Name Sec

MATH 251 Exam 2 Spring 2011
Section 511 Solutions P. Yasskin

Multiple Choice: (5 points each. No part credit.)
1. Compute Is _[Z xy dx dy

a. 1

b. 2 Correct Choice

c. 3

d. 4

e. y?

2 ry 2 x2y |Y 2 412
elvaxay= (20| = 3ivar= 35| =2

2. Find the area of one loop of the rose r = sin(30).

a. % Correct Choice
Y
b. 6
Y
c. 7
Y4
d. 3
e
e. 5

snB9) =0 at 6=0 and 39 =x or 0 =nl3
_ (73 psin(30) _ B[ 2 8@ 1 B L,
A= rdrdo = | [—] do = 1 [ sin%(30)do

0 2 dr=o
_ 1 (3 1-cos(60) —l[ _ sin(69) }”’3 _
=315 > W= 0% | 12

3. Compute J'_U x? +y2dV over the region between the cones z = /x*+y?

a 8L
b, 182
c.%
o|.i

3 Correct Choice

e.

In cylindrical coordinates, the conesare z=r and z=4-r whichintersectat r = 2.

J‘sﬂj‘jjj_r rerdzdrd = 2ﬂj§[r3z}:dr = 27rj§r3(4— 2r)dr = Zn[r

1-12 /60 14 /15
13 /15 15 /15
Total /105

5
4_2[‘
r=0

and z=4- [x>+y2.

= 27r(1

6- 64

32

5




4. Find the mass of the hemisphere x?>+y?+2z?> <4 with y > 0 if the densityis & =Y.

a L

2
T

2
A7 Correct Choice
8

M = [[[sdv = IZIZI2p9n¢§n0p2§n¢dpd9d¢ = j§p3dpjzgnedejzgn2¢d¢
L Yo [T~ 252) ] - s(z) -
A, L2\ T2 ), T 2) "

5. Find the center of mass of the hemisphere x?+y?+22 <4 with y> 0 ifthe densityis § =y.

a (o, %,o)

16 .
0, 15" O) Correct Choice

® 20T

My, = HIy5dV = IZIZ-[szSinz(PSinzepzsinQ)dpde(p = I§P4dp_[;9n29d9_[;dn3¢d¢

= [%5}2[%(9— 9”—229”;_[3(1—c032<p)sin<pd¢ = %(%)[—coww 0023(0 I
(i de-4) -5

v=Mg _ 64z 1 _ 16 _5-
= 3 o 7o 15 x=2=0 bysymmetry.

— = 2
6. Compute §F -ds for F = (-16x?y,9xy?) counterclockwise around the ellipse X{ + % =1

HINTS: The ellipse may be parametrized by T1(0) = (3cos6,4snd).
Since sin(20) = 2sinfcosd, we have 4sin?0cos?d = sin?(20).
-864r

—-288r

144r

2887

8647  Correct Choice

("(0)) = (-16 - 9cos?0 - 4sin6,9 - 3cosh - 16sin’0)  V = (-3sind, 4cosh)
<V = 64 . 27c08?0sin%0 + 27 - 64c0s?0sin0 = 27 - 64 - 2cos?0sin?0 = 27 - 32sin?(20)
1‘#3(4@ = 27 - 16(1 - cos(49))

§ﬁ .dg= §ﬁ .Vd) = j§”27-16(1—cos(40))d9 = 27-16[9— 5”;149 K = 8647

® 20 T

=
=

=27-32




X+

7. The point (% %) is a critical point of the function f(x,y) = sin(x) cos(y) — @ @

Use the Second Derivative Test to classify this critical point.

y

a. Local Maximum  Correct Choice

b. Local Minimum

c. Inflection Point

d. Saddle Point

e. Test Fails

fx = cos(x) cos(y) — @ fx(%%) = cos(%) cos(%) - @ =0

b= -sngsn) + 5 6(5.F) =-sn(§)sn(§) + 7 =0

fo = —SiN(X) COS(Y) fxx(%,%) = —sin(%) cos(%) = —% <0

fyy = —sin(x) cos(y) (%, %) = ~sin( % Joos(£) = -3

fuy = —cos(x) sin(y) fxy(%,%) = —cos(%) sin(%) = —%

D = fudyy — 13 D(%%) = (—%)(—%) - (—%)2 = % >0 Local Maximum

8. Which of the following is the plot of the vector field F(x,y) = x21+y2 CIxl Iyl ) 2
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d. jjﬁ;;ﬁ::i e. :::Eit:::: (d) Correct Choice
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All arrows must be up and right. So (c) or (d). O
there. So (d).

the x-axis, y = 0 and so the arrows are horizontal



9. Find the area of the parameric surface ﬁ(u,t) = (ue‘,ue‘t,ﬁu) for Osu<?2 and O0<st< 1.
HINT: Look for a perfect square.
1_
a 2y2(e+ ? 2)
b. 2J2 (e+ E)

(@]
)
N
N\
o
|
o ok
[
N
N—

) Correct Choice

= (¢ e' J2) N=8,x&-= 1(J2uet) - 5(-J2ue') + k(-u-u) = (V2uet,J2ue,-2u)
& = | (u¢ -uet 0)
IN| = J2u?eZ + 202 + 4% = u/2/e? +2+€% = u/2(e" +¢)
N 1
A= [[ds= [[|N]dudt= [ [*uy2(e +e!)dudt= ,/7[“72]2[—@ +et]O =2/2(e- 1)

