Name

MATH 152H Exam 2 Spring 2016

Sections 201/202 (circle one)  Solutions  P. Yasskin

Multiple Choice: (4 points each. No part credit.)

X2 -4
(X3 +4x)(x* - 16)

1. Find the general partial fraction expansion of f(x) =

A Dx+ E
a L4 EX+E_

X 2+ 4)?

A, Bx+C Dx+ E
b. & + +

X xX-4 @+ a)°

A Bx+C , Dx+E
“ X4 T xeia
d. éJr B)2(+C + DX+E2 correct choice

X*+4  (x2+4)

o é+ Bx DX

-4 (X2 + 4)°
x> -4 _ 1
X+ A=A +4)  x(x%+4)*

_ A L Bx+C Dx+ E
fx) = & + 21 + (x2+4)2

Solution: f(x) =

-4x-32 _ Ax+B  _C D
x4 — 16 X2+4 X+2 X-2

2. In the patrtial fraction expansion S
which coefficient is INCORRECT?
a. A=1
b. B=4
c. C=1
d. D=1 correct choice
e. All of the above are correct.

Solution: Clear the denominator:
X3 —4x—-32 = (AX+B)(X?* —4) + C(Xx> + 4)(X— 2) + D(X?> + 4)(x + 2)

Plugin x=-2:  -8+8-32=(-A2+B)(0) + C(4+4)(-2— 2) + D(4 + 4)(0)

32-C(-32) C=1

Plugin x=2: 8-8-32=(A2+B)(0)+C(4+4)(0)+D(4+4)(2+2)
-32 = D(32) D=-1=+1 e incorrect

Plugin x=0:  -32=B(-4)+@)(-2)-1(4)(2) -32=-4B-16
B=16 B=4

Coeff of x3: 1=A+C+D=A+1-1=A

1-14 /56
15 /15
16 /15
17 /18

Total /104




4
3. Compute I X—lzdx
-1

5
a. 4
_5
b. 2
c. divergesto+wo  correct choice

d. diverges to —o

e. diverges but not to o

Solution: f_l L= [’ X‘ZdX+I -2 dx — [x—l ]01+ [ Xt ]4

-1 -1 -1 Jo
AL ) () - (D) -t

4. The integral jwwm is

a. divergent by comparison with jj % dx.  correct choice
b. divergent by comparison with J:O % ax.

c. divergent by comparison with jj % dx.

d. convergent by comparison with J:O % ax.

e. convergent by comparison with j %dx.

Solution: The integrals J'w %dx and J'w %dx both diverge to +o0 because
Ir %dx = K[Inx]” =

Since w >

, we have r@ w dx > o and so diverges.

3+sin(x)
X

IA

2
X
Since % we have J:O w dx < oo and cannot conclude anything.



4/3

5. Compute —dx
P I X2 + 16
a 16
1
b. 5
T
C. 12
T
d- >f
L .
e. 18 correct choice
Solution: 3x = 4tanf  x = %tan@ dx = %seczede tan?f + 1 = sec2
4/3 4/3 4/3 4/3
1 v 1 42 _ 1 _[.0
Io o+ 16 X J.xfo 6tan29+ 16 3 20 09 =75 J.x:olde [12]x:o
1 3x _
[12 arctan =~ ] L = 2(arctanl arctan0) = 48

6. Which of the following integrals results after performing an appropriate trig substitution for

J-4/3 1 o
1 25x%2-16
arcsec(5/4)
& 20 I arc%c(5/3)
arcsec(5/3) .
b. 30 jarm(sm) correct choice

o

arcsec(5/4)
64 I arc%c(5/3)
i arcsec(5/3)
2 | sec0dd

arcsec(5/4)

e

L arcsec(5/3) 2
16 I cot<6 do

arcsec(5/4)

Solution: 5x = 4secO because from the limits x > 4/5.

So x=32sch dx= ZsecHtanfdd  sec20—1 = tan20

5 5
x =1 when 9=arcsec§ x=ﬁ when 9=arcsec§
4 3 3
4/3 arcsec(5/3) arcsec(5/3)
1  gx= 1 4 chtanody = L sech gy
I 1 25x%2-16 I acsec(5/4) 16sec?0 — 16 5 20 I arcsec(5/4) tand

1 arcsec(5/3)
= == cschdo
20 I arcsec(5/4)



3/5 1

7. C t —d
ompute I 5@ 16 X
_1
& 720
1
b. 0
_1 i
C. 0 In7  correct choice
1 1
d. 50~ 40 In7
1 1
e. 20 In7 30
Solution: 5x = 4sin@ because from the limits x < 4/5.
So x= %sine dx = %cos@d@ sin%0 — 1 = —cos?0
3/5 3/5
— 1 4= 1 4 os0dh = _c0s0_ g
I o 25x2-16 I x-0 16sin%—16 5 20 ¥=0 —00529
1 3/5 d |
=50 X=0snece 0 = [ ) n|sec9+tan0|}
Draw a triangle with sinf = %: Opp = 5x, Hyp =4, Adj = /16— 25x?.
Then sec- —24  tang - — X
V16 — 25x? V16 — 25x?

J'%—l dx:|:_—1 In‘_4+5x :| ( 4+3 _ ‘_4 D
2 _
o 25x2-16 20 [16-25¢2 | |, J16— J16
A (jn_ __1
~50 (In 77 Inl) 0 In7
The integral can also be done by partial fractions.

