Name Sec
1-12 148 14 /16
MATH 251 Final Exam Spring 2011
13 /16 15 125
Section 200/511 Solutions P. Yasskin
Multiple Choice: (4 points each. No part credit.) Total /105

1. Find the projection of the vector U= (12,-3,4) along the vector V = (2,1,-2).

a (=12 3 -4

13 " 13’ 13
b (12 -3 4
" \13"13'13
26 -13 26
9" 9’9

d. (26 13 _S6> Correct Choice

C.

108 -9 36
13 ' 13’ 13
U.-Vv=24-3-8=13 |N|=/4+1+4 =3

e.

le
2. If Ul=4 and N|=3 andthe angle between U and V is 0=% then [UxV|=
a. 6/3  Correct Choice
b. 6
c. 3/3
d. 3
e. 12/3

IUXVI=|UIWISin0=4.3.§ _6/3

3. Find the point where the line through the origin perpendicular to the plane 3x-3y+4z = 17
intersects that plane. At this point x+y+z=

a. 2  Correct Choice

b. 3

c. 5

d

17

e. 1

2

The normal to the plane is: N = (3,-3,4).
The line through the origin O in the direction N is X=0+tN or (XY,2) = (3t,—3t,4t).

Plug the line into the plane and solve fort:  2x+ 3y + 4z = 3(3t) — 3(-3t) + 4(4t) = 34t = 17.

-1 - ine: - (3 =3 _
So t—2. Plug into the line:  (Xx,y,2) 2,2,2> SO X+y+z=2




4. Find the arc length of the curve T(t) = (t2,2t,Int) between (1,2,0) and (€% 2e1).

e>  Correct Choice
e’+1
e?-1
2

3

38 + e
23 _ 5

e. —38 + e —3

r(t) = (t3,2t,Int) Vv

g o T o

(224) W= [aeeas L - [(2t+ 1) =24 1

B (e?el) e e 1 o e o
L_J.(l,Z,O) dS—IlWIdt—I1(2t+T>dt_ [t“+Int]; = (€ +1)-(1) =e

5. The pressure, P, density, p, and temperature, T, of a certain ideal gas are related by P = 3pT.
At the point (1,2,3), the density and its gradientare p =4 and _V'p =(0.2,0.4,0.1),
while the temperature and its gradientare T = 300 and VT = (2,1,3).
Hence the pressureis P =3-.4.300 = 3600 and its gradient is VP =

a. (1802.4,2704.8,2701.2)

b. (600.8,901.900.4)

c. (68,132,42)

d. (204,372,126) Correct Choice
e. (1.2,1.2,0.9)

oP P Op . 9P T _ a70P Ol _ 4, . Ao
ox ~ op 8x+8Tax_3TaX+3PaX—3 300:0.2+3:4.2=204

P PO 0P OT op T
o v 2P e ol 31k 13,90 —3.300.0.4+3-4.1=2372
dy “opoy Tty oy Moy

oP P 9p . P IT _ a70P O _ 4, . A2
oz = op oz "ot 82_3Taz+3paz—3 300-0.1+3-4-3=126

6. Find the equation of the plane tangent to the graph of x?yz> — 2y?z® = 10 at the point (3,2,1).
The zintercept is

6
25
b. 5

C. 2—65 Correct Choice

d. 60
e S

a.

F(XY,2) = XYZ - 278 VF = (2xy2 X222 — dyZ, 2x2yz— 6y?2?)
N = VF(3,21) = (2(3)(2),(3)* - 4(2),2(3)%(2) - 6(2)*) = (12,1,12)

X=N-P 12x+y+12z=12(3)+(2) +12(1) = 50  zintercept = % - 2—65

Zl



7. Han Deut is flying the Millennium Eagle through a dangerous zenithon field whose density is p = xyz
If his current position is (x,y,z) = (1,-1,2), in what unit vector direction should he travel to
decrease the density as fast as possible?

