit
d. j: 2717 /16 + Ot* dit
e. f; 471316 + 9% dit

1 2 1
Solution: A~ [ 2rrds— [ 2nyJ( ) (—) dt - | 20t [(8)7 + (60)7 o

1
- I 2766416 + 36110 dt — j 47t0 /16 + 9% it
0 0

11. The series S= i (—;)2:3”
a. converges t(:=04
b. converges to %
c. converges to % CORRECT
d. converges to %

e. diverges

Solution: S= 3 =3’ isgeometric. a=1 r= =3) and Ir <1
() (#)

1 4 _ a4
SO S=TT Gy T d+3 7




12.

13.

14.

6X — X3 — 6sinx

Compute lim
x—0

x5
6
a. ?
b. -6
c. 6
2
d. ar
_1
e. 20 CORRECT
Solution:
_x3_ XX x°
lirm EX= X —69nx_|im6x X -6(x- %+ 35 ) _im 5355 ~) _ 1
x—0 )( x—0 X5 x—0 X5 20
(D'
Compute nZ 57Can)
a 4 CORRECT
b. -1
c. O
d. 1
1
e —
J2
on: 3 .CD" on _ C' 5 " cosk - 1
Solution: Z (2n)|x =CcosX  So ng gzl (2n)'( ) =cos3 =5

Find the center and radius of the sphere x?+4x+y?+2?-6z+4 =10

center: (-2,0,3) radius: R = 2
center: (2,0,-3) radius: R=9
center: (-2,0,3) radius: R=9
center: (2,0,-3) radius: R=3
center: (-2,0,3) radius: R=3

® oo T @

CORRECT

Solution: (X2 +4x+4)+y2+(22-62+9)-9=0 (x+2)°+y2+(z-3)*=9
center: (-2,0,3) radius: R=3



Work Out (4 questions, Points indicated)
Show all you work.

_1)n—1n

15. (15points) Consider the series S= Y b

a.

n-1
n=1 2

(3) Show the series is convergent.

Solution: The series alternates, 22_1 decreases for n>2 and |im 22_1 = 0.

So it converges by the alternating series test.

(6 Extra Credit) Show the series is absolutely convergent.
HINT: You may use these formulas without proof, if needed:

2v1 > nd for n>12 J'bxdx=|2—xb+c J.xbxdx=%—lr?sz+c

Solution: The related absolute series is

Method 1: Apply the Ratio Test

. -1 .
| a§:1 | = lim ML‘ -1 .1  Sotheseriesis absolutely convergent.

p=lim LU e T >

N—oo

Method 2: Apply the comparison test with Z n_12

n=1
. . . ® 1\"1
Method 3: Apply the integral test with the mtegralj n<§>
1

(3) Compute S;, the 7" partial sum for S Do not simplify.

— (1)”‘_234567
Solution: Z T =l 5t gt Bt Y

(3) Find a bound on the remainder |R;| = [S-S;| when S; is used to approximate
S Name the theorem you used.

Solution: |R7| < |ag| = % = % = 1_16 by the alternating series bound theorem.



16. (20 points) Let f(x) = In(x).

a.

b.

(6) Find the Taylor series for f(x) centered at x = 3.

Solution:
f(x) = In(x) f(3) = In(3) T(x) = In3+2 (3)( x—3)"
f(x) = i f'(3) = § . 1)“+1(n—1)|
00 = 73 '3 = 3 = '“3+Z o (X=3)"
f/1(x) = )(_23 f(3) = % _ |n3+i (_3]}])[:+1 x—3)"
f @ (x) = —X—4' f@@) ==L -

ey - D™= o0 (CD™(n-1)!
f™W(x) = Xn f™(3) = 3n

n+1

(11) The Taylor series for f(x) centered at x = 4is T(x) = 2In2+ Z (x—)"

Find the interval of convergence for the Taylor series centered at x = 4. Give the
radius and check the endpoints.

Solution: Apply the Ratio Test:

_ ana X—4"™ am  _ x—4| _ - _
,L'lll| | = lim D) K= 4|n =7 < 1 [x-4]<4 radius R=4.
n+1 e
endpoint: x=0: T(0) = 2In2+Z 4n -H"=2in2-> %

n=1

diverges (harmonic series)

)n+1 oo (_1)I’l+l
endpoint: x =8 T(8) = 2In2+2 i (@)" = 2In2+) "
n=1

converges (alternating series test) Interval of Convergence: (0,8]

(3) If the cubic Taylor polynomial centered at x = 4 is used to approximate In(x)
on the interval [3,6], use the Taylor’'s Inequality to bound the error.

Taylor’s Inequality:
Let Tn(x) bethe n"-degree Taylor polynomial for f(x) centeredat x = a
and let Rn(X) = f(x) = To(X) be the remainder. Then

IRn(X)I — (n M1)|

provided M > [f(™D(c)| forall ¢ between a and x.

| _ |n+1

Solution: Here n=3 and a=4. Since c is between 4 and x, while x
can be anything in [3,6], then c¢ can be anythingin [3,6].

@)= 5| i - _ 6 _ 2

[f ()| ‘04‘ is largeston [3,6] when x=3. Sowetake M 34 >
For x in [3 6] the Iargestvalue of x—4| is |6-4|=2

4 4 o 2 4_ 4
So [Re(0)| < Mix— 4yt - K=< 57 ar? = Bt

27 4l



(10 points) A conical tank with vertex down, radius 4, yol
and height 8, is filled with water.
Find the work done to pump the water out the top of the tank.
Take the density of water to be p
and the acceleration of gravity to be g. 27

Solution: Put the origin of the y-axis at the vertex of the

cone at the bottom of the tank. \ v /
The slice at height y is a circle of radius r where % = % ;

So r= % the areais A(y) = zr? = Zy?, 1

the volume is dV = A(y)dy = %yz dy 2+

and the forceis dF = pgdV = pg%yzdy. — R

This slice needs to be lifted a distance D = 8-y.
So the work is

8 8 8 gy: y*°
_ — T2y = I 2 _ 3 = )= )
W= [ DaF = [ @-y)pgZyidy = puZ [ (&2 -y )dy—pg4[ -2 l)

_ qZ (8 8\ _ el _1\_ .z 8 _ 256
AN 4)""9’48 3 4) P41 T PITT3

. (5points) The region between the curves y=2x? and y = 4x is rotated about the x-axis.
Find the volume of the resulting solid.

Solution: xintegral 2x2=4x x>=2x x=0,2 The line is above the parabola.
Rotating about the x-axis gives thin washers.

V = IZ”(RZ _ rz)dX = J.zﬂ'<(4x)2 B (2X2)2> dx = n,J.Z(lGXZ . 4X4)dX _ 7T|:16X—3 B 4X_5 :|2

3 5
“eg g (3-4)- 2 °