10. Find the eqﬁuation of the plane tangent to the parameric surface Ee(u,t) = (uet,ue‘t, ﬁu) at the
point P =R(2,0) where u=2 and t=0.
Hint: Evaluate the normal N at u=2 and t=0.

x+y-y2z=-4/2

x+y-,J2z=0 Correct Choice

X+y-4J2z=16,2

V2x-J2y+2z=-4)2

J2x-J2y+2z2=0

P=R@20) = (222/2) N=(J2ue',J2ué,~2u) = (2/2,2/2,-4)

N-X=N-P 2/2x+2/2y-4z=2/2(2)+2/2(2)-4(2/2) =0

® 20 T



11. If F = (xytanzyzcosx,xzsiny), then Ol.CIxF =

—2zcosy — 2x(tan’z + 1)

—2zcosy + 2x(tan?z + 1)

2zcosy - 2x(tan?z + 1)

2zcosy + 2x(tan®z + 1)

0 Correct Choice

® 20 T o

O.0xE =0 forany twice differentiable vector field.

12. Let f be the scalar potential for F = (2xz- 3y,8yz- 3x,x? + 4y2 + 2z) for which f(0,0,0) = 0.
Then f(1,1,1) =

Correct Choice

® 9200w
g~ wWN PR

Of=F or (1)of=2xz-3y (2)0,f =8yz—3x (3)0,f =x2+4y2+2z
1) = f=x2z-3xy+9(y,2 = (4)0,f=-3x+0dyg
(2and(4) = 0yg=8yz = g=4y’z+h(z) = f=x%z-3xy+4y?z+h(2)
= (G)of=x+ay2+ T

(3) and (5) dg(zz) -

Tohave (0,00)=0 = C=0. So f(1,1,1) =1-3+4+1=3.

2z = h=22+C = f=x%z-3xy+4y’z+72+C



Work Out: (Points indicated. Part credit possible. Show all work.)

13. (15 points) The plane x+2y+4z =8 intersects the 1st octant (x >0,y >0,z > 0) in a triangle.
Find the point on this triangle at which the function f = xy?z® is a maximum.

Method of Eliminating a Variable:

X=8-2y-4z f= (8 -2y -42)y?z® = 8y?z% - 2y37% - 4y?7*

fy = 16y - 6y?z3 -8yZ* = 0 = 2y2(8-3y-42) =0

f, = 24y?7? - 6y3z° - 16y°2* = 0 = 2y?7°(12-3y-82) =0

Since f = xy?z® is positive in the 1st octant, we know the solution cannot have y=0 or z=0.
Sowesolve 8-3y-4z=0 and 12-3y-8z=0.

Solving each for 3y and equatinggives 3y =8-4z=12-8z or 4z=4. So z=1

Then 3y=4. So y=2, and x= 8—2(%) —41) = %.

The point is (% %1)

Method of Lagrange Multipliers:

f=xy?z?2 Of = (y28,2xy2,3xy?72) g=x+2y+4z Og=(124)

Lagrange equations: y?z3 = A, 2xyZ =21, 3xy’z? = 4A

Substitute the first eq into the other two: 2xyZ = 2y?z%, 3xy?z? = 4y?Z3.

Since f = xy?z® is positive in the 1st octant, we know the solution cannot have x=0 or y=0 or

z=0. Sowecancel: x=y, 3 =4z So y=x and z:%x.

Substitute into the constraint: x+2y+4z=8 x+2x+3x=8 6x=8 x= % y

The point is (%%1)

4 ,_
3zl.

14. (15 points) Compute |[[T!- FdV for F = (xy2,yZ %) over the solid above the cone
z= /x> +y? below the sphere x?+y?+27? =4,

O.F =y2+22+x2 = p? in spherical coordinates and dV = p2sinpdpdfde
The coneis pcosp = [p2sin?pcos? + p2sin®psin?) = psing. So tang =1 or ¢ = n/4.

= nl4 ¢2n i 5 72 nl4
mﬁ .FdV = .[0/4.[(2) Lz)pzpzsm(pdpdedgo = [%}0(2@[—005@}0 = %(1— %)




15. (15 points) Compute _UE OxF. Idedy for F = (-16x2y,9xy?,0) over the interior of the

ipse X2+ Yo =
ellipse 9 +16 1

HINTS: First compute O xE .k in rectangular coordinates.
Then compute the integral in elliptic coordinates x = 3ucosf, y = 4usiné.

T j k
OxF=| o, 9y 0. =1(0)=30)+kdy?--16x)
-16x%y 9xy?> O
O xF .k = 9y? +16x2 = 9(4using)? + 16(3ucosf)? = 9 - 16u? = 1442

ax oy

FTER T 3cosf  4sind
Oxy) _| du du | _ CO_S S =12u  dxdy=Jdud = 12ududd
a(u,0) ax oy -3using 4ucosf

90 90

1
0

jEji x E « kdxdy = j;j; 14402 12ududh = 2n144-12[U74] = 8647