a. (2,-2,1)
_2 1 .
b. (3 33 Correct Choice
c. (=2,2,-1)
da. (—_2 2,:1)
2 2 -1

© 3 '3 )

= (yzxzxy)  Vp| = (-22-1) |Vp|=V4+4+1=3

1,-12)

He should travel in the direction V = —_V)p = (2,-2,1) orthe unitdirection V= ( _—32%>

wln

8. Compute ” e ¥’dA over the quarter circle x2+y2 <9 in the first quadrant.

T A9
a. €
T -9 _
b. —2(e 1)
_ T A9
c. — g€

d. %(1—e—9) Correct Choice

e. 1(l-e?9)
3

” e XYV’ dA = Izlzfz e'’rdrdg = %[ e’ ] _ %(1—e—9)

0

8 p2
9. Compute IOI » cos(y*) dy dx

HINT: Reverse the order of integration.

a. 4S|n(4)
1g _ l
b. 4S|n(64) 7
c. %sin(64)
1g _1
d. 4S|n(16) 7
e. %sm(lG) Correct Choice
Plot the region. Reverse the order. )
Compute new limits: y=x* = x=y8 y
8 2 2 py3 2 3
4 _ 4 _ 4 y 1
IO J.Xug cos(y*) dy dx = IO IO cos(y*) dxdy = IO cos(y )[x]xzody 1
2 in(v4) 12 |
- [lycosyay - | S22 |~ dsnao e
0 4 4 0 T T T T 1
y=0 0 2 4 6 X8



10. Compute J.”zdv over the solid sphere x2+y2+(z-1)°<1

given in spherical coordinates by p = 2cose.
HINT: The whole sphere has z> 0. What does this say about ¢?

2n
a 3
b. 4% Correct Choice
An
¢ 6
ya
d. 3
.
€ 712

z=pcosp dV=p?sinpdpddde
nl2 27 p2cOSQ . /2 p4 2cos¢p .
J-”ZdVZ J- I J- pCosp p?sinpdpdidy = 27rj |:—:| cospSing do
0 Jo Jo oL 4

0
/2 6 nl2
= ZEI 4cos’psingdp = 87{— CO; i } = 4?”
0 0

11. Compute J.ﬁ .d& for F = (2x,2y,2z) along the curve T(t) = (%%%)
from (2,4,6) to (1,2,3).
HINT: Find a scalar potential.

-70

—42  Correct Choice

0

42

70

® 2 0 T 9

N

F=Vf of=2x oaf=2y of=-2z2 = fxy,2)=x2+y?+2
[Fodé= [V-d8=1(1,23)-(24,6) = (12+22+3°) - (2 +4° +6%) = - 42

12. Compute §I3 .dg for F = (sec(x®) — 5y,cos(y®) + 3x) counterclockwise around the triangle with

vertices (0,0), (8,0) and (0,4).
Hint: Use Green’s Theorem.

12

16

32

64

128  Correct Choice

P=sec(x®)-5y Q=cos(y°)+3x 0oxQ-0yP=3-(-5)=8

§F - ds= §Pdx+Qdy = [[2,Q-oyPdxdy= [[8dxdy= 8Area = 8.1 .8-4-128

® 2 0 T 9



Work Out: (Points indicated. Part credit possible. Show all work.)

13. (16 points) Use Lagrange multipliers to find 4 numbers, a, b, ¢, and d, whose productis %

14.

15.

and for which a+2b+3c+4d is a minimum.