8. Find the length of the curve x=2t?>, and y=1t3 for 0<t<1

a. 732

b. 108

c. 7

d. 81 correct choice

27

e +

3

Solution: As a t-integral, the differential of arc length is

o= (8 (D) ot @07 @Y ot - VIO 9 ok - /6 o
So the arc length is

1
L= jds: j t/16 + Ot2 dt u= 16+ ot du = 18tdt

_ 18j JUdu = [ 2%3’2 LG A 2s-60)- 8



9. Thecurve y=snx for 0<x<x isrotated about the x-axis.
Which integral gives the area of the resulting surface?

a. I; 27X {1 + cos?x dx

. IZ 2rsinxy/1+cos?x dx  correct choice
. I; 2r cosxm dx

. IZ 7cosX /1 + sin?x dx

T
I 7 Sinxdx
0

o

(9]

o

o

Solution: As an x-integral, the differential of arc length is

ds 1+(gy) dx = 41+ cos?x dx
The radius of revolutionis r =y = sinx. So the surface area is

A= IZ 2rrds = I; 2rSinx4/ 1+ cos?x dx

10. Thecurve y=snx for 0<x < isrotated about the y-axis.
Which integral gives the area of the resulting surface?

a. IZ 27xyJ1+cos?x dx  correct choice
. I; 27 sinx /1 + cos?x dx

IZ 27 cosXy/1 + sin?x dx

. I; T cosxm dx

T
I mSinxdx
0

O

o

o

o

Solution: As an x-integral, the differential of arc length is

ds = (gy) dx = y1+ cos?x dx
The radius of revolutionis r = x. So the surface area is

A= _[Z 2zrds = IZ 27X 1 + cos?x dx



11. Consider the sequence anzarctan(M) Compute liman.

J3n-6

IS

correct choice

oy AN w3

Solution: Ir]LrQan = lim arctan(M> = arctan(i M)

12 is%—z,f -

diverges  correct choice

Solution: a= 3%2 =4 r= %2 = % >1  diverges

13. 23% -
n=1

a. 3

b. 6 correct choice

c. 9

d. 12

e. diverges

Solution: a:3%=2 r=%<1

—.2 a2
235 - 1o - 2 =6
n=1 3




15.

3
4

b. In % correct choice
3

Solution: In(nnjl):m((nnl) (n+1)) (525 ) - (L)
S = ZIn(n 1>_|n<n+1 [In——lng} [In%—ln [|n<k 1) |n<k+1>}
=In2 —In<k+1>

S—Ilm&—llm[ln In<k+1>} %

Work Out: (Points indicated. Part credit possible. Show all work.)

(15 points) Compute _[ % dx. Simplify to a single In.
2
Solution: SX=3)° _ _ 3X=3) _ Ax+B _ _C

-81 2+9)(x+3) x2+9 Xx+3
Clear the denominator:  3(x—3) = (AX+B)(x+3) + C(x* + 9)

Plugin x=-3: - 18 = (Ax+ B)(0) + C(18) C=-1

Plugin x=0: -9=B3)+CH9 =3B-9 B=0

Plugin x=3: 0=(A3+B)(6)+C(9+9)=18A-18 A=1
22

oo 3x=3° 1

~81 x2+9 x+3
So the integral is

2
BSOS gy - - dx—1In|x2+9|—ln|x+3|+C=In

X2 +9
-81 _Ix2+9 X+ 3

X+ 3

+C




43 1
1 J25x%2 - 16

Solution: 5x = 4secf because from the square root x > 4/5.

16. (15points) Compute I dx. Simplify to a single In.

So x= %sec@ dx = %sec@tan@d@ sec?0 — 1 = tan?%0

43 4/3
e e
1 25x2 — 16 x1 /16sec?0 — 16

4/3
x=1

1 4/3
secOHtanfdo = EI secHdo
x=1

= [%In|sec@+tan0|}

Draw a triangle with sec = %: Hyp = 5x, Adj =4, Opp= y25x%>-16.
2_

Then tan6 = —25X4 16

Lin

J-4/3 1 i |:
1 /25216 S

4

4

5x . J25x2% — 16 Hm
4
x=1

|33

1 5.4
5 In4 3+

- 4(r134]-n) - 4o



17. (18 points) Consider the sequence defined recurrsively by

ap=2 and an = —ain

a. (6 pts) Use mathematical induction to show a, is positive and increasing for all n,
i.e. dny1 = An > 0.

i. To get started, show a; > a; > O:

Solution: We compute a; = —ai1=5—%=322=a1>0

ii. Assume ayx1 > ax >0 andprove aw2 > ak1 > 0:

Solution: a1 > ax = ak1+1 < a% since a1 and ax are positive.
= - af;l > —aik since multiplying by a negative reverses an inequality.
= 5- ail >5- aik since adding 5 preserves the direction of the inequality.

but this says a2 > aw1 and we already know ay,1 > 0
Therefore, an1 >a, >0 forall n.
b. (6 pts) Use mathematical induction to show a, is bounded above by 8.
i. To getstarted, show a; <8 and a; < 8:
Solution: a3y =2<8anda; =3<8

ii. Assume ax <8 andprove ax1 < 8

Solution: ax < 8 = aik > % since ay is positive.
= - aik < —% = —% since multiplying by a negative reverses an inequality.
= 5- aik <5- % = 4.5 since adding 5 preserves the direction of the inequality.

but this says a1 < 4.5< 8.
Therefore, a, <8 forall n.
c. (6pts) Whatdo you conclude about lima,?  Find lima.
Solution:  Since a is increasing and bounded above, we conclude |ima, exists.

Let LLrQan = L. Then we also have LLrQaml = L.

We compute the limit of ap1 = 5- ain:
i -5__4 _5_4 2 _ -
limana =5 ima, = L=5 L = L--5L+4=0

= (L-1)(L-4=0 = L=14
Since a, startsat a; = 2 and increases, and the limit must exist, we must have L = 4.



