Name Section 1-13 /52
MATH 152H FINAL EXAM Spring 2016
14 120
Sections 201-202 Solutions P. Yasskin
) ) ) 15 120
Multiple Choice: (13 problems, 4 points each)
16 /5
17 /5
18 /5
Total 1107
& Average Value of a Function
| Find the average wvalue of the function f({x) = 2/8%x"2 on the interval [a,b] = [0,3].
a 1
1
b. 3
c. % correct choice
4
d. 3
e. 2

b 3
Solution: f . = ﬁ Iaf(x) dx = % IO %dex =

@ Integrals Which are Improper at an Endpoint

—Problem Statement:

Determing if the following improper integral is convergent or divergent.

il

Lx-xzf -

If convergent, compute it.

If divergent, determine if itis +infinity, - infinity, or neither.

Solution: u=x-2 du = dx X=U+?2
0

2 0
X gx= [ ux2y z[_;_i}
J.o (x-2)3 X J.—z us u u y2 ],

2 3¢ ‘3 _2
27 3 1o 3
a. converges to %
b. convergesto —%
c. divergesto -  correct choice
diverges to «©
e. diverges but not to +oo

= lim
u—0~

(7)) -




@ Integration By Parts .

2

nix
[ J:j (x) 4
_ to compute the integral: 1

a 3—I2n(2)
In2) - 3
b. —
N In(2%—1
-In(2)
d —5
% correct choice
- 1 -In) (1417 [~ 177
Solution: | u = In(x) dv=7dx J= X —J.del= X "X |
du=ddx v= 3L (=@ 1\ _(=In@) 1) _ -In@ 1
2 2 1 1 2 2

& Trigonometric Integrals

1,
| v :
LUse & substitution _ 4
— R R
1]

. =23
b. 2J3  correct choice
c. —2—57
27
d 5
e %Jﬁ
3 3 N
3= [+ tan?0)sec?0dy = [ (1+u?)du = [U+”—33}
Solution: | Y =tand 0 0 0

du = sec?9do =<J§+‘/§3>=2J§



36.c0s30 do

€ Integration by Trigonometric Substitution

o

sinf
| Mewintegal | b, [cos’0dd
_ o _ _ _ o ' 36sn6
—Goal: Evaluate the indefinite intearal using a trlgonomet'lcsubshmton:—i
' C. 1 Icos@ do
1 6
1= = dx
2 (36)(“—1) d. J.COSGdG
e. GIcosedG correct choice
Simply identify the integral after the substitution.
1
= secHtanodo
Solution: | 6x = sech | = I 1 6 X - —6§§9t?2r?9d€ = —g’ecc'%
y 20 _
x— Lseco (L seco) Vec®o-1
dx = L secotangdy | 6 [ cosodd

a Ao=-1 Ag=-2
B ocomemotesose o a1 oa

Goal: Find the coeffidents in the partial fraction expansion; 2
, c. A,=-1 As3;=-1 correct choice
2
fo l3x3x2 4 b A A g op=1 A=1
3 a 2 E] +
X (x+2) X ¥ x X2 e. Ap=1 Az=-1

Just find A, and As.

Solution: Clear the denominator:

X% = 3X— 2 = Atx?(X+ 2) + AoX(X+ 2) + Ag(X+ 2) + Asx® (%)
Pluginx=0: -2=A3(2) Az =-1

Differentiate (*):  6Xx— 3 = A1(3x% + 4X) + Ax(2X + 2) + Az + A4(3x?)
Pluginx=0: -3=A2)+A;=2A2-1 Ay=-1



1ol x|

and whose cross sections perpendicular to the ¥y direction are sguares.

Find the wolume of the so0lid whose base is a semi-circle of radius 4 with the diameter edge
correct choice

paraliel to the y axis,

I - o]

& Volume By Slicing
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(d.)

(c)

(b.)

correct choice

(@)

The slope is zero (0) when x =y, which only happens in (b).
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Solution:



9 @ Arc Length of a Curve in 2D

b.

a.

correct choice

Find the arc length of the curve x = Z#*tg"Z,
bBetwesn: £.= 0 and .= 3.

v = 1/3%t"~3,

= = ()] W
oo‘m w‘m °°|g °~’||a °°||—\
a1 N

Solution: L= J.z‘/ %)2 + (%)2 dt = IZ ,/(4t)2 +(t2)% dt

3 (16+12)¥2 7 125 64 _ 61
_ 2 _ s [ Y20 RN O
_jot,/16+t dt—|: 3 <

0

10. The functi = &
e l;ncmny T
a _ Yy 2
& G T Y
dy Yy i
b. X~ Cax y correct choice
dy _ y? 2
¢ X erx Y
dy _ y? 2
d ™ " erx Y
dy ___y 2
I VT
2 _
Solution: & _ X+ 1) ;(ZX = 1_X22
dx (X2 +1) (X2 +1)
y __1 X _ 1
XCHx X X2+l (x2+1)2
Soﬂ— y y?

dx  x3+x

11,

—Goal: Compute the sum of the geometric series (if the sum exists), —

2215 |

=3

g =

2
Solution: a=—1(—% -4 __2

S— a _—ﬁ __ 4

3 3

is a solution to which differential equation?