Minimize f=a+2b+3c+4d subjectto the constraint g = abcd= %
Vf = (1,2,3,4) _V'g = (bcd acd abd abc)

Vi = AVg: 1=ibcd 2=jiacd 3=2abd 4= Jlabc

Make the right sides all be Aabcd and equate:  Aabcd=a=2b=3c = 4d

So = % c= % d= % Substitute into the constraint:
_,aaa_a*_2 4_ 2 .op_ _ _ _2 4_41

abcd—a234 o7 3 = @ 3 24=16 = a=2b=1c 3,d 5

(16 points) Find the mass and the y-component of the center of mass of the quarter of the cylinder
x2+y? <4 with 0<z<3 inthefirstoctant (x> 0,y > 0,z> 0) if the mass densityis & = xyz

d = Xyz=rcosfdrsinfz = r’sinfcosfz  dV=rdrdddz

M = ”féde Izjzlzf2r39necosezdrd9dz= [%]Z[&;e]m[z—zr =4. % . % =9
3

My, = II_[yédV: IzIzlzj§r49n20cosezdr(19dz= [%K[—S”%SQ ]ﬂlz[%f - TZ . % . % _ 48
y= My _ 481 _ 16
M 59 15

—

(25 points) Verify Gauss’ Theorem J.J.J._V' .Fdv= ” F.ds
\% ov

for the vector field E = (2xy2,2yx?,z(x? +y?)) and the solid
above the cone z=2/x?+y? belowthe plane z= 2.
Be careful with orientations. Use the following steps:

First the Left Hand Side: ¥

a. Compute the divergence:
V.F= 2y2 + 2X? + X2 + y? = 3x% + 3y?
b. Express the divergence and the volume element in the appropriate coordinate system:
V.F=3r dV = rdrdédz
c. Find the limits of integration:
0<6<2r 2/x>+y? <z<2 becomes 2r<z<2 2r=2 when r=1
d. Compute the left hand side:

J{J‘_V) .Fdv= j.zﬂ j(l)‘[;(Brz)rdzdroB =21 J'(l)3r3|:z:|;dr - 61 I;r3(2— 2r)dr

oo o - B (- 3) - %



Second the Right Hand Side:
The boundary surface consists of acone C and adisk D with appropriate orientations.

. Complete the parametrization of the cone C:
ﬁ(r,@) = (rcose,rsine, 2r )
. Compute the tangent vectors:
& = (cosé,sing,2)
&y = (-rsing,rcosd,0)
. Compute the normal vector:
N = 1(=2rcosf) — j(—-2rsing) + f((rcosze ——rsin?9) = (=2rcosH,—-2rsind,r)
This is up and in. Reverse N = (2rcosh,2rsinf,—r)
. Evaluate F = (2xy2,2yx%,z(x2 +Vy?)) on the cone:
= (2r3cosfsin?0, 2r3sinf cos?0, 2r3)

| R(,0)

i. Compute the dot product:

F+N = 4rtcos?9sin?) + 4r* sin20cos?d — 2r* = 2r4(4sin20cos?) — 1)

j. Compute the flux through C:

- 2 2r o1 . _ r5 1e2n
jCjF .dS= jo jo 2r4(4sin%9 cos? — 1) drdg = 2[?1)[0 (Sn?(29) - 1) d9

_2(F, _ 2 (% 1-cos(40) __;[ _s‘n(40)]2”__2_,r
_Sjo(cos(ze))de_ el — e g0-Tg | &

. Complete the parametrization of the disk D:
ﬁ(r,@) = (rcos@,rsin@, 2 )
. Compute the tangent vectors:
& = (cosf,sing,0)
&y = (-rsing,rcoso,0)
. Compute the normal vector:

N = 7(0) — j(0) + K(r cos?0 — —r sin20) = (0,0,r)
This is correctly up.
. Evaluate F = (2xy2,2yx%,z(x2 +y?)) on the disk:
= (2r3cosfsin?0, 2rsinf cos?0, 2r?)

| R(,0)

. Compute the dot product:
F.N=2r

. Compute the flux through D:
- 2 2r o1 _ ﬂ 1 B
ijF-ds_ jo joerdrde ~2r[ & }O —r

. Compute the right hand side:

”‘IE -dS= [[F-dS+ [[F.dS= —2—5” +7 = 3?” which agrees with (d).
v ¢ D