2 _ X2
(x2 +1)°
| X2 _ X
XBax XBCHx 2+1)2 @+1)°

- correct choice

diverges

1-r 2 99
1+ 9



0 Computing Limits Using Maclaurin Series

12. a. 0
~Goal: Use a Maclaurin Series to evalute this limit: — b i
T2
2
L= lim cos(x’) 1 c. L
| Newtimit | x— N 3
1
d. 24
e. diverges correct choice
. 2 4 4 8
Solution: cos(u) = 1— % + % cos(x2) = 1— % + %
4 8
1_ X + X e — 1
T 2l a4l —lim( X2 x_z) -
L=lim NG St ) =
13.
— or — {~ Find a General Solution € Solve an Initial Value Problem
y=F(x) B 23 y(1)=2
Find the solution of the differential equation | y satisfying the initial condition
a. y= —i4 +6
_ 4
b. y= 3 -2
4 )
c. = correct choice
y x*+1
d. y= 4
Y= 312
_4 .3
e. y= v + 7

Plug in the initial condition, x = 1 wheny = 2: —%
- ool x4
Substitute for C and solve for vy: V=4 g

__1 __1
= 4+C = C 2
1_x+1 __4
y 4 x4+ 1



Work Out (5 questions, Points indicated. Show all you work.)

14. (20 points)

a.

& Mixing Problem ;IE'EI

| Qut

-Problem Statement:

A tank is initially filled with 650 L of sugar
water with a concentration of 30 gm/L. A bucket
iz pouring sugar water of concentration 40 gm/L
into the tank at a rate of 2 L/min. The soluticn
is kept well mixed, and drains at a rate of 2 \
L/min. Find the total amount of sugar, 5(t), \
dissolved in the tank at time t. Then find the
concentration of sugar in the tank at time t = &0 \\\

Imin.

(8 pts) Write the differential equation and initial condition for t).

Solution: ds gm —40gm .2 L _ Sgm .2 L or as SO—L

dt min L min  650L min  dt 325
S0) = 30 % 650 L = 19500 gm

(9 pts) Solve the initial value problem for t).

Solution Method 1: The equation is separable. Separate and integrate.

_as _ _ _
Iso S = [t 325In80 - 2=S| = t+C
325 c
— _ —C/325 o-1/325
Solve:  In[80- 5558| ~ — 3 — 55 80— 535'5| = e
80 - —325 S=Ae"®  where A=1e S = 26000 — 325Ae 3%

Use the initial condition: At t=0, wehave S=19500. So
19500 = 26000 — 325A, A=20
Substitute back: S = 26000 — 6500e 7325

Solution Method 2: The equation is linear: Put it in standard form:

das 1

& "35> %

Find the integrating factor: | = exp(f 3—%5dt) = /3%

Multiply the standard equation by I:  e/3%22 dS | 1 oussg_ goetsss

at 325
Recognize the left side as the derivative of a product: E(et’3258) = 80e"3%5

Integrate and solve:  e’35S = I 80e¥3%5dt = 80 - 325e¥3% + C S = 26000 + Ce V3%
Use the initial condition: At t=0, we have S= 19500. So




19500 = 26000+ C  C = —6500
Substitute back: S = 26000 — 6500e %%

c. (3pts) Find the concentration in the tank att = 60 min.
Solution: S = 26000 - 6500e%73%5 = 26000 — 6500e1%/6

658)0 26000 66550006 12/65 = 40 — 10e12/65

So the concentration is

15. (20 points)

@ center And Radius of Convergence of a Power Series

~Goal: Find the center and radius of convergence of the series: —

Smtes)

Also find the interval of convergence by checking the endpoints.

a. (2pts) Identify the center: a= 8
b. (8pts) Find the radius of convergence:
Solution: Apply the Ratio Test: .
N+
p ~ im Feal — i (X DECEL _at MO8y (05D KB
X-8<4 4<x<12 R = 4
c. (8pts) Check the endpoints:
Solution:
X = 4 Z nc 4) Z( )™ lim(-1)"n = divergent # 0
Di\r;_elrges by the nth Term Divergence Test
X =12: Zn(4) Zn limn=o+0
Divg_r;es by the nth Term Divergence Test
d. (2pts) Summarize the interval of convergence: (4,12)




16.

17.

18.

(5 pomts) Determine whether the series Z (_ ) is absolutely convergent, convergent but not

absolutely or divergent. Explain all tests you use.

X (_1\n
Solution: Z (nlljg is convergent by the Alternating Series Test since the (-1)" says it is
n=1

1

alternating, ey is decreasing and |im n_3113 =0.

The related absolute series is Z ey 5 Which is divergent because it is a p-series with
n=1

p=l<1.

So Z ( is convergent but not absolutely.

(5 points) The series S= nzi T converges by the Integral Test.
n=1

If it is approximated by its 100" partial sum S;00, cOmpute the integral bound on the error in this
approximation.

Solution: The bound is

_IS_ c_1 _ Yoo m_ ~
|E7| = |S— S100] < Il% 1 dn [arctan(n)}100 5 arctan(100) (= 0.01)

( 1) n_2n+1

(5 points)) Compute the sum of the series Z W

. _ 1)"x2m1 1)" 2+l .
Solution: sin(x) = Z ((2n)+ D Z (2(n+)1)|32n+1 = sn(%) -T2



